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I'HKKACK 
Tinn  text  rov-n.  ihn  work  pr««^rllK.|  for  ,.„tn.m.r  lo  the 

The  b.„k  b  written  fr,.,,.  ,he  M.„.|,K.lnt  .,f  th«  pupil.  ,.„,, 
In  «."h  .  form  that  ho  will  he  .hi.  to  u,Hler-t«,ul  i,  w.h  . 
m.n.m..,„    of    «.,!.„„«...    fr,,^    the    t«M,her.     The    quention 

.nHh.l  .  f„.,....,.,„  „ ,.^„,„^,,,^  ,,^^,  th...;.     Th^ 

l".rp  "f  thi.  i.  ,o  le,.|  ,h..  pupil  ,o  think  fur  hi.n^lf. 

Th..  H..H,  c.m,..H.tio„  lH.tween  ulgebrn  «u.l  «rith,„eti.  in 
-n«t«,..  y  kept  u,  view.  h.«I  In  m.ny  .«..  the  «ri,h„u.,icHl 
and  nlKehraic  pr.Kr«^^  are  »hown  in  ,wr«lle|  column- 

There  are  numerouH   .llagran.H    for  the  pur,K«e    of   ilh.M- 
trating  the  th«.ry.  and  algehraio  metho.1-  «„.  appllH  to  many 
of  the  theoremH  which  the  pupil  „,eet»  in  elenu-ntary  ge«metr>" 
Special  erapha-i-  i»  p|«ce<l  u,K,n  the  verification  ..f  rcMultM 

im^LT'  7T"'  ;•"'"'•""  '"*"  ""^  ''«'"  «'^-'  ^«  'hi- 
Imfwrtant  p.»rt  of  nmtlH.umtieal  work. 

Provision  iM  maile  for  oral  work.  ,na„v  of  the  exerri«r« 
he.n«  mtnKluce.1  by  a  nun.ln.r  of  oral  .xamplcH  for  u«e  in 

The   equation   and    the   H<,lution   of   niniplo   problem-  nrr 
introcluce.:   ,„   the  -ecoml   Chapter.     It   i,    ho,K>d    that   the 
pup.1  will  thui.  become  intereHt«l  much  earlier  in  the  work 
worr'V?K'"'f ''''"""  *"'^  '''"''•""-  •»"'  "°*  '"'''"del  in  the 

•"'1  of  httle  mtere.t.  a-  there  i«  not  much   to  offer  in  the 
way  of  practical  UluMtrations. 


^  PREFACE 

Chapter  X..  with  which  the  pupil  would  begin  the  Hecond 
years  work,  contains  a  thorough  review  of  the  simple  rules 
Were  the  more  complicated  processes  are  dealt  with 

The  graphical  work  is  introduced  naturally  in  illustrating 
the  negative  quantity  and    in    the    solution    of   equations 
Only    graphs    which    can    be    drawn    with    the    ruler    and 
compasses  are  included  in  the  book. 

More  attention  is  given  to  methods  of  inspection  in  the 
extraction  of  roots.  The  long  process  for  cube  root  is 
eliminated,  as  cube  root  is  not  now  required  in  arithmetic. 

The  work  on  ratio  and  proportion  is  presented  in  as  simple 
a  form  as  possible,  and  is  intonded  only  as  an  introduction  to 
the  senior  work  in  this  subject.  The  geometrical  iUustration. 
which  are  given  should  make  it  more  interesting 

TTie  division  method  of  finding  highest  common  factor  has 
been  discarded    as  it  is  usually  performed  mechanically  and 

Ts  u«^  'I.*^,*'''  r^""  '^^  elimination  method  which 
.8  used  wdl  be  found  easy  to  apply  with  expressions  which 
are  not  too  complicated.  Finding  the  highest  common 
filter  of  expressions  of  the  fourth  or  higher  degrees  is  of 

t  I  J'     r   ^u  "''  *"^  ^'*  ^^"•"P'^^  °'  «"«J»  P^blems- 
will  be  found  in  the  book. 

fnJ  h'  "^Tr  "''""'^'^  *^  '^^  ""**  °'  ^b  Chapter  will  be 
found  useful,  particularly  for  the  purpose  of  reviewing  the 
work  of  a  previous  term. 

On  the  recommendation  of  experienced  teachers  the  answers 
are  not  given  to  simple  examples,  or  to  such  examples  as  the 
pupil  can  verify  without  difficulty.  P  ««  as  tne 
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CHAPTKR  I 

AUIBRAIC  NOTATION 

t    Om   of   ArithTitiiMl    Slgu.       In  .rithmetJc.  Hian«  «t« 
u«!id  to  ahl.tTv  at©  the  work      li.   •l»nl.ro  ♦»,„  • 

uimi  «,i»K  th  .  "Kobra  the  name  Higmi  mn 

iwed.  with  the  fiamo  meaningn  ami  for  the  name  purpose. 

axmoua  i 

»he  .ign.  .«!  ,y„boI.  with  whk-h  you  «,  f.„Ui.r  li  .rith^^ 
1.    Two  and  two  make  four. 

The  lum  of  five,  ton  ami  twenty  ia  thirty  five. 
Six  and  four  i*  the  name  an  four  and  nix. 
Seven  time,  eight  in  the  name  ai.  eight  time.  »ven. 
The  difference  between  twelve  and  five  is  «eveo. 
Ten  exceed*  nix  by  four. 
7.    The  exceu  of  twenty  over  fifteen  ia  five. 
«.    The  defect  of  thirty  from  a  handi«d  ia  wvcnty 
Thirty-rix  divided  by  four  ia  nine. 
Three  score  and  ten  ia  aeventy. 
One  half  of  the  sum  of  iwven  and  five  ia  six 

whatevei^r th;;'r:?i:r'  ''^' '--  "^  -^^^^  ^  «'•  -»•  ^ 

l./?h  Ji  four""""^"^  '^  '°"  "  **«''^«'  »»»'^°«  »-•'-  divided 
MxltnM^ur"^  "*  *""■  "  ^^^^-  '"^^'^  ^'-  -q"-"  "»t  of 


3. 
8. 
4. 
5. 
«. 


9. 
10. 
11. 
12. 


B 


•  A  Lot  Bit  A 

1.  Alitlrtit  IfMbeli.  In  thi»  pn««ding  •scroiM  you  bar* 
UMMl  nymMn  to  rr|HtHirnt  th«  numben  aUtcxl  mmI  ainu  to 
•how  the  oiirrMiiniw  prf»rnir«l  on  thoM  numtwni. 

In  aignltra.  NvuiboU  arr  umhJ  more  eztenaivuly  thMi  in 
Anthntetic, 

• r 

If  the  length  <  f  thU  line  \w  tnftuund  it  will  be  found  to 
be  two  inchw.  Hut  without  meMuring  it.  we  may  wy  th«t 
the  meMure  of  it«  length  in  mme  definite  number  which 
might  be  reprmcnted  by  the  letter  a. 

The  meuure  of  the  length  of  another  tine  might  be  repre- 
■ented  by  6.  The  co*t  of  nn  article  might  be  e  cenU.  or  th« 
co.t  of  a  f  rm  might  be  x  dolkn,  or  the  weight  of  a  iton* 
might  be  m  poundM. 

Here  a.  6,  c.  x.  m  are  algtknlt  Bankar^akoli.  or  briefly 
algebraic  numben. 

The  -ymbol.  12,  3,  etc..  uw^d  to  rapreaent  number,  in 
•rithmptio  are  called  arltliiMtfwl  Bttmbtrfymtok  or  arith- 
metical number*. 

In  algebra  the  number  symbola  of  arithmetic  are  alao  uaed. 
For  the  prewnt,  when  lettem  are  u^ed  to  reprveent  numben, 
it  will  be  under«too<l  that  each  letter  reprewntu  lome  integrai 
or  fractional  number. 

a.    ligM  of  MulUptl«MloB.    In  thia  iquare  the  meanure  of 

0 C      *he  length  of  the  side  AB  in  a     What  in  the 

measure    of  the   length   of    BC ,    of  CD-  of 
AB+BC;  of  AB  \  BC  i-CDl 

The  measure  of  the  perimeter  (sum  of  all  the 
side*)  is    a4-a-f-a4-a  or  4  times  a  or  4  x a. 
In  algebra.  4 xa  or  ox 4  is  usually  written  4o,  the  sign  of 
multiplication  being  understood.    It  is  also  written  4.o,  the 
dot  representing  multiplication. 

Thu«.  4  X  o  -  4 .  o  =  4a.  and  M  in  •rithmetio.  i»  m  short  way  of  writins 
O-fa-f-afa.  ^ 

«  ^'-'  ?  *'°*'   **••   »n~»»«»  o'  »*»•   pniznetet  of  (h«   muu*  ia 
64-6+6+5-4x6-24.  -M— ™   •- 


AUlKBHAlr   SfPTATtOS  | 

•ml  4  U  -miy  lmlk..t«|  i„  tlw.  f»r,„  <«.  «,„le   „  •rilhnM.ilo 
it  »••>  l«  •rtiwJIy  |»rf,mii*l  m  i„  ih«  w«ult  24 

Thi.  jHiHt  mii»t  rrooimiw  thr  «IJffwn<»  \mtwmti  U 
ItH^mljt/mr)  ami  th.>  jmnluvt  of  2  uml  4  or  2  ^  4  or  2  4  \  h^ 
two  numrrteal  «,,«nUti-  .m  to  !«,  ,„.,|u,,|ted.  the  ..„  o" 

H^..mg««h«,  from  2  .  4      Wh.n  both  f^.or,  .«,  ,.o,  .u.mrri.  .1 

..^  i*!'".*' f""*^  ^  '"  •rithmPtle.  the  .,uotirnt  ob- 
Uliml  b>  .l.vMlmg  am,  number  by  .nother  m.y  »»  written 
In  the  fruotion*!  fomi,  ^         wntien 

In  .rithmetJo  the  dIvWon  may  be  actually  performe.1.  .. 

in  6    3    whirh  m.y  l»  written  1  or  2.  but  it  m  fr«,»ently 

only  lmlipate.1  an  in  «    7.  which  i..  writtw  f.  ^ 

So  in  algebra,  the  quotient  obtained  on  dividing  o  by  6. 

I  or  a  ^6. 1,  written  |.  and  here,  aa  In  multiplication,  the  dlvlalon 

».  iCHM  r«ateiBMttal  Uwi.  Since  the  letter*  UMd  in 
•JjBbra  reprt«ent  arithmetical  number.,  all  the  law.  S 
•rithroetic  muat  be  true  alK)  in  algebra 


/n  ariihmttie. 

lO)  7  +  3-34^7. 

1(2)  3xfl..axX 

2x4x3-2x3x4-3x4x2. 
K3)         10  +  8     2«.|0-2-t-«. 
10    5  -2-10-2-a. 


tmolgthro. 

(1)  a+6    6fa. 

of6fc    o-fe+fc    6 J     f_a, 

(2)  ab-^ha. 
abe  »  oeA  —  eha, 

(3)  a  f  6-e>«a -e-f-6. 
a  -b-e  —  a~eb. 


j(4)3xlO-8»3-5xlO=10-8x3    (4)  ox6^e-.a-ex6.  fclcxo. 

Pmm  (1)  and  (2)  it  follow8  that  the  mm  or  the  product  of 
e^  ««^,  -  indep^^nderU  <^  the  order  in  «^  JX^o^ 


BS 


*  A  LOB  BR  A 

From  (3)  and  (4)  it  follows  that  a  series  of  ad^Uims  and 
sublractwns,  or  of  muUiplications  and  divisions,  ynnu  be  made 
tn  anif  order. 

Q  ',"^/"']'"5  ^^?  """lerical  value  of  an  expression  like 
•to-f  46-2C  for  given  values  of  a,  b  and  c.  the  operations  are 
l)erforme<l  m  the  same  order  as  in  arithmetic,  the  multi- 
plications being  performed  first  and  then  the  additions  and 
subtractions  in  any  order. 

Thu«,  when  a  =  2,  6  =  3,  c=l, 

3a+46-2c^3x2f4x3-2xl=Cf  12-2=18. 
Similarly,  for  tho  same  v»\um  of  o,  b,  c, 

aA+6c  ^2x3+3>:l_6-'-i      0 
»+b    =■        2  +  3  '    ~     fl     -6* 

t«^?"^~^i^*"^J''  *'"'  ""«"»?'««  in  t'l"  following  exercise  may  be 
taken  ora  ly  The  pupil,  however,  is  advined  to  trite  the  algebnS 
forms  BO  that  he  may  thereby  become  familiar  with  them.         *'»*'*""° 


,  '  1: 


llii 


lii  <i 

IV.   !l 


It!  '; 

I'''  : 


BJEaROISB  2 

1.  When  a=fl,  what  are  the  numerical  values  of : 

..      1      rt    5      12    2    5o, 
^      Jo      a    a    3 

2.  Whenar=.5andy=3,  what  are  the  values  of; 

a;+y,  x-tj,  xtj,  3x+2y,  2.r-3;/,  Ixy  ? 

3.  When  m=4,  n=6,  r=2,  find  the  values  of : 

m+n+r,  m+r-n,  mn+mr,  mr-n,  4»-3m-6r. 

of  An^^r'^J'^'"^'?"^**'°'"'"'  ^^^  difference  and  the  product 
of  a  and  6.     What  are  their  values  when  a =8  and  6=3  ? 

6.     The  quantities  a.  6  and  c  are  to  be  added  together.     Express 
the  sum  algebraically.     What  is  its  value  when  a=6,  b=i,  c=12? 

6.  When  a  is  divided  by  6  the  quotient  is  expressed  in  the  form  «. 

When  e  is  added  to  the  quotient  of  x  by  y,  how  h  the  result  expressed* 
What  18  Its  value  when  a;=  12,  y=i,  c  =  10  ?  ^^ 

7.  A  boy  has  p  marbles ;  he  wins  q  marbles  and  then  loses  r  marbles 
How  many  has  he  now  ?     How  many  if  p=5.  g=ii,  ,==4  » 


8. 


9. 


AI/3EBRAIC   NOTATION  5 

When  a-  4  mul  A=r>.  lirul  the  iiumiTual  value  of 

\2a-ob\Qu-lh  t  10. 
The  Bides  of  a  triangle  are  a,  b  and  c ;  oxpr.*,  algebraicaUv  the 
nrrilM  '^""•P^"™*^*'--     what  do  they  beS.me  7lJll 

10.  FimI  the  cost  of  8  articles  at  5  cents  each ;  of  7  articles  at  x 

11.  How  many  cents  are  there  in  4  dollare     'n  x  doUan,,  in  x 
dollars  and  y  cents  ;  in  a  quarters  and  6  ten-cent  „i.  ces  ?         ""  ""  * 

12.  Find  the  number  of  inches  in  2  yards  ;   in  3  feet  and  7  inches  • 
halyards ;  ui  6  feet ;  in  .  feet  and  ,  inches  ;   in  ,n  yards  n  ZZi 

13.  What  operations  ar»  to  bo  performed  to  find  the  numerical 
value  of  ,na+nb,  when  a=2.  6=5.  «=3.  „=6  ?    What  is  theTaluo  J 

14.  What  operations  are  to  be  performed  to  (ind  the  value  of  "^/^y, 
whena=6.fc=6.x=16.y=7?     What  is  the  value  ?  "+*' 

yo"wriS'„;7+?.  '''  "'""  °*  *'°  ^''^^^  '"  "-  -"y  -ys  caa 
10.     In  how  many  different  ways  can  you  write  xyz  T 

17.  In  the  figure,  BC  is  twice  as  long  as  ^fl.     If    a 
AB  is  /  unite  in  length,  what  ia  the  length  of  BC  J    *- 
of  AC  ? 

18.  In  the  figure,  BC  ia  three  times  as  long  as  AB  and  CD  is  twice 
as  long  as  AB.     U  AB  ia  x  unite  in    a       B 

length,  what  are  the  lengths  of  BC  1     I ? + f 

CDl   BDI   ADI 

19.  In  the  foUowing  statements  c  represents  the  cost  of  an  article, 
a  the  selling  price,  and  g  the  gain  : 

(1)  a-c=g,  (2)  c+g=8,  (3)  a-g=c. 
Read  them  and  explain  their  meanings. 

20.  What  is  the  next  integer  above  27  ?    The  next  below  27  ? 
What  is  the  next  integer  above  n  ?    The  next  below  n  ? 

21.  If  «  is  an  even  intcRer,  what  is  the  next  even  integer  above  it 
and  ft  e  next  even  int^er  below  it  ? 


B 


ALGEBRA 
^  "5  L\t7.  ?"""•'•  ""*  •"  ^"^  """"^^  ''»'•«'>  -  «  «-t.r  th.n 

A  man  i.  ;c  yean  old.     How  old  will  he  bo  in  «  veara  T    H„- 
'  he  m  yean  aso  T     In  hn.  «,» "?..  .     /*."  ^     '*<»'' 


24. 


old  waa  he  mye^-'Zy^  ^"7  °"'  "'"  '"'  ^. ''''  "  y~"  »    How 
a.  old  aa  ho  ia  i^j^         '"  '"'^  """"^  y"*"  *"I  he  be  three  time. 

£n.™-™,t  ^  "" ''  ^•*"  °'^  '  ^-"  ««-     How  old  wul  he  be  .5  y«« 

26.    Explain  the  difference  between  *»-+*.  a  +  *  and  a .  *       What 
are  their  values  when  a=6,  6=9,  c=3?   "  "  " 

Sd.  ""^yit  theTff""''"^'''  r  "  """'  ''  *"^  °'  »°»h-  »«  c 

an^ieiatrcM^wtrrn^d-Lr^r^^^  *^"  «"*  -^ 

.=1'r  '^nTit:=;\°""'*'  '^"^  ^^+^  "P-«t  when  x=5. 
ao.    When  a=3.  6=4.  c^6.  d=0.  find  the  value,  of  • 
(1)  l(te+46-6c+3d.        (2)  Sod+gc-Z-aac. 

(3)  iac+J6c-|ad.  (4)  6o-26+3c-d 

2o+6-c+d 

The  factors  of  3:r  are  3  and  x 
factor  and  the  x,  a  literal  factor 

2y  ^v^  ^^.  ""t^  ^?*  ^^"'^"*  ^*«  °f  fetors  a«  3x4  2x6 
2x2x3,8o3a:yhaathefactor8  3xxy  Sxxu  xyZ^.^l         ' 
The  prime  factors  of  12  are  2   2  and  ^    „  ?.v.     '''^''^• 
f«<,tors  of  a„^  are  3.  a.  and  ^  **'  "^'^ 


The  3  is  called  a  numerieal 


I'i  i  h 


ALGEBRAIC   NOTATION  7 

In  whatever  order  the  factom  are  written  the  product  i» 
the  8ame  but  ,t  »  U8ual  to  writ*  the  numerical  factor  fir»t 
and  the  hteral  factors  in  alphabetical  order. 

7.  Pjw«r  Md  lnd«i.  What  is  the  area  of  a  square  whose 
«de  18  7  inches  m  length  ?  The  measure  of  the  area  of  the 
square  m  art.  3  is  ox  a.  which  is  written  a«.  and  is  read  "  o 
square,    or  '•  a  to  the  second  power." 

The  product  when  2  a  are  multiplied  together  is  called 
the^P^wr.  and  the  2  is  called  the  Index  or  „pcn.nt  of  the 

JJ^f  wf  f-  \?^  ''  ^  '"*'*'^'  «'^*'  »«  *he  sum  of  all  the 
edges  ?  What  is  the  area  f  each  face  of  the  cube  ?  What 
«  Uie  area  of  all  the  fac..  i    What  is  the  volume  of  the 

If  the  edge  of  a  cube  is  a,  the  sum  of  all  the  edges  is  12a. 
The  area  of  each  face  is  o».  and  of  all  the  faces  is  Oaf. 

-n?^Z   TL''  "''"''"  °'  "'•  **''''^  «  '^^l  "a  cube,"  or 
a  to  the  third  power," 

The  pupil  must  distinguish  between  3a  and  o».    The  former 
means  3xa.  and  the  latter  a xax a.  xne  lormer 


Thus,  if  0=6. 


but 


3o  =  3x5=l8, 
o«=8x6x8=125. 


■ZIROMB  8  (1-J4,  Oral) 

1.  Whai  are  the  prime  factors  of  35,  of  42,  of  76  ? 

2.  What  are  the  simplest  factors  of  5^^^,  of  6»u»  T 

8.    Express  3a6c  as  the  product  of  two  factors  in  four  different  ways. 

4.    C;ive  two  common  factors  of  16a6  and  266c. 

ft.    Find  the  values  of  3»  x  2',  10«  x  5».  2«  x  6.  3»  x  2«  x  5. 

2  ^'J^^  ""  ^0®'''  ^""^^  '^  "*  *  F»«*'  °i  »0,  16  as  a  power  of 
2,  27  as  a  power  of  3,  625  as  a  power  of  5.  °  m  a  power  of 

7.  What  is  a  short  way  of  writing 

a+aj    a+a+al    axaJ    axaxaT    aaaal 

8.  What  is  the  area  of  a  square  whose  aidA  m  «  ..^.k—  •       ». 
side  is  x  inches  ?  awe  is  6  inches  T   whose 


AWSBRA 

«i.i.''i.  'TIL  T  """"•  °'  •  ""■»  ""•  •««•  - 1  >»!«.  t  ,iK». 
»  T: "!: ""' " ""  """"•""  ""^  '■•"■"" 

the.. mulM  bocod,.  .h^  ^„ Io\m^»"        ''"'"•»«  '    What d„ 
«••  "  *-«  »d  ,-2,.  and  the  „um.ri,»l  v,!^  „, 

^2..^  Show  .h..  ^+26.  h„  .h.  „„.  ,^„  „  ^^^  ^^  ^_^ 
«.    If  J-IO  «d  ,=5.  how  „„.h  ^^  ,,  ^.^      ^^^ 


Thua.   the  cxpreaaion 
4x»-aty-y»  hM  three  term*. 


ALGEBRAW   NOTATION  0 

.   two   term*,   and  the  exprmMJon 


Qimntitie*  which  are  connected  by  the  sign,  of  muitiplication 
or  division  are  not  different  terms. 

Thui,  Aax  is  only  one  term,  m  i»  ^* . 

6 

9.  Co«fflei«nt.  In  the  pro<h.ct  Ax,  4  is  calle.l  the  eo«n«tollt. 
or  co-factor  of  X.  In  ah,  a  is  the  coefficient  of  b  and  "is 
the  coefficient  of  a. 

The  4  is  a  numerical  coefficient,  and  the  a  or  6  is  a  literal 
coefficient.  "wrai 

J.:x';^i^'''  '^"^^ ''  ^^"^  *»>«  -ffi-"t  o'  the 

In  any  term  where  the  numerical  coefficient  is  not  stated 
the  coefficient  1  is  understood.  ' 

Thus,  in  xy  the  numerical  coefficient  ia  1. 

JrAiJl^'^Vf  '"'',''^»  •'  Uto  T«»«.    When  twm.  do 

Thus.  2a6.  6a«.  JoA  are  like  temw.  but  3a.  46.  6aA  are  unlike  term.. 

mJvri**Il!?!5'''  *^T*'*'^'  **^''**  ^*^«  th«  '^'^e  denominatioriB 
may  te  added  or  subtracted. 

^"^  3ft.4-4ft.-2ft.=«ft. 

«12-|10+t8-«3  =  $7. 

We  cannot  add  or  subtract  quantities  of  different  denomina- 
tions, unless  we  can  first  reduce  them  to  the  same  denomination 
Similarly,  m  algebra,  like  terms  may  be  added  or  subtracted 


Thus, 


6o+2a=7a  6a-2a  =  3o, 

6a6+5o6  -3a6=lla6-3a6  =  8a6 

8a:»  -  &c»-t  9a;»  -  2*' =  1 7a;»  -  8x«  =  9a:». 


»i;.r!ro,'rr^-:  S',?.~T  ^rf;  -""»•  -  "■• 


"*  AWEBRA 

Unlike  term,  can  not  be  «lcW  or  .ubtractod 

v*IuM  of  a  will  b  •«  given.  *^  '"*  ***  """••riwU 


■XBROMB  4  (1-i.  Oral) 
I.     What  IM  th.  „u„eri..«l  coefficient  of  each  tmn  in  th.  etp««io„ 

*«'  t  n«  f  i«  T 
a.     What  i.  the  .um  of  the  nun.eric.l  coefficienta  in 

3.  Which  a«  like  term,  in  the  exprewion 

4.  In  Wr^,.  what  i.  the  coefficient  of  6r^  T   of  cy  T  of  6y  ,  of  6  T 
o.     What  IS  the  sum  of :  ir        •  "  • 

(3)  4«..  7a«.  aa..  (4)  3^.  4xyX. 

.  -  j^rn^ev"r?/:„rzrth;tr^  -'"  °'  ^'  -  - 

like'^ir^"'^  *"''  "^"^'°"  ^+86+2a-f6+„+36  by  combining 
8.    Exprew  in  aa  .impJe  a  form  aa  powible  • 

(3)  3.+a4.2,--a.  (4)  15a+106-7a+r 

».    Combme  the  Uke  tern.,  in  the  exprewion : 

ar+7y+62-a;+2y-32+3a:-4y-« 
and  find  its  value  when  x=3,  y=5,  j=io. 

10.  If  0=6,  find  the  value  of 

16a'-I0a«-3a»+8a-6a-20. 

11.  What  arithmetical  number  does  100«4-infc_L- 

a=2.  i-=3.  c=4  t     When  «=9.  iJ^J^t  "^     "'''"^*  "*••» 

12.  Simplify    2x«+3a;+7-x»4-llx-2-x»-4z+6 

tben'5.t:;'^;;.:r^;itrlr^  t"  ?  '"*  z^'^  ^^^^  ^  '-*  ^a-t 

what  direction  from  rt  ?  '~^  *^  •**'^  »»^'  "«*  in 


ALOEBRAtr   NOTATION  \\ 

14.  A  man  began  to  work  for  »  Hrm  on  a  iwUrv  of  x  dolUra  a  yew. 
If  hi*  wiUry  for  each  year  wa.  double  the  iwlary  for  the  prei-eding  year, 
how  much  did  he  earn  in  four  yeant  ? 

18.  If  X  f  ar+Bx  i»  c<|Uttl  to  72.  what  i*  the  value  of  x  T  How  do 
you  know  that  yoin  answer  ia  oorrwt  T 

!•.    Write  in  the  ihorteat  form  you  can 

ma  [aaa^aa+aa  >  a  \  a  \- a. 

17.     Find  the  average  cif  ( I )  I0,  8,  1.",.  (2)  3j-,  7r,  lix. 

11.  Um  Of  BnekaU.  In  algebra  bracketn  are  used  for  the 
same  purpose  and  with  the  same  meaningH  as  in  arithmetic 

In  finding  the  value  of  10+8+r>.  we  may  perform  the 
additions  in  any  order,  but  if  we  write  it  10+{8+5)  it  is 
understood  that  the  8  and  6  are  first  to  be  added  and  the 
sum  of  10  and  the  result  is  to  be  taken. 

Similarly,  o+(6+c)  means  that  the  sum  of  the  numbers 
represented  by  6  and  c  is  to  be  added  to  the  number  represented 
by  o. 

In  the  expression  7-1  5x2,  the  multiplication  is  to  be 
performed  first,  and  then  tht  addition.  If,  however  we 
wish  the  value  of  (7+6)  x  2,  we  must  add  the  7  and  5  before 
multiplying  by  2. 

Although  10+{8-4-6)  is  equal  to  10+8+5,  it  is  clear  that 
(7+5)  X  2  IS  not  equal  to  7+6x2,  the  former  being  equal  to 
24  and  the  latter  17.  *  .^H  »»  w 

When  a  is  to  be  multiplied  by  6,  the  sign  of  multiplication 
18  omitted  m  the  indicated  product ;  so  when  (7+5)  is  to  be 
multipUed  by  2  we  may  write  2(7+6)  or  (7+5)2,  the  sign 
of  multiplication  being  understood 

It  is  thus  seen  that  one  of  the  uses  of  brackets  ia  to  indicate 
the  order  in  which  operatiorut  are  to  be  performed. 

Thua,  10- (7 -3)  means  that  3  is  to  be  subtracted  from  7  and  the 
result  IS  to  be  subtractrxi  from  10. 

If  the  v«lu«i  of  the  letters  were  given,  what  operations  would  you 
perform  to  find  the  valuea  of  :  ' 

o-|-(6-fc).  a-(6+c),   o-(6-c),   (a-6)-(c-d)T 

The  pupil  should  recognize  that  3a«  is  not  the  same  as 


If 


AUSKHRA 


Thu«.if,i»2, 
and 


So"  =3x4     12, 

form  •»  «„other  way  of  writing  (a4-6)^(of  </). 


■ZBXOISB  8  (1-ie,  OnU) 
PB"form  the  operatiomi  indicated  : 


1. 

». 

fi. 

7. 

9. 
11. 
13. 
1ft. 

17. 


10-(6  +  3). 

lft-6^3. 

3(4+7-5). 

10+2x5-1. 

7x-(&r-4r).  ,«. 

(ar+4x)-^-7.  ja_ 

(ar+fa)+(ftr-ar).  14." 

A^x-{rx-4xH2x.  16.' 

(5ft-46K3i-&).  18, 


a.    8-(4-2). 
4.    (15-6)+3. 
«.    (10+2K5-1). 
8.    (16+12)^(6-2). 

(ea-2a)-(7a-4a). 

(10b-«o)+2o. 

3(7-0-2(8-6). 

a;-(4y+3y-7y). 

«aH7a-3o) 

8a-(6a+o)  ' 


Indicate,  uaing  brackets : 

W.    JJ^t'J-tobeaddedtothe.um    fpand,. 

ao.     -h»tthe«umo£xandyi8tobeaddedto,n. 

L     Th!J  iJ'  !,"«  °'  -  '^•^  *  »  to  be  multiplied  by  2. 

to^'  su^trtS:  t'rr  °' "  •"'  "• ''''''"' « » ^-^^  than  „.  i. 

divided^y^th'esC^f'Jitd^;/''-  '"^  cii^erenoe  of  ,  and  ,  i.  to  be 
If  a=  10.  6=3,  c=2.  find  the  value  of  - 


AIJIUBHMI'    SttT.XTIOS  IS 

^       a+36-e       2a~36-3         ^ 


8a-fi6+2e      a  f  6-2e 
.10.    Wh«n  a->e  and  /x-3,  iihow  that 

rK.i-6)+3<«i-fc)-2(4fl-6K 


n— fc      6— e  _  efa 
be        e-f-a      a^26' 


■xmoiaa  e  (IUti«w  or  obapt«r  d 

1.     If  «  ivprewnU  a  certain  numlier,  what  doot    4x  renrnMnt  r 
|r  T    *»  T    3x«  T 

3.     If  n   ivpreaenU  a   numttoi,    what   will    ropreaont  5  time*  the 
number  t     y  times  the  number  ? 

3.  How  do  you  indicate  that  y  ia  to  t)o  added  to  z  ?     That  r  ia 
to  be  aubtractod  from  y  ? 

4.  Indicate  the  Hum  of  x  and  y  diminiahed  by  a, 

A.     If  one  yard  of  cloth  cowta  x  centa,  how  many  ccnta  will  10  yarda 
coat  r     How  many  dollara  ? 

6.  If  a  yard  of  ribbon  ia  worth  y  centa,  how  much  ia  a  foot  worth  ? 

7.  A  man  bought  an  article  for  x  dollar*  and  sold  it  at  a  loaa  of 
y  dollani.     What  did  he  mpII  it  for  T 

8.  If  I  paid  a  dollam  for  h  articlea,  how  much  did  I  pay  for  each  T 
What  would  c  articlea  coat  at  the  name  price  t 

9.  A  boy  haa  a  dollara.     He  carnH  h  ccnta  and  then  apcndH  c  eenta. 
How  many  cents  hna  he  left  ? 

10.     I  have  x  dollani.     If  I  pay  two  debtH  of  n  dollam  and  6  dollars, 
how  much  iihall  I  hrvo  left  T 

li.     If  one  number  ii  x  and  another  is  8  times  aa  large,  what  is  the 
sum  of  the  numbers  ? 

12.  If  one  part  of  10  is  x,  what  is  the  other  part  ? 

13.  A  moil  worked  m  hours  a  doy  for  6  days.     If  he  waa  paid  t2 
pt>r  hour,  how  much  did  he  earn  7 

14.  How  far  can  a  man  walk  in  5  hours  at  4  miles  per  hour  T     In  a 
hours  at  b  milt«  per  hour  T 

15.  A  man  bought  x  acres  of  land  at  a  dollars  per  acre  and  sold  it 
at  a  loss  of  h  dollars  per  acre.     What  did  ho  sell  it  for  ? 

16.  Wliat  number  is  15  greater  lima  x  7      lu  leiut  thmi  x  r 

17.  By  how  much  does  o*  exceed  6«  when  a  =  7.  fc  ^  3  7 


^  ALUKBKA 

a-1%  T^/;;;/r*'  '-'•  "*-*  -  •^  ^••-.  or  .,,-^ 

aa.     What  ia  the  aum  of  2*.  0*.  7«  and  3a  T 
aa.     Himphfy  flo  -3o+IIo+o-I0b, 

.,,  tc,  rfT*  "  '"•  •'•"^  '^  ="»•  '*•  ••  ••  "  »    O'  «-.  3-.  7a  f    Of 

J^i     In  «  year.  .„..„  will  b.  .  y«i„  old      How  old  wm  he  8  y«« 

»**!:ow?urh  Z^"^  ^'""  "•  ^' »-  '"^  -- »-"  «•  «  ^  I- 

a-ri-^rd^'jL'r*  """  "'  *'•  """"'"*•  "^'''•"»-  •»  »»-  -"I— ten 

DO?;,  of  n'!'^  "**'  ■"  •  P*T'  °"» «   32  -  •  F'ower  of  2 ,    81  m  • 
power  of  3  ;   64  m  •  power  of  4.  •  .    oi  ■■  • 

a».     Expre-  |«.  IM.  3«6.  Sfa^.  m  the  prod«rt.  of  .impl.  f«to,^ 

80.»  How  long  will  it  take  me  to  walk  a  miles  at  1  mii^ u 

•nd  ride  6  mile,  at  12  mile,  per  hour  T  """  ^  ''**'" 

^rlh      »r  .  n  *"•"  '"  '«*'»«»"«•  7  >b.  of  butter  at  s  oeota 

per  lb.     If  ho  .till  owe.  wmothing.  how  much  i.  it  T        "*  "  «  ««« 

Sa.     H  I  buy  100  lb.  of  nail,  at  a  cenU  oer  lb   m^A  9nA  ii.      *  i 
per  lb.,  what  i.  the  average  co.t  permV  "*•  '*  *  '^^ 

cen^piel't  J  r'.^ff':^^,,^'- '  °'  "^"^  '"  '  ^^--^  P'^'  V  ^• 
38.     When  0=2  «Mi  6-1.  what  are  the  valu«  of  a+6.  a*    • 


ALUKBRAIi'  SOT  AT  ION 


it 


M.  If  ^  «Mt  do  •  piM*  of  work  in  10  d«y*  mmI  B  in  lA  dmy,  wh«l 
fraction  of  th<t  work  tmn  Hvty  U)(Hher  ilo  in  I  day  T  Wh»l  frMtion 
if  A  couM  do  it  in  g  day*  Mid  M  in  y  d«y*  r 

tr.  If  a  -30,  6-lA.  e-IO.  d-i.  Hml  th*  diftitrone*  IwtwMu 
(Of 6)  (efif)  Mtd  {a-k)-{e  d).  mko  Iwtwtmi  3<af6)-A(e  ^  mm! 
a(tt    «/)»(*-•). 

M.  WhM  Ji-7  Mtd  y-  I,  tlm  pruduol  of  #f  y,  xf  2y.  x-Oy  ia  how 
inuoh  gfMtcr  than  tha  product  of  a  -y,  a  -  ^,  a    Sy  ? 

I 
1    • 


If  a-3.  aad  tbavaluaof  1  + 


l- 


•+l 


.MPTKR  II 

tmnM  ■QUAnom 

J.I.nc^r^  Vlh.t  mu.t  «,  b.  to  bd.„«,  .  31b.  i^  ^  . 

If  the  «.•!«. rr  b«Un<»d  in  Moh  of  th«  foUowina  &ru». 
wlut  must  ur  be  equaJ  t<^  j  wMuwuig  ngurat, 


rta.  % 


VMl 


If  I  double  the  weighU  onTnl  .1;  "    f  ,  h^^r  ''  "'.'"•"  ""*  •"*"  ^ 

one  aiua  7     u  i  h»|v„  i,,„  weighU  on  one  aide  } 

Ihe  condition  cxprewd  in  this  problem  miffht  h«  .«««. 
bnefly  shown  in  the  form :  *  '""•* 

10+a  certain  number  =r 27 
A„v  „,h.r  .vmbol  would  .™*„  Ih.  «„e  p„rp<«  „  ,h. 

It) 


HlilfLK   Kyt  ATIOSM  If 

quMtion  mark     Thiw.  if  *  r^priMento  ih»  rcquir«<l  numl»r, 
then  th«  |>n>t>l»ni  •utvm  that 

Thh  aUtenMmt  in  rniifHl  an  t^Mlloa  «nt|  in  mi»n>ly  a  ahort 
w»v  of  HtntiiiK  *hiit  i*  givrH  tti  thr  ArithmHiciil  |>mbl«<m 
(im^litig.  In  wnlrr  th«t  thi*  HtntrmPiit  may  •»••  tnip.  it  in 
nanily  mm  that  the  aymlM)!  x  inimt  Htami  for  the  iiiimlier  17. 

¥1%  When  a  niiiiiltrr  in  Miilti|>lifM|  i.y  3.  ami  ft  in  lub- 
tract<Hi  fruiii  the  prndiirt.  the  re-iilt  in  lU  What  U  the 
number  f 

Hi***,  if  »  ut»ntU  for  thn  niimlwr.  thn  |)rultlc>tn  atatwi  thai 

a*    5  -  li. 
Brfom  the  fl  wan  aubtnictwl  th«  pruduot  «raa  pvkkntly  0  mora  than 
lOfir  l»f  Aur  24. 
If  3  tiimw  th<«  mmilwr  U  24.  then  the  niimlM>r  miMt  b«  |  of  S4  or  «. 
T»ir  >K)luttun  iiwy  Im<  w  rittnn  iw»r»»  brieily  thiM  i 

.-.     3«-l»fS-S4. 
«-)ofS4-t. 

That  8  ia  the  correct  value  for  the  number  ia  ahown  by  the 
fact,  that  when  It  la  multiplied  by  3  and  A  i«  aubtracted 
from  the  product,  the  reault  h  19. 

14.  Sohriaf  an  ^uttloB.  The  procew  of  finding  the  value 
of  J-.  Huch  that  .V  -5  10,  ia  rali«<l  "Mlvillf  th*  •qaaUoB." 
and  the  value  found  for  x  ia  called  the  root  of  the  equation. 


■zaftOZni  7  (Oral) 

1.    State  the  ntimber  for  which  the  qumti'^n  maric  utand*  in  each 
of  the  following : 

(I)  5+?=l2.  (2)  T+I2=20.  (3)  I0-T=2. 

(4)  15-8-1- T.  (5)40=62-?.  («)  T~8-42. 

a.    What  ia  the  number  for  which  *  aUndt  in  each  of  the  followinf : 


(I)  ar+««:20. 
(4)  «-16=7. 


(2)  8  ^x=32. 
(6)  10-*=8. 


(3)  26=1+6. 
(6:  I2=17-x. 
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8.  The  first  equation  in  Ex.  2  states  that  when  a  number  is  in- 
creased by  0  the  result  .8  2«).  What  .loes  each  of  the  other  equation* 
say  ? 

4.  If  3  times  a  number  is  4S.  what  is  the  number  T  If  one-half 
of  a  number  is  16.  what  is  the  number  T  If  n  stands  for  a  given  number, 
what  would  represent  {  of  the  number  T    )j  of  the  number  T 

fl.  For  what  number  does  n  stand  in  each  of  the  following  equations : 
(1)4«  =  24.     (2)J«-.10.     (3)  §«=36.     (4)  In^U. 

6.  If  2x4  5=11.  what  is  the  value  of  2j:  ?   of  x  ? 

7.  If  3m— 2=r-13,  what  is  the  value  of  3m  ?  of  m  T 

8.  If  ip+3=10.  what  is  the  value  of  |p  r    of  p  T 

9.  If  ijx- 1 1  =7,  what  is  the  value  of  i|x  ?   of  z  T  • 
10.     If  2(a:-f-4)=  14,  what  is  the  value  of  x+4  T   of  *  T 

Solve  the  equations : 

12.  3a;-2=:16. 

la.  2«=11. 

18.  Jx-1=4. 

21.  Ju;+2=5. 

24.  5(j:-2)=46. 


11.  a;+ 10=30. 

14.  4<-5=27. 

17.  3w+2=38. 

20.  3n-J=51. 

23.  3(x+l)=30. 


13.  5y+2=17. 

1«.  7b-4=24. 

19.  2n+l=4. 

22.  ia:-5=15. 

2ft.  J(a;-1)=3. 


16.  Axioms  used  in  Solving  Equations.  If  two  numbers  are 
equal,  what  is  the  result  when  the  same  number  is  added 
to  each  ? 

Thus,  if  x=6,  what  is  z-|-2  equal  to  f 

What  is  the  result  when  the  same  number  is  subtracted 
from  two  equal  numbers  ;  or  when  each  is  multiplied  by  the 
same  number  ;  or  when  each  is  divided  by  the  same  number  ? 

Thus,  if  0!=  10,  what  is*- 4  equal  to?  What  is  3a;  equal  to  T  What 
is  \x  equal  to  ? 

The  preceding  con^'  sions  may  be  stated  thus  : 

(1)  If  the  same  m  <.her  be  added  to  equal  numbers,  the  mma 
are  equal. 

(2)  If  tlie  same  number  he  subtracted  from  equal  numbers, 
the  remainders  are  equal. 
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(3,  //  eqwU  numhera  be  muUipUed  by  the  aame  number,  the 
piV'^ucta  arc  equal. 

(4)  //  eqiuU  numbera  be  divided  by  the  aame  number,  the 
quotienta  are  equal. 

These  stfttementa  are  called  axioms,  or  self-evident  truths, 
and  are  used  in  solving  equations.  The  method  is  illustrated 
by  the  following  examples  ; 

Ex.  1.— Solve  3j;-7=35. 


Add  7  to  each  side, 


Divide  each  side  by  3, 

Ex.  2. -Solve 

Subtract  2  from  each  aide,  .' 

Multiply  each  side  by  2,     .' 
Ex.  8.— Solve 
Add  3  to  each  aide. 
Subtract  2x  from  each  aide. 


3x  -  7+7  =  35  +  7,  axiom  ( I ), 
.'.   3*  =  42. 
.-.      x  =  V  =  14.  axiom(4). 


iar+2=34. 

Jx+2-2=-34-2,axiom(2), 
la;  =  32. 
a:=64,  axiom  (3). 

5x-3=2x+12. 

:.  52!-2x=15, 
Sa;=  16. 
x=6. 


Divide  each  aide  by  3, 

The  object  of  the  changes  which  have  been  made  in  theso 
equations  is  to  get  the  quantities  containing  the  unknown 
(x)  to  one  side  and  the  remaining  quantities  to  the  other  side. 

The  unknown  quantities  are  usually  transferred  to  the  left 
side,  but  sometimes  it  is  better  to  transfer  them  to  the  right. 

Ex   4.— Solve  3TO+20=5m— 16. 


Add  16  to  each  aide. 
Subtract  3m  from  each  side. 


3m+36=5m, 
3m+  36  -  3m = 5ot  -  3m, 
36= 2m, 
18  =  m  or  m=18. 


16.    Verifying  the  Result    If  we  substitute  18  for  m  in  the 
first  side  of  the  last  equation  we  get 

3m+20=3x  18+20=74. 
If  we  substitute  in  the  second  side  we  get 

5»i     l6=-i'5xl8-I6-74. 

O  2 


20 


AIMUBRA 


Thw  process  in  calle.l  verifyiof  or  teHting  the  correctness 
of  the  result.  If  the  root  obtaine<l  is  tlie  correct  one,  the 
two  sides  of  the  equation  should  be  equal  to  the  Mame  number 
when  the  value  found  for  the  unknown  is  substituted. 

The  equation  u  then  said  to  bo  Mtlsfled. 

The  beginner  is  advised  to  verify  the  result  In  every  case 
Verify  the  results  obtained  in  Ex. 'a  1,  2  and  3. 


■XBR0I8B  8  (Oral) 
1.     If  3j;=  15,  what  does  x  equal  ?     What  axiom  is  use*!  ? 

ixru*:  ."  ^'  ^^"'''  *••**  ^"^  ^"^  "«""'  •     What  axiom   is  used  T 
What  does  x  equal  ?     What  axiom  is  useti  r 

3.  If  2y-3=  13,  what  does  y  equal  t     What  two  axioms  are  used  T 

4.  If  Ja:-4=.6.  what  does  Jx  equal  V     What  does  x  equal  T     What 
two  axioms  are  used  ? 

8.     If  ix=Q,  what  does  \x  equal  ?     What  does  x  equal  ?     What 
•two  axioms  are  used  ? 

What  is  the  value  of  x  in  the  following  equations : 
6.     2x^18.  7.     6x=72.  «.     5x=.16. 

10.     x+20=25.  11.     2x+l  =  15.   12.     .3x-l=2(). 
14.     ix=8.  15.     §x=I2.         16.     ix=2J. 


9. 
13. 
17. 


3x=6-9. 

6xf5=29. 

ja;=15. 


BXBROISB  9 

Solve  the  following  equations,  giving  full  statements  of  the  methods 
in  each  case  verify  the  result : 

2x+5=-27. 
4x=x+21. 
4x+5=50. 
6a— 3a=rt+5. 

14. 

16. 


2. 

6. 

8. 

11. 


3. 

6. 

9. 

12. 

20+ar+5=50-3x+ll 
764x-9=680x+12 


4x-6=51. 
4y=2y4-80. 
6x+42=9x. 
10x+20=2O. 


1. 

4. 

7. 

0. 
13. 
15. 

17.  Nine  blocks  of  equal  weights  (w)  together  with  a  20.gram  weight 
are  balanced  by  weights  of  50  grams  and  10  grams.  Express  this  bv 
an  equation  and  find  the  weight  of  each  block. 

18.  If  17x- 1 1  is  equal  in  value  to  5x+ 121,  what  is  the  value  of  x  ? 

19.  What  value  of  y  will  make  lly+60  equal  to  20j^~3O  7 


3x+ll=47. 

3x- 10=66. 

7x=60+3x. 

10x+3=3x+86. 

8m=36-4TO. 

12x-652=7x+428. 
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17.  As  we  have  already  shown,  an  equation  in  merely  the 
alalemenf  in  algebraic  fnrm  of  the  condition  given  in  an 
arithmetical  problem. 

The  solution  of  the  problem  is  thus  obtained  by  solving  the 
equation. 

■xnRoisa  10 

State  the  condition  in  each  of  the  following  nroblema  in  the  form  of 
an  equation : 

1.     What  must  be  added  to  33  to  mal<e  50  ? 
a.    What  must  lie  taken  from  90  to  leave  40  ? 
8.     What  w  the  number  which  when  doubled  is  36 1 
4.     Five  times  a  certain  number  is  45.     What  is  the  number? 
ft.     If  a  number  in  doubled  and  3  added,  the  result  is  25.     What 
is  the  number  T 

6.  What  number  is  doubled  by  adding  27  ? 

7.  What  number  \»  halved  by  subtracting  20  T 

8.  If  8  is  subtracted  from  f  of  a  certain  number,  the  result  is  7. 
What  is  the  number  T 

9.  Solve  the  equation  in  each  of  the  preceding  examples. 

18.  Problems  Solved  by  Equations.  The  following  examples 
will  illustrate  the  metho<l  of  solving  problems  by  means  of 
equations  : 

Ex.  1. — When  I  double  a  certain  number  and  add  16,  the 
result  is  40.     What  is  the  number  ? 

Let  X  represent  the  required  number. 
Then  2x  is  the  double  of  the  number. 
Then  2a;+16  is  the  double  with  16  added. 
But  the  problem  states  that  this  is  40, 

.-.  2*4-16  =  40, 
2aj=24, 
ar=12. 
Therefore  the  required  lumber  is  12. 

The  result  should  be  verified  by  showing  that  the  number 
obtained  satisfies  the  given  problem. 

Verification :  When  12  is  doublwl  I  get  24  and  when  16  is  added 
r  get  40.     Therefore  the  rosult  is  correct. 
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Note  that  the  substitution  is  made  in  the  original  problem, 
not  in  the  equation.  There  might  Jje  an  error  in  writing  down' 
the  equation  and  then  the  solution  obtained  might  satisfy 
the  equation,  but  would  not  necessarily  satisfy  the  given 
problem. 

Ex.  2.— The  number  of  pupils  in  a  class  is  33.  and  the 
number  of  boys  is  7  greater  than  the  number  of  girls.  Find 
the  number  of  each. 

**•  x=t\\e  niiinbor  of  jfirls, 

*-)-7  =  tho  number  of  boys, 
.'.  x+x  ^7=the  total  number, 
.-.  a;+a;4-7  =  33, 

2x  =  h  -7  =  26, 
x=13,     .-.     xf7=:20. 
.".  the  number  of  girU  is  13  and  th«>  numb«!r  of  boys  is  20 
Verification  :     20  +  1 3  =  33,  20  -  1 3  -=  7. 

Ex.  8.— Divide  $100  among  A,  B  and  C,  so  that  B  may 
receive  3  times  as  much  as  ^,  and  C  $30  more  than  B. 

***  *=  the  number  of  dollars  A  receives, 

3a;=     „         „         „  fl         „ 

.-.   3a;+30= c 

:.  they  all  receive  (*+ 3x+3a:+.30)  dollars, 
.-.  x+3a;+3x+30=100, 
7a:+30=100. 
7a;  =70, 
.  :.  x=10, 

. .  A  receives  $10.  fl  $30  and  C  $60. 
Verify  this  result. 

19.  Steps  In  the  Solution  of  a  Problem.  The  examples 
which  have  been  given  will  show  that  in  solving  a  problem 
the  steps  m  the  work  are  usually  in  the  following  order  : 

(1)  Read  the  problem  carefuUy  to  see  what,  gvantity  w  to  he 
found.  :•  a 

(2)  RepremrU  this  unknmm  hy  a  letter. 

(3)  If  there  be  more  than  one  quantity  to  be  found,  represeni 
the  others  in  terms  of  the  same  Idler. 
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(4)  Express  the  condition  stated  in  the  problem  in  the  form 
of  an  equation. 

(5)  Solve  the  equation  and  draw  the  conclusion. 

(6)  Verify  the  solution  by  substitution  in  the  problem. 

On  referring  to  Ex.  I.  wo  M>e  that  there  was  only  one  quantity  to 
be  found,  and  thoreforo  step  (3)  did  not  appoar  in  the  ■olution.  In 
Ex.  2  there  were  two  quantities  to  be  found,  and  when  we  represented 
the  number  of  girls  by  x,  we  could  n^present  the  number  of  boys  by 

The  pupil  is  advised  to  make  full  statements,  in  plain 
English,  as  to  what  the  unknown  represents. 

Thus,  in  Ex.  3  to  say.  let  x=A,  or  let  x=A'»  money,  will 
only  lead  to  difficulties. 

Note.— The  examples  in  the  following  exercise  are  to  be  solved  by 
means  of  the  equation  and  tlic  results  sliould  be  verified  in  every 
case.  Although  the  answers  to  many  of  them  may  be  given  mentally, 
the  pupil  is  advised  to  give  complete  solutions,  so  that  he  may  become 
familiar  with  algebraic  methods. 
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What  ia 


BXBROISa  11 

1.  If  37  is  added  to  a  certain  number,  the  sum  is  63. 
the  number  ? 

2.  If  27  is  subtracted  from  a  number,  the  result  is  5. 
the  number  ? 

3.  A  number  was  doubled  and  the  result  was  increased  by  27. 
If  the  sum  is  now  73,  what  was  the  number  T 

4.  When  a  number  is  multiplied  by  7,  and  25  subtracted  from  the 
product,  the  result  is  59.     Find  the  number. 

6.    If  five  times  a  number  be  increased  by  6,  the  sum  is  the  same 
as  if  twice  the  number  were  increased  by  15.     Find  the  number, 

6.  What  number  if  trebled  and  the  result  diminished  by  36  gives 
twice  the  original  number  ? 

7.  If  you  add  19  to  a  certain  number  the  sum  is  the  same  as  if 
you  add  7  to  twice  the  number.     Find  the  number. 

8.  Five  times  a  number,  plus  19,  equals  nine  times  the  number, 
minus  41.     What  is  the  number  T 
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tJL    ^  ^°T  *"['  ?""''''^  *"*  *"'*''  «^^-     The  carriage  k  worth 
twice  an  much  an  the  horHo.     Find  the  value  of  each. 

other.    ^"  '''*  ^^  '"*°  **°  '^'**  "^  *'"'*  °"*  P*""*  *"'  ^  27  le«,  than  the 

14.    The  length  of  a  rectangle  u  three  times  the  width.     The  neri. 
meter  is  72  feet.     Find  the  slden.  me  peri- 

l-i^*;  v"*  "  ^^^l  •"  "'"^  »«  «•■   In  >0  years  the  sum  of  their  ages  wiU 
be  41  years.     What  are  their  ages  T 

Jl\   ^'"'^l  T  '?^***^"  •'  *"^  ^  '^  *^"'*  ^  *"'  "^ive  $20  more 
than  twice  what  B  will  re«eive. 

17.  The  sum  of  two  consecutive  numbers   is  59.     What  are  the 
r"Tter"'     ^""^  '   "^  *''  """"•''  ""'"^''   *»»»"  '+1    wiir  tte 

18.  Find  three  consecutive  numbers  whose  sum  is  ISO. 

19.  ^'s  a«B  is  twice  Fs  and  C  is  7  years  older  than  A.    The  sum  of 
their  ages  is  67  years.     Find  the  age  of  each. 

m^-lf  ^A  ^5*"'"''*  '^'*'"'"  *''*  '«"«*'»  ""^  ''*'«»•>  o*  a  rectangle  is 
10  feet  and  the  perimeter  is  68  feet.     Find  the  sides. 

much  as  ^,  and  C  three  times  as  much  as  B, 

J^'n^!"  "I""^!.^  *™'"  *"*/'•* '"  ""^^  P*""  *'°"-  "  *♦ «"««  '«""  Toronto 
Jil!fe  ofT?  *  ""^      ^^^  '""^''' '"  ®  ''°""  '^  "'""*^"'  '^'''^^  "  ^''^ 

nf?K-  1^  ""*  ^  '"'''l^  '°"«  "  '^"''^^  '"*"  t^"  r«rt8.  The  length 
of  the  longer  «art  is  J  mch  more  than  double  the  shorter  one.  Fbid 
the  lengths  of  the  parts. 

24.     What  value  of  x  will  make  5x+6  equal  to  .3x  -r  40  T 
2«.     If  6%  of  a  sum  is  $48,  what  is  the  sum  ? 
^i6.    An  article  sold  for  S2-61    the  loss  being  10%.  What  was  the 
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H  «  iharp  ami  r   will  get  SI00  more  than  .-1  ami  B  to«ether. 

h„?:  "^  1"".  "^'  ''""*  "  '"""''  "^""-^  "  *•     After  .4  haa  spent  t«3 
he  haa  only  twice  m  n.uch  aa  B.     How  much  h».  fl  T  P""»  •^ 

anH"t'heIIZ  r'  iTi'''  ^^  ''"'^"-     '^^'  ^"'  '^''^  *  '"^  '"»">'  -  th»  third 
and  the  aecon.i  «,ld  J  a«  many  as  the  third.     How  inanv  did  each  sell  t 

wnat  18  the  number  T 

32.     A  man  paid  a  debt  of  «4r,00  in  4  months,  pavina  each  month 
m'onlh"  '""'  "  ""  """''  '"'°"'-     "°"  ™"°'>  ^^^  he  iy  thTflilt 

ml  5J%td\i'; nui'""^'  '"'*'  °^  *  ^"'^'"  "-»-'  ^o^-"" 

J^nd  S;d?onh:Th;^r '"'"' "  *'"  ^^^  «"^  ^^^ « *  °'  *»'• 

aw^v'itsThtijT'^'"  "  'i"''  *^,f  ■'"*'  ''  y°"  «''^  *^'  »>•"  *»d  t»k« 
away  its  third,  the  remainder  will  be  08  ? 

36.     If  3a  =  46f, 

(1)  Find  a,  when  6=10.  c=16. 

(2)  Find  b,  when  a  =  12,  c=  3. 

(3)  Find  r,  when  a=  8,  6=  f 


BZBROISB  12  (Itovlew  of  Ohaptar  ID 
1.     State  the  four  axioms  which  are  iisod  in  solvinR  equations. 

3x- 7  =^2^711.**"*'    '^^^    '"    *'''    "°"^'   ''°'"''°"    °'    '^^   «l"*t'°" 

3.  E>etermine  if  8  is  a  root  of  3(a;+6)=-r>(ar-  1). 

4.  Solve  (a)  r,xf3-2xf9:    (fc)  l+2a:  =  9-2x;    (c)  3x-7  =  8-2*. 
(rf)  7a:+l  =  9x-9;    (e)  llar-l^flx+l.  •    V  ;  ^     '     «     -!* . 

5.  My  house  and  lot  cost  $16,800.  the  house  costing  five  times  as 
much  as  the  lot.     Find  the  cost  of  each. 


«.     A  horse  and  carriage  cost  $520.     If  the  carrJaKe  cost 
than  the  horso,  what  did  the  horse  cost  T 


$60  more 
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thZl  ..^"*  f»nMr»  tog«thi>r  niMd  2700  b.iahi*b  of  whMt.     A  nimd 
much  did  oach  r»iM  r  -•  «•     now 

«.     Wh.t  value  of  g  wiU  in«lci«  130  - 3*  Kiud  to  172-lte  r 

cJ:r,  ZhZ  :X'  '~""'  •*'  •  ""'•  •"''  '  "  »»••  -"'"•n''"".".. 

(a)  Find  r.  whon  r  -  7;  whfn  r-.42. 
(h)  Find  r.  when  c  -  88  j  wh<>ne=^||. 

10.  If#-  J/««.flnd*when<-4and/=32;  when  <- IO.nd/-322. 

11.  In  •  company  of  08  penion«.  there  are  twice  a.  many  women 

zzLT '"'" "  "'"^  •">"'"'" "  -™-- "-  '^y  chiZ: 

12.  Six  boy.  and   Irt  men  ram  t264  a  week.     If  each  man  earn, 
four  t.m-  a.  much  a.  each  boy.'how  much  doc  a  boy  cam  inTw^k 7 

la.     Five  tinnea  a  certain  number,  iiicn-awni  by  47  in  e<iual  to  eiahfe 
time,  the  number,  dimini.hed  by  43.     What  i.  the  number  f  * 

14.     An  agent  charge.   3  %  commiwiioii   for  collecting  an  account 
If  hi.  charge i.  fl,.,3.  what  wa.  the  amount  of  the  accountT 

('/"VfiTx^m""'^*'         (6)-H04,=  208;        (c,,-.0«,-23«; 

giv"-by"the'f:'r;ur.:v%.''"'''*  *"'*  "'^ '"'''''  ''^ "~  <">  - 

(i)  Find  o,  when  fc=     8,  A=   4. 

(ii)  Find  6.  when  « -=   36,  A=12. 

(iii)  Find  h,  when  a=  176,  6  =  22. 

17.  The  sum  of  the  unequal  aide*  of  a  rectansle  is  85  feet  m.,A  ♦i.-- 
difference  is  16  feet     Find  the  area  of  the  «ctangir  '"'*  '^^' 

18.  If  6a:-y  =  2a:+y,  what  is  the  value  of  y  if  x=6  T 

19.  For  what  number  does  the  question  mark  stand,  if 
is  satisfied  when  x  =  3  ?  +*=      +? 

aO.     If  4  %  of  »  together  with  3  %  of  a-  is  equal  to  35.  find  x 

22.     iJ  has  $10  more  than  A,  and  C  has  820  more  th»n  «     t„„  *i. 
they  have  »190.     How  much  has  each  ?      »-" '"°"' **"">  «"    Together 

3  ohikcV^r^-'Tf^'^r''''  ".**''"  ''''"''""^-     "  2  turkevs  «.d 
J  cmcKcns  cost  S  <  iO,  find  the  coal  of  a  chicken. 
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M.     What  numbftr  inrrPMiid  by  f  of  iUelf  k  oqu«]  to  60  t 

SA.  Divide  tA40U  Ainatig  A,  H  »nd  C.  ao  that  H  will  get  |l:.>0 
more  than  A,  and  C  ||tM)  more  than  A. 

8*.  The  iM<t  iiirontt>  from  an  rntorpriiM*  <IuiiIiIihI  «'a<-h  year  for  Hve 
yean.  If  the  total  not  inconto  for  the  tivo  yuara  waa  17700,  what  waa 
the  income  for  thn  flmt  year  T 

37.     U2ab^3mn, 

(1)  Find  a,  when  h  -  lA,  m^-  6.  n  -^    ft. 

(2)  Find  b,  wh«'n  ii  12.  in  •  2,  n  -  2. 
(.1)  Firnl  m,  whi<n  a  -  J.  fc  »,  n  -  |. 
(4)  Find  n,  when  a=  -3,  fc  =   -6,  m     ■  12. 

Show  that  6  is  a  root  of  the  equation 

2(x  -  l)(x  +  2)  =  4{x  f  3)(x  -  fl)  f  (X  -  2Mx  f  fl). 

The  area  of  the  Uniteil  State*  ia  4000  iiquaro  milm  more  than 
seventy  tim«i»  the  ami  of  Kngland.      If  tho  ar(<a  of  the  United  States 
ia  3,SA0,000  8(|uurf!  milcH,  Hnd  tiie  area  of  England. 
80.     Solve  and  verify  : 

(1)  BgROfx     27xf3flO. 

(2)  Jx+ix+|x     3380. 

(3)  I607x+20=1762x-ll. 


38. 


39. 


Mia 


CHAPTKR  !II 
POSmVi  AND  NIOATIVI  NUMIIM 

!2'!:oon "toTi""*  T""*!!*"-     '"  '*•"  ^'*«nim  the  hour.  fn,n. 
12  noon  to  12  midnight  art,  rcpw«ented  on  the  horizontl 

^  Une.  and  the  temperature  at  each 

^ur  is  shown  by  the  position 
of  a  point  on  the  oorrespondina 
vertical  line. 

ThiiH  at  3  P.M.  the  tempera- 
ture was  61».  at  7  p.m.  63  and  at 
II  P.M.  flfift'. 

The  points  which  show  the  tern- 
perature  for  each  hour  are  con- 

Z  dSg  '„Z,.°' "" """"  "••""^  •"■""«  -'^'"  '■°- 

Here  wo  «v  that  we  l,.,e    repre^n^i    ptrtUMlh   the 
ch«,ge.  u,  temperature,  .„d  the  curve  .hown  i.  «lted»^ 

■XBROISa  18  (1-8.  Oral) 
Using  the  diagram,  answer  queations  18. 

1.  What  wa«  the  temperature  at  1  p.m..  at  4  p.m..  at  10  pm  T 

2.  At  what  houn.  wa.  the  temperature  the  same  ? 


4. 
A. 


POaiTIVH    ASH    SKUAriVli    M  MbkHH 
What  WM  tho  bighMt  tompmlur*  T    What  tb«  iowMt  T 


n 


How  much  did  it 


Whrn  did  it 


What  waa  th«  rangfi  of  t^mfwraturv  T 

BatWMi>n  what  houra  waa  it  rUng  T 

How  much  difl  it  riae  brtwern  10  and  1 1  T 
fall  hatwfM>n  6  and  7  ? 

T.     Whan  waa  it  flO".  HH",  M"  l 

«.     BetWDvn  what  houn  did  it  riae  moat  rapidiv  T 
fall  moat  rapidly  T  " 

•.    The  prrcenta«e  of  (ramaa  won  hy  a  baiN>lmll  tram,  up  to  llw 
baginning  of  rat^h  month  of  th«-  Haying  «.a»of..  wa«  a«  follows : 
.rune.  66;   .fuly.  63  ;    Aug..  60.-5;   .S*pt .  62  :   (Vl.  61  a. 
Draw  a  graph  iihowing  tlirae  changea. 

10.  A  boy'i  bright  in  incli«i.  for  each  year  from  the  age  of  7  to  tlie 
•ga  of  14.  waa  44.  47.  flO.  fil.  52  fi.  M.  36  5.  AH.  Draw  a  graph  lo 
Uluatrata  the  variation*  in  hia  height. 

ai.  Rh»Uv«  Numbtn.  Thia  diagram  ahowa  the  average 
temperature  for  a  week. 

Thua  on  Monday  it  waa  25° 
above  xero.  while  on  Thuntday  it 
waa  1S°  below  zero. 

We  might  express  thia  algebra- 
ically by  saying  that  on  Monday 
the  temperature  was  -f  25°.  and  on 
Thursday  it  was  - 1.^". 

The    number  +25  la  called   a 
potltivs  number  ami  itt  rea<i  *'  posi- 
tive •'   25   or   "plu8"  25,  while   -26   is  called   a   negatlvt 
number,  and  is  read    •  negative  "  25  or  "  niinuH  "  25 

A  negative  number  la  therefore  one  which  la  measured  on 
the  oppMlts  side  of  zero  from  a  positive  number. 


IROUa  14 

in  tJ:  H^^"*"*  ''**!*r^"  ■*"•  *"*•  '^°^"  *'"^  temperature  for  each  day 
in  th«  diagram.     A !«>  read  the  temperature.  ' 

2.    On  what  days  waa  the  temperature  negative  T 


»l 
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*.     How  »,.,.  h  hJufM-r  »«.  H  .„,  M.^Hl«v  xhm  .m  ThumUv  T     How 
b.  Ihw.  ?     If  it  iMtl  Ulten  irr  .  how  mu.  h  w.m.M  i,  h.v.  t»^„  .h.,,,  " 

Mon  .  4  «Ih.v«  ,wr  ;   Twm.,  2  l>«.luw  ;    W«l..  I  abov.. 
TImn...  «t  ,»r;  Fri..  .1  befew;  S,|..  |)  Wow. 


23. 


INston«M  mMiurM  on  •  HorlionUI  Um. 


I 


B 


O 


♦  I 


A  C 

4  .1  .i  Ti 


It  Is  iiHiial  t«  coiwiHer  mea/^i.remenU  made  to  the  right  u 
poaitive  and  to  the  left  n^  negative. 

What  point  i.   f «  f«.t  from  O  r      What  on-  i.    -fl  f,*.  from  n  . 
If  .  pent  mov«.  from  O.  i  f^t  to  th.  right  «nU  th.n  7  f-nTto  u^Wt 
how  far  ..  it  then  fro.n  OJ     U  th.  difn  *  po.iti  v.,  or  n^t  ive  T  ' 

We  thu,  Hee  that  in  a.ldition  to  the  n..ml>erH  of  arithmetic 
which  begin  with  7^ro  and  extend  indefinitely  in  ore  direction 
we  now  have  another  Herien  „f  numbe™  which  also  In-in 
with  zero  and  extend  indefinitely   in   the  oivotlte  dlmilon. 
In  each  ^.nes  all  integral  ami  fractional  numben.  are  included. 

88.    PurtlMr  ExamplM  of  NhsUv*  Numbtn. 

(I)  A  man  hns  property  worth  $100,  and  debtn  amounting 


/fWTIVK  ASti  SMGATtVK  SfMHieHli  S| 

to  tfiO.    When  he  hM  piti.i  hU  .|«.|.»«  In.  »il|  h«vp  nn.iiPrtv 
wiMih  $40.  I     I      J 

Tbue.  1100- KM).  940. 

If.  however,  he  haa  debt*  amountinR  to  tl(M),  when  the«e 
•w  puki  he  Hill  hnvn  nothing  left. 

Th»«.  ?IW-|HM>«|t). 

If  he  hM  clehtN  amounting  Uy  1140.  when  he  hn«  |Miiil  all 
he  can  he  will  Mill  owe  t4<»  \\v  PX|.rt^  thiM  algrl.ruicollv 
»•»"•:  SUM)- 1140  -   -  $40. 

In  the  Hnit  caw  we  wy  that  h.M  net  nMctM  are  $40.  in  the 
jecond  they  are  tero.  and  in  the  thinl  thcv  are  minuM  $40. 
When  wo  My  hii  aiMH'ti.  nn   -  $40.  we  i.iean  he  in  $44)  in  dubt. 

It  will  be  Nevn  that  the  difference  in  meaniiig  lietween 
+40  and  -40  when  referring  to  dollan  in  practically  the 
•ame  a«  the  difference  between  H  40  and  -40,  when 
referring  to  degrees  of  tenperature.  aa  In  art.  21 .  or  to  diHtuncen 
mewiured  in  opiKMito  direction*  on  a  horizontal  line,  aa  in 
art.  ^. 

(2)  If  a  man  gainit  $20  on  on©  traniiaction  and  lone*  $15 
on  another,  what  in  the  net  reiiu't  i  If  he  hml  kwt  $2rt  on 
tb«  Moond  traiiMotion  what  wouki  have  Ikhm  the  net  rewult  f 

If  we  attach  a  pluM  «ign  t-  the  result  when  it  i«  a  gain,  how 
may  we  in(hcate  a  Iom«  ? 

If  anptmmu  a  mm  sMnwl  muI  L  »  aum  lost.  Hato  tfio  roault  in 
eaon  of  the  fulluwiiiK,  atUchinK  t)i«  proper  Mtgn  : 

I.   WOW  f  $20  0.         2.  130  O  f  120  L.  3.   $30  £,  4- |3o  L. 

4.  I30L+I20O.      a.  ^4oa^tioL.      a.  120  o  i  lao /,. 

(3)  If  a  game  won  in  rejirewnted  by  -t-l,  then  -1  would 
represent  a  game  lott. 

In  a  aeries  of  games  I  find  that  my  rtXHird  is :    won,  loKt, 
lost,  won,  lost,  won,  lost,  won,  won. 
This  might  be  representetl  thus  : 

What  does  this  result  mean  i 

Write  in  •  wmiUr  way  the  foUowing  record  :    lo.t.  Umt.  won.  I«.t. 
won.  lo.t.  lort.  won.     AIk)  the  foUowing  :   won.  lort.  drawn,  won,  won. 
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positive,  and  Houth  of  the  equator  negative.  '^''^  ^  ^ 

Thiw,  tho  latitude  of  Toronto  is   i- 44'^  «nH  ,.»  d  •    j     » 

d  J.™  ,'""■'"""''  "I"""-"'!"""  «ho».  that  ,  po.iti,e  number 
d-ffer.  from  a  negative  nun,l»r  i„  dlr«ll,.  „  mMt, 

ponding  c«*,H  r  *""''*       '"  "»««"    "'  th"  corn^. 

negative  direction  *^      ~'    '^^'   ''  "^  ^^«"   '"   *he 

fu,!f  7i"  **".'*  *^  "^^  *****  ^«  "««  the  signs  +  and  -  with 
wo  different  significations.     When  they  abused  to  indiclt^ 

ZuTZZ:'  r^T.-  -^*-*-.  th^  a^  cS 

5r?uaLv  Siv  "  '^^y  '''*  "^  *«  ^^^^^^  direction 

TK    ii^'-     ^  *'*^«o'netime.s  eaUed  signs  of  quality. 
The  beginner  might  think  that  this  ambiguity  would  lead 

to  confusion,  but  he  will  find  that  such  is  n^t  fhe  ^^  '"^ 

o-^^  h  . 7^.'^^  *  '*"*"*'*^'  ^^"^  -25'  ^e should  say  "  Native 

poS::  :::z.  ''"^^  ^  """'^^'  '^  ^  -^-*«^  *- »-  a 

26.     Absolute  Value.    The  absolute   value  of  a  number  is 
Its  value  without  regard  to  sign.  numoer  is 

ThuB.  +8  and  -8  have  tho  same  absolute  value. 


POSmva   AND  NEUATIVE  S UMBERS 
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■ZXKOUa  IS  (1-18.  Oral) 

7.     I  am  overdrawn  at  the  bank  «2n     wi.  *  ^  »    . 

make  my  balance  |100  ?  **   """*  '  •^«P«>t  »<> 

If  -20+a;=100,  what  is  x  ? 

at,:;a^5:r::i'd:;r;::;rAe\^^  r-^  *"«  '•«^'''  °' 

bottom  of  a  weU  T  "  '"'"«'''  *^^«  •«*  '^^^e'  of  the 

».    A  man  buys  a  hone  for  $100  and  sells  him  for  tsn     nn.  .  • 
his  gutn  and  his  gain  %  T  «*uu  sens  mm  for  J80.    What  is 

I^^^;:;:'';or:hari,Tr"  *""  -^°  ^  -^^^  ^ 

an";  n^X^wit^tf  W^::,  TlTr  *"°  ^"''•^''  ^'"■^»'  •'^  «  •»"«' 
greater  than  a  T  '  ^*^  '^  "  "^  8"'''«^  ^han  b,  (2)  if  6  j, 

13.    Denotmg  a  date  a.d.  by  +  and  b  c   hv         ♦  *    .u 
of  years  between  these  pain,  of  daL T       *    ^  ~'  *****  ^^  °'""'«'' 

4)-120to+«).  (5)  -200  to.  200.      (6)  +1900  to  4^,800 

M.    Augustus  was  Roman  Emperor  from  -'M  to  4- U     w 

.V- »» he  e™,»„.  ,  wh..  .■:,.  d,„™  j'j:.r:„  "t:,*;; 

D 
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15.    The  Pint  Punic  War  luted  from  -264  to  -241      H«»  i 
did  it  la.t  T    What  i.  the  difference  between  -24!  and  -984  " 

•nd  givea  away  12.    How  many  ha*  he  thu«  added  to  hi-tupply  T 

How  much  wOl  each  have  when  his  debts  are  paid  T 

19.  TTie  weights  of  two  pieces  of  iron  are  «5  lb.  and  147  lb  If  thev 
are  attached  to  a  balloon  with  an  upward  pull  of  2391b..  how  would 
you  represent  the  combined  weight  T 

•  stoisk^^"""'  graphically  tlie  following  changes  in  the  price  of 


====^ 

Month. 

Jiiir. 

Aug. 

8.p. 

Oct. 

Not. 

Dec. 

Jan. 

Fob. 

Mar. 

Apr, 

Amount  above  par  ... 

6 

1 

4 

6 

2 

3 

Amount  below  par  ... 

2 

3 

1 

4 

1 

■XBROUB  Ifl  (RcTlaw  of  01utptM>  ni) 

1.  Using  signs,  express  the  results  of  the  foUowing  transactions  : 

(1)  A  gain  of  910  foUowed  by  a  loss  of  $15. 

(2)  A  loss  of  S12  followed  by  a  loss  of  $4 

(3)  A  loss  of  $8  followed  by  a  gain  of  $10. 

2.  What  is  the  difference  between  40°  and  —  3°  ? 

3.  If  an  upward  force  or  pull  is  positive  and  a  downward  force  is 
negative,  what  single  force  is  equal  in  effect  to  these  pairs  of  forces  • 

(1)  101b.,  -31b.         (2)  81b., -121b.  (3)  -71b.    -21b 

(4)  -9  lb.,  3  lb.  (5)  6  lb.,  -6  lb.  (6)  2a  lb.,  -a  lb.?' 

«    *•     '"  firing  at  a  target  each  hit  counts  5  and  each  miss  -3.     If  I 

fire  10  times  and  make  6  hits,  what  is  my  score  T     If  I  make  only  2  hits 

what  IS  my  score  T  .^        "" 

6.     What  is  the  fall  in  temperature  from  27°  to  —11°? 
K  27-*=  -U,  whatisxT 


POSITIVE   AND   NEGATIVE   NUMBERS  jfl 

7.     In  wiving  a  problem  in  which  it  ia  itwuirsd  to  fl„^   i     v. 

•t<irting  point  and  in  what  Hi»w.«i<.„  /      •/•  "  "®  '"""  the 

,.      p  *  •*'"**"'"  (P<»'"ve  Of  negative)  from  it  T 

11.     Egypt  waa  a  Roman  province  from  -30  to  81 «      H„„ 

ye.«  wa.  thi.  r     What  i.  the  difference  betweere^B  Z  -JoT  "^^ 

_!?•  ,o^!erirrrr*7  %^*  _i^  3-  --•  -t «-. 

"™«oi»  by  maua  of  .  gisph.  '  ^°*  ""** 

10°,  12a  .     Make  a  chart  to  ahow  these  variationa.  ' 


CHAPTER  IV 
ADDITION  AND  SUBTRACTION 

combinhi*"""*"*  *'  '"*'"'"  ^""""•»-     W*»«t  w  the  result  of 
(1)  A  gain  of  $20  with  another  gain  of  $10  ? 

•I  f  I  ^  "measurement  of  r,  feet  to  the  right  with  another  of 
J  feet  to  the  nght  ? 

(3)  A  rise  in  temperature  of  10°  with  a  rise  of  8°  ? 

(4)  6  points  won  with  4  points  won  ? 

As  explained  in  Chapter  III.,  we  will  consider  all  of  those 

adSon™!!:^*'    ''"^    '°"^   ^"•^"^'^    "  P~^'«-    - 


+  $20 
+  $10 

+  $30 


+  8  feet 
+  3  feot 

+  8  feet 


+  10" 

+   8° 

+  18° 


+  6  points 
+  4  pointa 

+  10  points 


ex^riff  "''  '""^  "^  **  *"^  ^  '"  '^'  ""'^  *''«  """^  °^  2x«.  6xt  and 

Here  we  have  not  prefixed  any  sign,  and  when  that  ia  the  case  the 
positive  sign  is  understood.  ® 

We  see  then  that  the  »am  of  any  number  of  poaUive  qiutntities 
tfi  always  positive.  . 

Ha^'  .*^J!!'"?  °'  ''•'•*^''  ««•»"«•«.  We  might  change  the 
data  of  the  four  questions  in  the  preceding  article  so  that 
all  the  quantities  would  be  negative. 

8U 


Annmox  aki,  miirrHACTioH  „ 

Rfln/i  tu^    .1       •.  •-"'  *'*"  a  'oM  of  Slo  > 


-120 
-$I0 

-$30 


-lO" 

-   8° 


-8  feet 


—  fl  puinU 

—  4  point* 

-'*"  -lOpoinU 


Hinularly,  the  ■um  of  -  7-  »„h      «_  • 
-2«».  -«•  and  -6«.  i,  l'^^^  "■**  "  "  '^x.  «id  the  .um  of  -Sa'. 

Thug,  /Ae  sum  of  any  nutnJu>r  nf  *.-^#  • 
n^attve  atgn  to  the  resuU.  prefixing  the 


■XBRoxsa  17  (omi) 

State  the  ^ulto  of  the  following  additions 
1.     +13  o  1/^  _ 


fi. 


+  •3 
+  $5 

-  7 
-13 


0 
-*  8 


6.     4a* 
6o» 


». 
11. 


Add  l(te,  12i,  16ar. 
Add  Jot,  Jot,  jot,  |ot. 


4.    3yd. 
6  yd. 

8.     -iabc 
-%abe 


10.    Add  -3m»,  -ml,  _7^i^ 
12.     Add -12y.  -3y,  -I7y. 

on.  ..rm  U  died  a  ZtoSC^:!;.""  °"'  "'  "«"»  «"" 

them  unS^e^h  MheT^rTril"  •'I'"™'™',  wa  writ, 
«nie  oolumn.  ""'  '''"  denominations  in  tli. 


•  ALOBBRA 

We  proceed  in  a  «miUr  way  in  aJgebra.  writing  like  tenn. 
»n  the  same  column. 


In  arithmetic. 

2  yd.  1  ft.    6  in. 

3  yd.  1  ft.    4  in. 


In  ntgebra. 
3o-f  b+  4e 


5  yd.  2  ft.  10  in.  5a+2b+  lOc. 

If  the  like  term.  ar*.  not  in  the  same  order,  they  must  be 
properly  arranged  for  addition.  ^ 

Kx.— Add  lix+3y-2x,  4i/-5«+3x,  -St+iat+y. 
Here  the  problem  mijfht  be  written  thua : 

3*+4y-  0c 
4x+  y—  3« 

8uin-iar+8y-10». 


Add: 

1.    3  ft.  2  in. 

8  ft.  3  in. 


WOBOUB  18  (l-ot  Oral) 


4. 


6  hr.  10  min.  1 1  sec. 
S  hr.  12  i^in.  3  sec. 
2  hr.  15  min.  20  see. 


a.     3j;+2y 
fix+3y 

5.    0a— 36+2e 
2o-46+3c 

8a-  b+  c 


6. 


-  a-36+7fl 
-3a-  6+4e 

-  8a-26+  0 


9. 
10. 
11. 
13. 
13. 
14. 
18. 
16. 


7.*  a+b-c,  26-3C+0,  36+8o-llc. 
8.     &t»-7a;+6.  3-5x+a;»,  -2z-f  4x'^. 

2o-36,  3o  -2fr,  4o,  -6,  a-b. 

a+26,  6+2c,  c+2o,  a-\-b-\-c. 

a-2b+e-M,  c-66-rf+2a.  -fc+c-d+a. 

6a;-3y.  -2y+z,  42-y+.3z. 

la-\b,  la-lb,  »o-H6,  la-^b. 

o»+26«-3c«.  86«-c»+2o«,  3o»-f  6«-2c» 

a+6+c,  ft+c+rf,  c+d+a,  rf+o+6. 

i*+ }»-*«.  .ii»+Jy-i|2,  x+y-f«. 


ADDITION  AND  aVBTHACTION  •• 

80.    Addition  of  QuuiUtioi  with  UnUko  Slg n*. 
What  is  the  rmiilt  of  combining  : 

(1)  A  gain  of  120  with  a  lom  of  |10  f 

(2)  A  gain  of  $5  with  a  lowi  of  315  ? 

(3)  A  lom  of  S8  with  a  gain  of  $A  ? 

(4)  A  lo88  of  J7  with  a  gain  of  $12  ? 
These  might  be  written  as  problems  in  wlclition,  thtt 

4-120  +$5  _,8  _,^ 

-*^"  -«»«  +$6  +|ii 

+  510         -$10         ZiJ         — - 

insLi!  Ih"'  "^"^  *'"'*  ^'''"  *"  '^^^  *^°  quantities  differing 
Xn  f   r""  '*.^'"**'"»««  PO'''^'-^  and  sometime,  negative 
When  IS  It  positive  and  when  is  it  negative  ? 

«|mrrre''a/il!r»"T"''-.^'*  f'  '^'  """^  '^""^  -hen  the 
signs  are  altke  ?     How  is  ,t  found  when  the  signs  are  different  ? 

adrf^.  and  the  common  nign  is  affixed ;   when  the  sign,  are 

£rT/jJ     T  ^  ^r*"^  *''  ^arithmetical  imbtractianlZ  Z 
ngn  of  the  greater  is  affixed. 

Ex.  1.— Find  the  sum  of  6  and  -8 

when  the  result  will  «t  onco  be  evident.  "'  '*' 

Ex.  2.— Find  the  sum  of  5a,  -8a,  -7a  6a.  -2a. 
The  Bura  of  the  positive  quantities  is  Ho. 
^e  sum  of  the  negative  quantities  is  -  17o. 
The  sum  of  1  lo  and  -  17a  is  -  6o, 
.'.  the  required  sum  is  —  6a. 

They  might  also  be  added  in  the  onler  in  which  thev  ooin-i, 
of-10oand6ais-4a,of-4oand  -2oi8-ea. 
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Ex.  «.-A(W  3a-ilA  hV.  6A-ao,  Bb-e+a 
Write  th«  esprnMiotM  („  „,|,„„,„  ^  »lrwuly  expUinad. 


^^  ««»  h  -.0  +  4C  or  4«-a.  the  wLn^f  th.  «conU  column  being 

for^heTttetr'^TK'  "*f  '^^  -"b-tituting  particular  number, 
ror  the  letter.     Thu.,  if  we  .ubstitute  unity  for  each  letter 

the  thiM  « +fl  and  the  .um  (-a+4c)  I.  +3.    Since" the  .tm 
Of  -3.  +1  and  +5  M  +3,  we  aaeume  that  the  work  is  correct. 


mxmtunmm  le  a-u,  onn 


a.    -110 

+  •27 


8.     +10  lb. 
-181b. 


6. 


JWi* 

-3o» 


10.        ac-7y 
-ar+2y 


4.     -BO' 
+40» 

t.     -8a6 
8a6 

la.    3a+S6-e 
2a-2b+e 


3»+8y,  2*-3y.  -4r-y.  ftr-4y.    (Check.) 

6m,  -6»»,  —7m,  8m.  -9m,  10m. 

2a+36-&,  60-46+c,  3o+26+4c.    (Check.) 

3a-a6,  4*-3c,  4c-3a.  o+6+c.    (Check.) 

J*+y-.J«,  ix-Jy+Ji.  x+^y+z.  (Check.) 
!«.♦  a-26+3f.  &-2c+3rf,  c-3d+2a.  6-2c-3a 
19.    ar+6y-2z.  2z-3y+43.  4x+y_&,  ftr+2y+3«. 

3o6-4o<:+B6e,  8ae-46c-2aA.  3ftc-o6-ac. 

6a*-Bab+b*.  3a»+7o6-26«,  a»-oA+6i. 

2!r«-3y»+4z«,  Sy«-&«+ii,  2j»+2y«-3xt 


90. 
SI. 
82. 
98. 


II. 


AimiTIOS   AND  HVBTRArTinS  4, 

*  2!d  vi'rilj!'  ""•"  "'  '•'^-''  ^  ^  «  •«'  «-<'  ^  W.  fin<l  th.  v.lue  of 

3».     If  the  Rum  of  j--  fl,  3j._a  «,,h  /i,    u  j    .l 
12-..  12-3.  .«,  ,2-3.:  H^nd  !  "^3  lirlfy  "  ""  -•"•  "  ""  """'  °' 

wJ^K^^^i***  ""'J"*  °'  "+(-7).  we  mu»t  add  11  «nd  -7 

Hi!".*    .  H+(-7)-l|-7-4. 

o  +  (-6)— a-6. 
We  thus  we  that,  to  add  a  negative  quantity  is  the  same  ^ 

"  we  wiah  to  simplify  a  quantity  Uke 
(3o-26)+(2o-36). 
we  may  write  2a-3b  under  3a-2h,  and  add  in  the  usual  wav 
or  we  may  «move  the  brackets  and  say  that  the  quantify  ^' 
=3a-2&+2o-3A. 
=5a-a6,  when  the  Uke  terms  are  collected. 

Simplify:  «««OUI«  ao  (l-ia.  oral, 

>•     -3+4.  a.     104-(-6),  8.    S+(-4). 

*.    (-2)+(-3).  5.    ^^^_^,  ,      ^^l^_l^        . 

7.     -9a+(+7a).  g.     -6ab+(~2ab).  9.     ftr«+(-3;c«) 

10.     -PH-3P).  n.    (-3«)+{-8mX 


4S 


14. 
1«. 
1«. 

IT. 
!•. 
It. 


AWEBHA 


106 


(I*  ♦  3i.)  f  (am     H)\{-Am~bm), 

(Ac  f  3y-4«)  Hx  fa*-«)  t-(»+t-7*). 

of(-6)fftf(-..)fef(-a). 

.-f  (fl  -»+r)  f(6-fc  f  „)  ^  ,e  -80  -f  *). 

iK?!*".!.^**''  "*.*  *"  '"btmcl*.!  from  l(>.  th-  .Jiffewnce  U  30.    Hhow 

3«";&f5^TK''^  -ddition.  th.t  when  Sa-ft  f-fc  k  .ubtrMt«l  frooi 
ao-46  f  3c  tb«  remainder  ia  a-3A-2f. 

W.    «olTe  (2jr+3)f(ar-a)f(fl[r-I)«57.    (Verify.) 

M.    Solve  ((U-7)+(-4x-.1),(-to_7)+(7.r-2).    (Verify). 

f  J^  t'."^*^"'"  ••  "*•  '»*•"•  •'  ^'•*»"«»-     To  subtract  4 

4  wTll  nrnkr?"  ^"      '*'"*  '**""  ""'"'*'  **'''''•  •^'^•'^  ^ 

Thua  every  problem  in  subtraction  may  be  changed  into  a 
oorresponding  problem  in  addition. 

concrete  by  finding  what  must  be  adr  Pd  to  a  Iom  of  $4  to 
result  in  a  gain  of  $7.  and  the  answer  is  evidently  a  gain  of 

when  -4  is  subtracted  from  7  the  remainder  is  1 1. 


Thus,    7leMi  -4 

-lUleoa  -3  > 

e61e«  -46. 


11.      beoauBP  —  4  4- 1 1 «  7. 

7,  because  -3  +  (- 7)=   -  |0. 
106.    bcHHiuae  -46+ IU6=.66. 


■XBROISB  81  (Oral) 
What  moat  be  added  to 

J.    A  gain  of  tlO  to  give  a  gain  of  816  T 
••    A  gain  of  $8  to  give  a  gain  of  83  T 
3.     A  gain  of  86  to  give  a  loss  of  84  T 


T. 

t. 

:i. 
la. 

IS. 
IT. 


ADDiTtON   ASD  aVBTHAVTlOS 
«.    A  Ion  of  96  to  give  «  gain  of  |3  T 
».     A  loM  of  |»)  to  give  •  loM  of  115  r 
•.    A  loM  of  9A  to  give  •  Iom  of  M  r 


•  to  give  IS. 
-Utoglvet. 
7j!  to  give  Or. 
&r*  to  give  -Sxi 
3a«c  to  give  iabe. 
-Hi  to  give  -il. 


a. 
l». 
IS. 
14. 
1«. 
II. 


10  to  give  S. 
-S  to  give  -1 
3a  to  give      Ra. 

Rrtogive  -low. 
-fly*  to  give  -By*. 
a  to  give  —a. 


n.    Rak   tor  InUrMtloB. 

traotionji : 

(«)    0  (2)      » 

J  -8 

•  "5 


It^xftinine    the   following   tub- 


(3)  -  9 
3 

-12 


(4)  -9 
-3 


In  (I)  the  re«ult  6  might  have  been  found  equally  well  by 
odJtng  -3  to  9  in  (2)  by  adding  +3  to  9.  in  (3rby^.-,J 
-3  to  -9.  and  in  (4)  by  adding  -f-3  to  -9.  ' 

Thu.  we  we  that  the  problem,  might  have  been  re-written 

We  would  then  have  these  problems  in  addition  : 
<1)      0        (2)        9       (3)  -  9        (4)  -9 
~»  +3  -  3  +3 


12 


-12 


Cl!!!LlirJ^7!^    the   following  rule   for  subtraction: 
CMnge  the  ngn  of  the  quantity  to  he  aubtraeted  and  add. 

iJeV^l'H^li"^"'^"'"^  «pre«,ions.  apply  the  rule  to  the 
iiKe  terms  of  the  expressions. 

Thu..to.ubtract     6o- 36  +  a,    ohi«g.  to    fa-3*+fo    ^  «dd 
^-r*b~&c  ~3a-46  +  6c 

30-76+88. 


44 


AUiKHHA 


■xaaoMB  It 


3a 

13 


t. 


iOm* 


T. 


4*V 


-  ••• 


change  me„unv  ''^  '*"*  "«""•   ^"'  ''J'  '-ki"*  ».»• 


Subtract : 
1.        8 
-S 


».     -8* 


vzaiioira  « ,1*  oni) 


4 

«.     -tm 


••    3j-+4y        10.     2a-3A 
'~2*  3a  ^26 


•.     -If 

-  e 

T.     - 

Uabc 

11.     1x*~{i 


4. 


7a 

as 


15.*  Subtr«,t  &,-.%  from  the  .u«  of2a-H.M  fa-4A 

1«.    Subtract  a-264r  from   6a-Ax&  ^  ,^   ,. 
snbtTftei  .-in-i-a-c.  -     oc  *nd  froia  the  r«in«inder 


AinHTlOS    ASh  HIHTMAITIOS  «§ 

W.     By   h«w  «*.h   U  7..     |.v,-||    g„..,„   ,h.„  *.«-||,^4, 
••.     By  thrw  aubtrkctloiM  Mlmplify 

from  th«  .«m  erf  .V    4,  ,  ar.  3,    4r  i  fl/i  .ml  3/  4/.  t  a».     '^  "*     *' 
aa.    Hubir.*!  to    3*  ♦  V  from  i»ro. 

t4.     Acfcl  ««f»,-fl  to  th«  «««.  of  a««~4«4  3  over  «»~S.Ha 
^.    Hublr.ct  th.  .«„  of  «-3A+r.  6-Sefa.  «kI  e-3-  f 6  fmn, 


*•;    Wh«t  mittt  \m  added  to  tho  .am  of  *«-&r,  l,i_ar  ♦  4  ami 
fa -ar«io  that  th«m,ultwlUb*  unity  T  ^  ♦  4  mmI 

tr.     From  ar-3JrH6-**  take  3-1  |**_&ei_4,. 

^l./"*i!r*^u*"**''^"-     "   **    *^h    t"   i"««c«t<'   that 
the  preceding  thk  i.  .t  once  -een  t«  be  equal  to  9 4-4. 3)!-^ J! 


Alw, 


-3ii-(     So)-   -3o  +  flo-=2o. 


We  thus  Me  that  to  .mA/rort  a  ntq<uht  quanlU,,  m  /Ai.  «,»«, 

Similwly.  (3«f  4A)-(2a_3*).(3„^4A)  ,  (  -2«  f  36). 

=  3a  +  46-2f/  *  .v,, 

Aho  «-(*-*-«)-«  H-6~c)-«-6-e. 

•na  «-(*-c)-af(-fcfc),a-6.c. 

Thug,  braekets  which  art  nnt'ded  hu  n  «.•-„.     • 


*•  ALOEBRA 

Ex.— Simplify  aaf-3i^+4z-(ar-2y+ai). 

in  .ubtwction  and  proceed  in  the  luiul  w.y 

TheexprBMion  -a«-3|r+4«-3*  +  2y-a,, 

-2»-y+2fc 


3»-2y  +  j, 


M  (1-10.  Oml) 

a.     -«-(_«).  a,     -7a-(-4a). 

».    (-2m)-(-3m).        e.     -(-A)+6 
8.    8a6-10a6-(-7aA). 


10.     -4a:«+(-at»)-(_7«t). 
12.    3o-116-(ao-86). 


Simplify 

1.     10-(-3). 

«.    &c-(-at). 

7.    8-(-4)-(-2). 

».    '»-(-3m)-(-6m). 
11.*  (&t-2y)-(2r-4y). 
18.    2o-36+ae_{a-46+5c). 
14.    (a-|-6)+(2o-36)-(4a-36). 
18.    o+6-c-(6-f-c-o)+(a+6-c). 
18.    (fe»-3*+6)+{ar«-8*-6)-(5x«-8,+J). 

17.  Find  the  value  of  6a-\-b,  when  a=2,  6=  -3. 

18.  Find  the  value  of  2a+36-c,  when  a=  1.  6=2.  c 3. 

20.  Solve  and  verify 

(1)  2a;-3-(z-4)=8. 

(2)  3x-l_(a:-.3)_(x+7)-40. 

(3)  l-(4-x)-(6-x)-(6-x)=62. 

21.  What  value  of  x  wiU  make  &c-8  ezoeed  3x- 11  by  70  f 

22.  Find  the  value  of  3x«-2«+6-(at«+,- 1).  when ,-0, 1, 2.  S.  4 


ADDITION   AND  SUBTRACTION  47 

18.    Remove  the  brackeU  and  limplify  : 

(I)  la+3h-lle)-(b+3e-aa)-{e+lia-2b) 
(2)(o-3A)-(6-3r)+(c-3rf)-(rf_3«). 

(3)  -(3»-„+lb)-(2jr-3y-|-4i)-(3y-&-ftir) 

(4)  -(a-b)-(b-c).(c-d)-(La)  ' 


loMt 


azBRozaa  25  (Kcnew  or  ohaptM*  iv) 

1.*  Find  the  sum  of  8a,  -3o,  la  and  -80. 

a.     Find  the  .um  of  four  conaecative  integer,  of  which  *  i.  th. 


8. 


one. 


Find  the  aum  of  five  conaeoutive  integer,  of  which  n  i.  the  middle 

4.  Add3o-26+7c.  56-3c-2aandc-a-36. 

8.  Subtract  -106  from  -66.  -3o  from  Ha. 

6.  From  4a-36+Sc  aubtract  2o-56-c. 

7.  Subtract  fix-3y  +  4s  from  4ar-2y-«. 

8.  What  rauat  be  added  to  3a -56  + 6c  to  give  8a -76+ 4c  T 

the  valul'ofivT'"  ""*  '"*'=*•  "''*  "  '""  ^•'^  «'  ^  '    What  i. 

10.  What  ia  the  aum  of  the  coefficient.  in6a-116  +  c-3d» 

11.  What  muat  be  added  to  x-y  to  give  0  T 

tw";™.^*  "  *'•'  ""'•"''"»  '^*-"  2a-6-c  «,d  a-6  +  c  T     Give 
J4.^  Jo  the  .um  of  3m-4»  and  2m  -3„  add  the  .um  of  m  +  7»  and 

Ji'&r+T    *''+^-''    -"''»"^*    »-    •""»    of     2x.  +  7«-6    and 

of"wou1jXre;uif-'^""*'-"^  +  «^     For  what  value 
17.     SimpUfyo+(26-3c)-(c+a). 
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!••    From  the  aum  of  -fte  +  'Aw  uiH  .».      «        l. 
•2*- My  Md    i^+isy      '**+*»  •°<'  •3*-2y  •ubtmot  the  aum  of 

ai.     From  !o-il6  + Jc  uke  Ja-  |6_Ho. 
value  of  or  *  *""   *=■«*-««,   what    ia   the 

23.     Solve  fa-3-(,-4,_(;,_2,^27.     (Verify., 
a*.     W»»t  value  of,  wai  make  3x-2  exceed  ,-7  by  63  T 

di^edXthTiro^fr^nrrai^     « -  - 

«'=i-to.  what  ia  the  reault?  "-^-S.  6=3-3,.  c=-3*-|. 

27.  Solve  2-(,-4)_(|_3„^,g.25 

28.  Subtract  2in-7n-4r  from  wro. 

28.     Whatmuat  beaddedtoa-n-A»-/l     -» . 
au     H..K»-  ♦  .u  ''^"'-(^-c)  to  produce  unity  t 

«l.    Subtract  the  aum  of  2a  4- TA-i^  J.  w  .    i         .. 
oxoeaa  of  4a-6+c  over  o+6+J      ^^^  •"**  «-26-c-d  from  the 


_      \ 


t^ 


V. 


t^ 


CHAPTER  V 
MULTIPUCATIOII  AMD  DIVISION 

88.    MalUpaeation  of  SImpit  Potltlvt  QauutiM.    tko  #    * 
of  a  product  may  be  taken  in  any  o4r  ^^  ''"**'" 


Thus, 
Alao 


3x«x4  =  3x4x5  =  8x4x3-eto. 
ox6xc=oxcxA=6xaxc-eto. 


a 

a 

a 

aS 

ab 

ab 

ad 

ab 

ab 

-n^  Utter  product  may  be  written  abc,  aeb.  eta 

3ax26  =  3xax2x6,  b 

=  3x2xox6, 
=  6a6.  * 

^ce.  duignun  ^-how  that  4.x ?y-ary. 
°"™*^.  *i6xaod=3x»x6x8xoxd, 

=  3x8xax6xcxd, 

38.    The  Indtx  Uw  for  MultlpHettloB. 

o»xo»  =axaxaxaxa  =a». 
arx3a;»=6xxxxxx        =&ra. 
"**^'»'=»» • « •  w  mxm . m .m=m». 


Similarly, 
and 


3y»x4y»=:12jf«, 

**X«*XX*  — *»+«+ix»«I». 


«  B 


00 


AUiKBRA 


Finil  the  prmluct  of 

«.    ar.  4jr. 

7.  a*,  a. 

to.  2Lr«.  4x». 

13.  (4jr«)». 

18.  o/i.  ac,  o. 


UBKoua  as  (Orai) 


a. 
ft. 

8. 

11. 

14. 
17. 

ao. 


■*»•.  5«i. 
ft*-,  ij-. 

3aj-.  aw. 

*»*.  3a.  2. 
(36)«.  (2ft)i. 


3. 

0. 

9. 
12. 
Ifl. 
18. 
21. 


3aA.4jry. 
"A.  oc. 
«*•.  3*y. 
'».  <».  <«. 
(4o)». 


4X3  ,8  a  short  way  of  writing  4+4+4-10 
-4x3  iH  a  short  way  of  ^kntina  ?  a^^,! 
Hence  muItipUcat  Jby  r^tLZ'yL^~'^+^-^)-~l2. 
mmtip  icand  is  taken  as  an  J22ni  L iT'  !?"*"'  '^^  *^» 
are  units  in  the  multiplier  *"^  *""««  "  there 

many  times  as  there  nro  uiUts  in  f h«       u-  ."  *  ""•toUwiid  as 
According  to  this  drfinUion  "hen  ""'*"''"• 

4x-3=-4-4-4=-l2 
-4x-3=-(_4)_(_4,_' 

=+4+4+4= Vl2^     *^' 
We  may  state  these  resuie«  -^  ,,^,^.,  ,^„ 

+a)x(+6)=+«ft^ 

(-0)X(  +  ft)^_„ft^ 
(-«)X(-ft)=4.„ft, 

staLellS'al'ISi^*:;?';^^^^  ^-mine  the  preceding 
and  when  it  has  a  ^^^l^'  P"^"'''  »»-  '^  P-V.-  «i^ 

form :  "''  °'  ^^  '°'  -itiplieation  may  be  stated  i„  the 

The  prodwd  of  ttoo  faetora  with  like  Minn.  •         ■  . 
t^  factors  with  unlike  siffns  Tn^Ze^""      ^''^'  ""^  ^f 


HVLTIPLICAT/ON   AND   DI VISION 


Al 


State  the  produit  of  : 


■xajioiu  «r  (Onu) 


1. 

4. 

7. 
10. 
13. 
16. 
19. 


6.-7. 

i.  -a. 

-a{-b). 
—2mv(—v). 
x\  —X. 
-&ry,  2r«. 


a.  -4. 3. 

fi.  ar,  -2. 

«.  2m.  -  3»i. 

11.  (-6)». 

".  -k.  -I2r. 

17.  -2a». -3a. 

ao.  -a».  -a. 

aa.  3oVc«.  -oA^. 


».  -4. -a. 

••  ~x,  y. 

••  —X.  — 3jry. 

19.  ~ay{~x). 

la.  -2r*x-3x«. 

16.  -oAx-3crf. 

ai.  3o«6x-a6. 

24.  -ar»y»*.  a*Vi. 


22.     &r»y»,  -a^f  ^  ^ 

26.    Since  -4^3== -12    -4x2=.-« 
you  expect  -4  x  0  to  be  equal  to  T    AJ«.  I4  x  - 1  In^'irx -J?"" 

».    MuMpUMtion  of  MVf nl  Slmplt  fteton. 
Ex.  l.-Multiply  2a,  -36,  -4a6.  -6 
The  product  of  2a  and  -  36  i.  _  606. 
"  ..       .,    -SoAand -4<i&ia24a*6* 

••  ..       »    24a«6«and  -6i,  _24c-' 

..  tne  raquuvd  product  ia  -24a*6«. 

have  r  ^  '•***'"  '*"*•  '''^t  "Wn  wili  ,  ),eir  product 

fMtom  i.  «^      A  f^"*  """^  "■•  """"«r  of  neiativ. 

noe"artr«ig„^?rp^:^r "-  '-^^"  ^"^  -^-^ 

Ex.  2.-MuItiply  ar.  -&ry.  -to«,  -y,  6y». 

(1)  "Hie  aign  of  the  product  ia  -    ain«.  ♦!,        • 
negative  factors.  '  '*"*'  *''®"»  »  an  odd  number  of 

(3)  The  literal  part  of  the  p^nlnot  =  ^ . «,  x'T^*       «. . 
..  "N.  complete  product*  -54QrV.  •*-**=*V. 

s  2 


**  ALOKBRA 

Ex.  8.— Find  the  value*  of  (— 2)«,  (—2)*,  (— 2)». 
in  ( -  2)»  the  number  of  faotora  k  odd, 

.-.   (-2)»--2i-._8. 


M»»OIMti(l.l,Oml) 
Find  the  product  of : 
».    3.  4.  -5.  ,.    3.  _,,  _,  3     _3  _^  _^ 

7.  a,      2^._y.  ,.    -3.-3.-3.       ..    (_4,.. 

10.  -2.-3.-4.-«.    a.    (-2).x(-3).     la.    -2x.-2,.-2,. 

".  -a.  -2a.  -3a.  -4a.  -5a.       14.    2r.  -Jr.  4y.  -,. 

M.  &ry.  -ary.  -ir.  -8y.  je.     -1.  -2,  -3.  _j   _. 

17.  Wh»ti.theK,u»reof-a,.of-ary,of-4oiftc'T 

18.  Wh.t  i.  the  cube  of  -5,  of  -x,  ot-2x*1 
19.»  It  x= -I  and  y=-2.  find  the  values  of : 

irl^-,!^4.""  '*'"•  '^  '''■^*'-*  '''^  '—^•'  -hen  .—3; 
ai.    Write  without  the  brMlcett  : 

aa.  Find  the  sum  of  the  muum  of  -2   -3       ^     m  ^    .      . 
■quare  of  their  ram.  -h  •«»  oi      A  -3.  -4.     Find  alao  the 

JB.    Find  the  value  of  (a-6).+(6-e,.+(e-a,.  when  a=6.  6-4. 

84.    When  a=»2.  6=1.  c=_3.  .how  that  a»+6»+c»-3a6e 
^as^  When  ,=3  and  y=-2.  how  much  g«ater  i.  (,-y,.  ^ 

If  «=-!.  6=-2.  c^-3.  d=-4.  fiiKl  the  value  of : 

as.    o6+«c+6e+crf.  ».    aW-6V« 

».    «6c+6«f+«fa+*,6.  81.    «»+6»  i-c»+d». 


MVLTtPUVAT!OS   AND   IH VISION  « 

4a    CoBipoiuid   MultiyllMUon.     We   multiply  a  cc.n.pound 


/n  artMm«lM. 
3yd.  Ift.  4in.     23^2.10+3 
S  3    2 

6yd-  «t.  Sin.     4fl :«  4  .~10 + 6 


InalffOtn. 
8a  +  4«-  Ae 
S 


V 


rzD 


If  we  wish  to  indicate  the  product  olxmndu  +  t   we  writ*  i.  i    .u 
form  aKy+,).  which  we  .ee  is  equ,!  to  :ry +«  "  '"  *'"' 

The  diagmm  shows  how  this  product  may  bo  illiM-  ^        ' 

tnted  geomotrically. 

Mslte  a  similar  diagram  to  show  that 
a(b+e+d)aia6+<M+a(/. 

Similarly,       «(»-«)  =  ay -«. 

Can  you  see  that  the  diagram  is  a  Reometrical    * 
Ulustrotion  of  this  ? 

Ex.-«irapUfy3(a-6)-4(6-c)-2(o-6+c). 
Thoexpresrion  -(3o-3A)-(46-4e)-(2o-2fc  +  ac), 

=.3o-36-46+4«-2o+26-2e, 

-a-S64.2e. 


7-' 


*o-*^   ** 


Copy  and  supply  the  |mducU 
1.    20+6 
4 


4.    4x-3y 
2z 


7.    2(3z-ll). 
10.    3!t(x«+aar-2), 
Simplify : 

18.*  3(a+6)+4(6+c)+fl(c+a). 

14.  2(*-2y)4-3(*-y)-(4x-3y). 

15.  3(2w-3n)-6(m-ii)+2(«+2„), 


:i. 

3a-26 

7 

8. 

6. 

9. 
12. 

2M-Sti 
-6 

5. 

3x-4y 

-2y 

3(ar-2y). 
&ry(ar«-«y). 

2a+8i-e 
— o 

8. 

11. 

-2(3»-y). 

84. 


ar. 


«.    «(--+l)4-3(a.+a-2)-.a(a.+2u-3). 
Soiro  and  verify , 

°^         3)-3(*-3)-a  26.     2(&r-0)4.4/,_.,,    ^ 

•..    8ubt«ot  a(a«.-.+„  ,„„  a.(a.4-3a-2). 

41.     ll.lti»i«MI..  by  .  Co«po«n4  Q««,t«y. 
The  raeasuTM  of  the  ndm  of  the  Ur^T      *       . 
_    *  and  X4.V     ii'  ^  recUngle  an  o+6 

^^       a«+2.     Wh«tdoe.,t.howth.p,«iu«tto 

"-'     •     '      ^'^VnJ^Sf.rdTr^ldT^'^-'^-P-i-et 
or  the  .quar.  of  a+T  "^  ***  ""^"^  «'  («+*)'. 

/_ •.. 

«  +  2 

at+3 


MVLTIPLIVATIOS   AS  It   IHVIHIUS  as 

Th,w.  <A«  product  of  any  ttto  tjrprt^mon,  U  ahtainrd  A« 
2'*i*\pi!nng  tack  term  of  the  muUiidicnnd  hy  each  lerm  of  the 
»»i*«»/»/.er.  The  proper  »ign»  are  attached  to  these  partial 
products  and  the  »um  of  the.  partial  pr,4ucts  is  then  taken. 

In  rail  tiplying  in  ttrithmetio  wo  k^gjn  at  the  right,  l.ut  in 
algebra  it  m  uHual.  but  not  ncce««ary.  to  U-gin  ot  the  kft. 

Ex.— Multiply  (i)  2o-3A  by  3o-2&. 
(2)  3j:-%  by  4x-f-y. 


Chwk 

-1 
1 

(1) 
2a  -   36 
3a        26 

tlM*k 

-2 
0 

-10 

(2) 

4*   (-     y 

-I 

8a»-   Oa6 
-   4fl6-|-06i 

I2«'~20try 

+   3av-S»« 

• 

8a*-ISa6  +  66t 

12*«-I7«»-Syi 

l!^  J^S!^  -t?^^  T  *"'''  ^  -ubtraction  by  addition.  A. 
in  addition,  the  work  in  raultipUcation  i»  eaiiily  checked  by 
■ubstituting  particular  numbers  for  the  tetter*  involved. 

we  might  mibMitute  1  for  Mch  lettor  Involved.  P"*~«>«  •"^eto. 

Whena=6-I,  2a~3A-2     3=    -I, 

3a-26-=3-2-.|, 
•nd  8a«-13a6  +  e6»^6-I3  +  6=  -|. 

Since  the  product  of   - 1  ^d  1  I.  - 1,  the  woik  i.  liktlu  correct 
i^uXr'*    ,  .T  «'  "hlbiting  the  teet  »  .hown.      (K  courT,v 


■ZBaoxaa  lo 

Kind  the  product  of  the  foUowing  and  check  i 

».    '+3  8.    23^+7  5.      xi5 

'+*  «+l  2ic+2 


«.     ar+4 
2a;+3 


ALU  KB  It  A 


•-J 
•  -4 

tr-3 
lrf3 


I*. 


•  -A 

'+» 
'-If 


p.i!l;,!:tlt .""^  -*•:»■  »■-•».  w+^  „+«.  <^  ^ 

«>.    «-l>«fr3(.+lXi-«+.(.-,K.+,^ 
•1.    When  &r*— 2r— l/i  i>  ^i.u^  l    - 
P*»^  th.t  Uii.  ta  o^}"  "  '"'^'^  ''3'  ir-3  tb.  quotl«t  k  i.+a. 

«.    Show  that  (fc-8Xir-3).(4r-6X3.-4). 

^'    "  *  *'*'n  COM  fti— 3A     iu. 

r>  Jn  2B-f  36  houi.  T  *"»""  Pw  hour,  how  mwy  nUlai  will  H 

M.    Simplify  (x+»).+(,_y,,,    (.+y,._._ 
^.    ^*'^«P'y3(,+3)-3(,+4)b,3(,-«).(,_3,. 

of  W+5t?S_t  """"^  "*  ^-»  -^  ^.^S  from  th.  p„.i.«* 


MVLTIPLU'ATIOS   ASh  hi  VISION  gf 

Mf  and  rwrity  i 

•■.    (*-mX'-l)-(*-7K-r-l)f.|W. 
».    j(»+I)-f.(,^  iKx  f  J)-2(x  f  IK*  f  3). 
«•.    (*  f  l)«^-(*+»)»+(*  f  3)»-S(«-l)i+ 14. 

41.    W»lrto«  Ijr  •  liBpi,  podUft  Qwuiuty. 

J^ht^'iV''^  ?  .'"..'^•'  """*  "  to  fi«Kl  the  number  by 
which  6  miiiit  be  multiplle.1  to  pniclucc  24 

•.  ^r^irs  i:;,dKi.;„'""'  -'  """"•'"°'""  -  -'«■««'» 

S*««»  axA=a6, 

.*.  tA~a^h  and  06-^-6^.(1. 

JL!?*!?i*t  ***''**'  ^^  ^'y  24r,  we  miMt  find  what  2x  miut 
be  multiplied  by  to  produce  dry. 

(I)  2  rauM  be  multiplM  by  3  to  produM  •, 

*  '  ■ »  ..        ..       jy. 

A  (>i>y-f-lr».V 

A  problem  in  division  may  be  written  in  the  fraction.! 


Thoib 


.  J'i"  ^"thnietio.  we  may  remove  or  cancel  from  the  dividend 
and  divwor  any  factor  which  Ih  common  to  both 

1206 


TW  ISBO 

**•    3r  "*"'  ^  amoving  thf-  factore  3  ond  6. 


A  Ui  It  Hit  A 


■      '  m~  ■    k    k         ■■  *•*• 

Th«  work  in  .livWon  miiv  \m  v«,i«   i  . 

*i*«x3ri«6.-iaa«6»  ta  ■oen   to  bo  oorrDct,  .ino* 

ti 


.-'i^Ji,?*  ""  •"»"--  '-'ri^  .b.  «,u  k,  .«j 


I.     *^ 


A. 


a. 

f. 


fioAe 

ir- 

I8|>^| 
17.     l(fa%^4aA. 


S. 


T. 


11. 


i4MIN 

4a* 


4.  •*?!? 

la.    '»^. 


14.     J»Pie«-^|p. 

i«.   ia«v*Va«VB*- 


IS.     &ry  ;-^. 
1».     lUr*4-tH. 
1».    28n«6*-f-lla«6*. 

Since  (^o)x(f6)=-fi,6    ^~a\^l^t,^ 


-fa  *-^*'     ..„  -+A. 


fa         *•     _„  =-6. 


««»»  for  muJtiplir  Jon  (•rt.  38^. 


MULTinUATIOS   ASh   IHVIHIOS 


00 


1.    \i 

4.-7 
T.    0-r-ft. 

IS.     lOi'^-SM*. 
It.    -l%mUr~imm. 

1».  zLpy. 


t. 

ft. 

a. 
II. 

14. 
IT. 


Or-4. 

•»|f-f-«. 

^4iiiii*' 


I. 

4. 

t. 
IS. 
1ft. 
14. 

41. 


-J. 


-lO-rl 

-11  :|. 

«7**-r-a««. 

-4«»4--»i« 

4-4r* 


(ft) 

30m  >« 

-fiM 


•4.    Fin  in  Um  blanJu  in     -.foUcwIiig, 
DiTiaor;  %t  ^*" 

by "^^2 r/oT'-  "^ '  ^* ^" '  '^  ^ *-  -  '^  »'• « - 

4ijaU«1y, 


(4) 

-fie 

4a 


3)11  ft.  6  in. 
3  ft.  i  in. 

3;V+« 
3/+»i* 

a)a6+«M 


4)lfllb.  Rot. 
4  lb.  3  mT 

4)lfla  +  M 
3ir)Ar*     Se* 


2)At«ma»-guniU^ 
3t«tM-t-4  uniU* 

2)01  fg 

*>4" 

•<i6).^*6*  ^  Soft 
-3«6    +3 


«w«»«»V  ««  pnver  nyn  lo  tMk  ittm  of  tht  quotient. 
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L 


•  (1  la^  Oral) 
Wvide  the  Hnt  quMtity  by  the  wooad  i 

10.     -fa6-«o.  _3«.  jj      «a»-8a«+4a  -2a. 

-^  .  "•     -*»*-10a»,  _fla«. 


Simplify: 
10. 


ae+«  ,    lOr-IS 
~a—  +  — .—  • 


li.*  «!±3«_3a»+«o 
a  3a 


23. 


-a    ■•"     -6    • 


17.     ?*±ff  4.  *e+a*  ,  ac+bc 

19.    <5±2K£z:2)±(f-2K*-4) 
2  ~    • 

ai.    (^±2Ko±3Mo-3Ko-2) 
a  a 


rZJt^J:  ^"-'^'-'^   '~»    (2«-4K.+«)  Id   divide    th. 

aa.    Solve  and  verify  »*-lftg^  3ir«4:l«»  .  lOr-ls 

'        X       ^    -£-    +  — =40. 


M  (Rarlew  of  Ohaptor  V) 

1.     SUte  the  rule  of  «gn.  for  multiplication  «.d  for  divi«oii. 

a.*  If  o=3  and  6=  -4.  find  the  value,  of : 

a*,  b*,  ab.  a'+b;  a'-b*.  o»,  b*.  a«-6«. 
8.     What  are  the  value,  of  (-1)..  (_„.,  (_„«  ^i^^,  ^3^,  ^ 
4.     Simplify  3a«x   -4A»x   -2o6 --606*. 
».     Simplify  2o(a + 3) + 3o(2a  -  8). 

iong•«dT-^ty*i:^ci^,■"'"'*''**°''"^^^^    - «•+*) '-* 

7.    Make  a  diagram  to  eho^  that  atx4a!=  12»«. 


MULTIPLICATION    iNIt   DIVISION  ei 

•.  A  merohwit  bought  a  pidoea  of  ailk  At  60  pfnU  m  yard  and  h 
pieo«a  .t  80  oenu  a  yard.  If  «aoh  pkic*  oonUined  SO  yard.,  find  tli* 
total  ooat  in  doUan. 

».  To  tho  product  of  3>.  2  aiid  ir  3  add  the  product  of  3*+i 
•nd  2x-f-3. 

of  Jte'-i'^d*^-'"^"*^  °*  ^-^  '^''^  +  y  aubtract  the  product 
,**•    ■*••"  •  dMgnun  to  show  that  the  product  of  a  +  3  aitd  a+ 1  ia 

12.    Divide  4o»-ao«-8o  by   -2o  and  verify. 

IS.    To  the  aquare  of  2m  -  3n  add  tho  iiquar«  of  3m  -  2n. 

14.     Prove  that  when   ia»«-8*y- I2y«  k  divided  by  fa-eti  the 
quotient  is  3x  +  2y.  7  «•    "F  *"• 

1ft.     Find  the  product  of  a -6,  o +  6  and  a* +  6*.     Check  by  sub. 
•Ututuig  3  for  a  and  2  for  b. 


1§.    Bimplify  *^-ZM±}^^  >««*+ 10««-  Ito 


17.  Solve  (2«+3)(3«+2)  =  (6«-l)(*+3),     (Verify.) 

18.  8impUfy(2o-36)(o+6)  +  (o-6)(3a+6). 

1».     What  value  of  x  wiU  nuke  («  +  3H«+9)  equal  to  (x+li)lx^ll\  » 
Could  (x+8M*+9)  be  equal  to  (*+4)(«+8)T  (*+«H»+8)  t 

ao.    Find  the  sum  of  (a  - 1  )*,  (a  -  2)*  and  (a  -  3)». 
3*-4«  Md*jr*3j*  ''"^'"'*  °'  ^"'''  •"**  ^'■'■^y  from  the  product 
22.    Simplify  *?-*2^2o^j3^2^^j_^^ 

28.     Find  the  value  of  ar»  +  3»-l.  when  *-   -3;   when  »=  -4. 
24.     Find  the  product  of  as- 2,  x+ 2  and** +  4. 

26.  If  a5=a«-3o+ 1  and  y=2o«-o-  1.  find  the  values  of  2x+3y 

«t^6»  " '^^"^^  *"*•  y="  +  26,  find  in  terms  of  a  and  6  the  values  of 

27.  M  »=36-2c  and  y=26-3c.  find  the  value  of  (2»-y){3ir_2y). 

28.  If  x^2,  y=2.  c»  -4,  find  the  value  of  x*-\-y*+z»~-3xyt. 


CHAPTER  VI 

The  faginner  nhould  cJearlv  Me  t»,«  ^ir 
vaJue  of  X  in  an  M^i^ion  like  1^1,      ^T**  ^**«'"  the 
•n  •diMtioB  like  2* +^3.         ^+^  '^  *»>«  value  of  x  in 

In  the  exproMJon  2jc-il    , 

•nd  for  different   value*  of  t  Z^  '''*'^"'  •^  "'""ber. 

values.     But  in  the  equation  IcTi  ^'J"^'""  »>«.  different 

•ny  number  we  ple«2.  but  ^om^tlf'  f  '»"  "°*  '*P'*«ent 

^  6.  which  when  HuUtutTfo^      •.  *'  ""'"'^'•'  '"  this 
the  value  13.  "«»wiuted  for  x  wiJJ  make  2:r+3  have 

while  an  equation  which  iaTiri  ,  ?  °''  ^'"^^y  *"  ^nUt,, 
letteni  involved  i«  c^led  a^U'^ '^  ^•^•"  ^•^'"-  of  the 
method,  however,  i*  t^^caira^^S  T""*  ''»»«  -"«' 
•«I-tionH."  and  all  Hentil^'L^:!:"^  1^:^^*-^'^ 

<i2 


Ci 


SIMPLK   EQVATIOSS 


•S 


1. 

a. 

3. 
4. 
5. 
6. 


*"*"*•  &«-«-3«  f  10.  kiMi  M|imtion. 

•"**  ('CIMx     :»)     X*     0.     w«„i.|..,„ay 

■mom  M 

kJtSi  t"*  *'"  '""""'"^  -•■•*""""'•  •"»  «!«*»««»  and  which  .« 

§(x  f  3)^4r-f-4(x  f  6). 

(x-3)»-fl=^j:_6)+4. 
(Zr-4Ki:-5)f(x-2X*-3)=.(ar-2X*-7)+40. 

(a:+2X*-3)=j^x45)H-3<x-l). 

48  Timittpo.lUoB  of  Ternu.  In  Chapter  II.  the  meth«f 
of  solving  eony  equationii  wan  dealt  with 

The  method  clepemlec!  almost  entirely  on  the  proper  use 
of  the  tour  axiomv  of  art.  15. 

rhI^L'n°''^  .'"TJ*'^  *'"  "^°^  *»°^  ^J^*  ">«t»»od«  of 
Chapter  II.  may  be  abbreviated. 

Ex.  1 — Solve  7ir-6=4xH-12. 
Add  6  to  iiMh  .ide,  7x=4*+I2  +  6. 

Hubtraot  4sr  from  oaoh,  7a;  _  4^  =  1 2  (-  6. 
C<^ect  tf^rma  on  fMMsh  side.  3*  =18 

Divide  e«oh  aide  by  3.  ar  =  8. 

the  -6  to  disappear  from  the  first  side  of  the  equation,  so 

We  might  say  then,  that  the  -6  was    tnuupoMd    from 
the   first  side  and  written  on  the  other  sidHiTL  I^ 


m 

AWEBRA 
changfd,  and  iiimiUrlv  that  ♦!,«  ^ 

Uaimr  thn  n.!.  >■ ... 


U-iiw  the  rule,  the  «.Jution  of  Ex    I  mi„».. 

"»  e.x.  I  might  appnu-  thiM : 

7*-4r     12  fo. 
•".  3*- 18, 


Tranapodng  tenn. 


Verify  thia  rwiuJt. 

Ex.  2.~Solve 

Removing  bntokeu. 
Tranapowng  torm«, 

Verifloation,  when  ««9 
flnt  «de 
■<>contJ  aide 

Ex.  8.~SoIve 

Removing  braclcet*, 
TraiMpowng  tormi, 


Veriflcation  :  fine  aide 


te-IO  +  ar-ia  =  7,_7, 

«»+a*-7«=.iOf.ia_7. 

•.  2»=.  18, 
•■.    «=9. 

=  2x22-f-3x4-a6, 

3(i^-2)-5(y-3)=J7. 
3y-6-ay+ia^,7 

•••  -2y  =  8, 


-3(-6)-«(_7, 
=  -18  +  35=17. 


*^X-  4.— Solve  (2x-ni_/,    ov/ 

««»«*ted  muJt.phcat.on.  a«  fl«  performed. 

(at-l)»  =  4x«-4«+l 

••■i.—-a..t.Ui?,i.':S-Vi!+'«-*. 

.-.  iar=13,  ^ 

•'•      ar=l. 


^i 


Hern  thn  prtMiiiot  of  *-.1  Mini  r     -1  i»  ii»(   *,......i         i         •        .   . 

b«oket-  with  th«  ,„,„.„  Hign  ,.r,HM^i„„.      i„  u„,  „„xt  li,...  U...  I.P«,k.,t. 
•f»  removed  luid  tho  mihim  oliMigad.  "rwiK«i« 

^^In  3(  r     2)..  the  x     2  ,„u.t  fln.t  b«  «,.»,«,  ^u  „,„  pr,Kiuct  multipJi«i 

ope^'^io^ItS!'""'  ""'"'''  "°*  •^^•"'•*  ^"  '-''•>""  ^h^o  double 


iRoiu  as 

a.  ar-7-8-Sr. 

4.  2(jr-«)--.xf20. 

6.  lO(j;-3)=8(*-2). 

«.  7j;-in4x-7=ar-8. 

10.  3(&r~e)-ftt  =  30. 

la.  8(jr-7)+6.1-ftr. 

14.  28(jrfJ>)=27(46-x). 

1«.  4(xf2)   =3-3(2:r-5). 


Solve  ami  v«'rify : 

1.  4jr-4     2x  t  8. 

a.  3-a*  =9 -fftr. 

a.  fl(y-2)=3(vj4). 

7.  l!(4j:-5)==7(ftr-5). 

•.  14+ftjr=flar-II  f^3. 

11.  7(ar-3)-.8(xf|)-38. 

131.  72(x-a)=83(5-a-). 

15.  7(«j— fi)=:8(3x- a)  f  9. 


17.    (x>-7Xx-3)=(x-lKx+l).    18.     (x-8KxH2)=(x+IKx-6). 

19.    20(x-4)-12(x-5)=,-fl.     30.     fi(2r-|)  -  3(4x--«)=.7. 

ai.    (2m-5K4«-7)-8m»fA2.     22.    5<:MM)-7A-3(A-7)^6. 

as.    (ar-f5)«-(xf.3)«M0.  34.     (x  f  5)«-(4-x)«^2lx 

afl.    4(2y-7)-3(4y-8)=2i^-7. 

«•.    (*+4Ki-3)-(x  +  2Kx+I)=42. 

a7.    {2»-7Kx+8)=(2r-9Kx-4)f229. 

M.    (*+I)H(*+2)«F(x+3)«^3(x4  1K^+4)-7. 

39.    2(x-  1)«-3(x-2Kj-  f  3)=32-(x-3K.r-4). 

30.     What  value  of  .r  will  make  lftr+ 1 1  equal  to  &r-9  ? 
vaL^ofT    **"*    ^'-2)+^ax-6)=.n(ar-fl,  M    «    tni.    for   dl 

32.    What  value  of  a  will  make  fl(a  -  3)  exa«l  3(«  -7)  hy  28  ? 
bet'ro  T'  **"'  '*'"''  "'  '  ''"'  ""'  """•  **'  '2f  7x.  4x  f  3  ami  9-8* 


n 


AUJKBRA 

».    Wh.t  ta  peculii^  .bo.t  the  «,„.tio„ 

what  i.  the  fength  of  IV    •^~ '*"•'"'*''= '2  «.. 
other  boy.  w  «  We  teeter.     FumI  the  weight  of  the 

47.  Change  the  following  r«»ding.  to  F.hn«he.t  ««|i«-  . 


aiMPLK   KtillATlOSS 
SO.    I^wtlou  wltk  rrMttoMi  CMffleltnts. 
Kx.  1.— Solve         |x-f  J*=20. 
««••  4  +  4-1. 


1-^24. 


IiMtMd  of  •dtlind  the  frMtionii.  w«  might  got  rid  of  thMn  by  multiply- 
iitR  each  t«nn  of  the  equation  by  6. 

Th«i  4*x6  f  |xxa.-JOx«, 

.■.  3«i  te     120. 
Oit-'ISO, 

Verify  by  suUtitutinff  in  the  oriffinal  oqwUkm. 

Ex.  2.-fiolve      |(x+l)+J(*-h2)  =  |(x-tI4). 
Multiply  eMh  qwuitity  by  12  (the  L.C.M.  of  2,  3,  4). 

.-.  i(*+l)xl2f|(»+2)xl2.-|(,+  |4)xl2. 
fl(*+|)  +  4(«  +  2)  =  3(*+14). 
Complete  the  aolution  mkI  verify. 

*-2     *-3      x-7 


Ex.  3.— Solve 
Multiply  by  30. 


8 


X  30 


«-3 


6 

y  30 


X- 

10 

a -7 
'     10 


xao. 


Veriflostion  :  firat  aido 

•econd  aide 


m*-2)-S(x     3)-S(*-7), 
aaf-12-aa(4-li5  =  3«-2l, 

t(r-5*-S«=  12- 18-21, 
.-.   -2*-  -24. 

«=  12. 

-V-I*«-14=4. 


omit  the  line  with  th«  hrw-keta.     He  may.  however,  omit  the  pfeoedins 
line  when  he  feela  that  he  can  aafely  do  ao.  »"»  ««>  preowung 

M.    ficpi  In  tkt  SelaUon  of  u  E^iwUob.    In  solving  an 
oquaiion  the  stepn  in  the  work  are  : 

(1)  Clear  Ike  equation  of  fmctiotu  by  mvUiplying  each  term 
by  Ike  L.C.M.  (^  the  denominators  of  the  fractions. 

(2)  Remove  any  hntchia  wkiek  appear. 

P  2 


'^r^ 


"m^M 


li 


"  AWKHHA 

A    ^w*  «eA  ,«<,  Ay  /A*  ccfficu^ofih,  unknot 
«»V»»w/  tquatim,  "•*mumimg  the  root  obtatmml  in  Iht 


■olr*  Mid  vwify ! 
I.     for-jt^-a. 

A     «     «     « 

11 


J      3  =  iT  —  18. 


18. 


:+«-»*fi-! 


»~6 


3~4 


»•  n-:-2i. 


S  2 

It.    ^+    ^_,6. 

W.     |(*-3)-f-J{j:-8)«a 
"  "^      S 


Tl"4 


![Z^.??-4  ,  3i-« 


■-a^  + 


•. 


I 


i'-$~* 


■•    8-'-i  +  2-'"^ 

.        .Im      Tut 
«••      2  -    J- -.4. 


14.    i4:-|  f  7*-ar4-l|. 
18.    J(x-3)»3a 

3     ^'^        5     +     ,,-• 


^_^., 
*« 


murUS   KQVATIOSH 
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tr. 


Ml      »-l 


-i. 


ai. 

n. 
n. 

•7. 


•-1     «4-l      *-3 

«      ftr+9      lr-9 
-  _  __  _  „  ___  . 

(K*-«)-3-66. 

•fi«-3'»-2fljr  f  •»«. 

*r-3»_jrfl      lr-14 
7  li  t 


«-7    «-a 
•   ~  II 


•  a 


„     «+•!      I  2,-1 

m.     ^_^-,_-^--. 

—     -     «— I      «— 1     3— a 

X  3  4 

34.    r34-4(*+|-5). 

at.    •8(x-l)4..fl(i-9).j. 


'f«      S«-l« 


12 


1- 


*+8 


a-«    a-*    4-»  .  «-,    3 

"!""'■  "4~  +  ~a~  +  ~T"  +  4"<^ 

»^_f-«    a«-i    a-a» 


M.  ProMiBtt  iMilag  to  Mapla  I^mUmm.  In  Chapter  II. 
we  Mw  how  oertain  arithmetical  prohlem)i  might  be  aolved 
by  meana  of  equatioiw.  The  atepa  in  the  wiution  of  tooh 
problem,  are  stated  in  art.  19.  ♦o  which  the  pupil  lOiould 
now  refer. 

The  beginner  will  find  uIr  chief  difficulty  with  step  4, 
in  which  he  ix  required  to  transUte  the  atatementa  given  in 
ordinary  language  into  algebraic  language. 

Some  ezamplfM  are  now  given  to  illuiitrate  how  this  traiM* 
lation  \»  effected. 

Ex.  1.— Knd  three  conwcutive  numbem  whom  sum  k  63. 

If  we  let  X  repr«Mnt  the  >imU«.t  one.  what  would  reprMent  the 
otten  ?     IIow.  would  you  now  expreea  that  the  euin  ta  63  T 
We  thua  obtain  the  equation  : 

*f(jr+l)  +  (ar+2)  =  63. 
Write  out  the  full  Milutiun  of  thw  example  and  verify  the  raiult. 


i  f 


WM  A 


AWMBMA 
^'  ^—^  ta  3  tiniM  U  nkl  ..   A      • 

■  ywKi-JI..,.. 

••*»-«-«(»-4). 

•■•  «•-«-«•   W. 

ii-i*. 

make  |34."  «<W»thw  with  6%  of  the  other  part  wiiJ 

Lai 

•(•10-,)„u„,otWp«rt. 

•       _,  •*»°'»»-«%orth«fl«tp,rt. 

Comply,  th.  «lutJon  «d  verify  ih«  «„ut. 

d^-t  of'^tJ:^',  ^'^^^l  I  over  fiO  f    What  i.  the 
The  defect  of  ,  from89  ?  *  '^''^  °'  '  «>^«  »  » 

Solve  the  problem  •     ••  tk-  - 


aiMPLM   MQtfATlOSH 
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ttlMI 


•  -Uta  niuntMV, 
«     AO  -  tte  mnimm  ovi>r  Ofl^ 

:.  a~ao   w-jTf  II. 

ComplH*  tlw  MlutkNi  mmJ  verify. 

Kx.  •.—The  value  of  73  ooiiui  ooiuOiitinK  of   |(»o.   pivcm 
•ml  oc.  |>i«om  in  |fl.     How  m«ny  are  thrn-  of  rach  I 

*^  »  -  th©  numlmr  of  IOr.  |mm<mi. 

Th«  vsliM of  Uw  IOi>.  pfaieM  ^  lu*  Mnta. 
Th»  vmIih*  of  ttM  So.  pkwm  .  fl(73  -#)  e^nU, 

.-.     ltt»f«K7J-»)-8oa 
CompUto  tlM  MlutkNi  mmI  v«rify. 

The  pupil  .houkl  be  careful  to  exprem  mch  term  of  the 
equation  in  the  imm  «MOMlMli«B. 
Why  would  it  be  incorraot  to  «y  that 
lOr-f  a(73-j-)»5  t 


All  rvMlta  ahould  be  vwMad. 

1.    A  namhw  k  muitiptied  by  »  md  117  i.  then  Ml<lMi.     The 
iHult  k  m.    Ftnd  the  number. 

tS.    Plad  the  number. 

u  .?;    TST!  ^.'"^  '  ""'"'*'  *"  •««»»««t«l  '»•»»  236  and  the  mult 
M  117.     Find  the  number. 

4.  Flire  tinm  a  number  with  33  added  ia  equal  to  7  time*  the 
number  with  18  added.     Find  the  number.  "•""»•» 

5.  Find  a  number  aurh  that  the  aum  of  ita  thini  ami  fourth  parte 
■ay  be  38.  *^ 

1.    **-lv*^„*'°  "°~  ^"^  '  ""^  ••  •»»*'»'  ••  fi.  »«l  they  t4>gether 
Have  tS80.     How  much  haa  each  T 

7.    The  aum  of  two  numben  ia  81.     The  greater  eioeeda  «  timea 
the  leaa  by  4.     Find  the  numbm*. 

i.    Find  a  number  wboae  aeventh  part  exoeeda  iu  eighth  put 
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<».    Find  3  ,„,„e„,i,,,  „„„,^,.„  ^^^  ^^^^^  ^  ^^ 
!  1  "the  n^te,""!^;  r"""  ""*"'"  "  "-^  ''«  »■».  .mouM  ft., 

1 1         - «.;  „.:;ii  fL'i^'°  '•»  p^-  -o  .to  o«  p«  ^,  b.  „„^ 

ji  J^  ^  '"--"'■""  .,,6.25  «„,«„„.  „,,,^^^ 

noneyi,mthelK„T  ""'"'*""  ""i™  "  30.  iow  muoh 

*"•      ^  is  35  Vearn  nlA  .    D   •     m 

A  be  twice  a.  old  a.  st '  "  ^'"^  °'''-    I"  "ow  many  yearn  wiU 


SIMPLE   EQUATIONS 


n 

a?  My  ago  in  20  yoare  will  I*  double  what  it  wa*  10  yoaw  ago. 
What  IS  my  age  t  j««n»  »ko. 

28.  .1  iH  35.  U  i»  7  and  ('  in  5  yearn  old.  How  long  will  it  be  U-fore 
aBagewtheHumof  the  ages  of  Wand  C?  ii  "c  iKiore 

29  Find  three  conseeutive  even  numlnTs  such  that  the  Hum  of 
a  fourth  of  the  HrHt.  a  half  of  the  noeond  and  a  .ifth  of  the  thinl  L  17 

.ha"^-  oflVhT  °'  '"^  '"  *  °'  ^'^  ^""  '^'^  '^  i  °'  ^"--     ^^'-^  '«  ^"•' 

31.    The  simple  interest  on  a  sum  at  2  /  together  with  the  inU'rcst 

i:  r™  '"'"  "  '*^'«^  ^*  3*^  »  ^'^  ^^  -""">•     What  are  "e 

■    .t.  '^*'"*  ^  °^  *  *'^'*'*'"  """^  together  with  4%  of  a  sum  which 
18  860  greater  is  $12-50.     Find  the  sums. 

is  '^^O  '^H   ''^'"''  °'  ^^  'u'""  "'^^  "P  *^^  *!"«'*«"  ^"d  t«n.cent  pieces 
18  810.    How  many  are  there  of  each  ?  ^ 

ca^'t  "^tZZ  ^T.^"^  ^  '"'"^'"  ^  *^'  ^''^^  ''"  ''~""d  a  square 
o?X  reom  "''*'"  *"  *^  '^-  **•     ^•"'^  ^'^^  dimensions 

3a.    In  any  triangle  the  sum  of  the  angles  is  180°.     The  greatest 
angle  «  35°  a^ger  than  the  smallest  angle  and  10°  larger  than  thTott 
angle.    Fmd  the  angles. 

30.    The  length  of  a  room  exceeds  the  width  by  4  feet.     If  each 

F^Tll^tr'^ '' ' '--' ''-  '-^  -"•  ^  ^— '  'y  ^2  ^^■ 

nef  L„r"th'"''K  T  ™"''  "^  *  I?"""  ^'  ''°"  ^"'J  '«+2  miles  at  3  miles 
per  hour  the  whole  journey  will  take  15  minutes  longer  than  if  I  walked 
at  the  umform  rate  of  3J  miles  per  hour.     Find  the  length  of  the  joTrney 

m:  Horl^h^Et^hT  '^'  ^  ^"' ' """''  *'^'  '^  -^  ^'  »>-« 

39.    State  problems  which  will  give  rise  to  the  foUowing  equations : 
(1)  6*- 10=60.  (2)  4a;-x=24. 


(3)|  +  f=._10. 


(4)  23-5a;=4a;-4. 


,u^'    wl™*  ''**'*'■  •'"'"  ^^^^^  ^*  ^^^  ^"^  of  5  for  3  cents  and  sells 
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\l 


ha«  each  r  "™y  i  a»  much  ««  his  brother.     How  much 

their  .„„,a„„,hJS™^'t'';;,  "■„?:'  '«''',  '»«»"- 
the  larger  number.  ""''  ""■  "»""  "  'wloo 

and"""'  Mtlo'L°''"K^.f-"-0.      ■ 

J8+ 10=46,  which  i,  twice  23 

.--  it  «  true  ,„,  «  ^tl^Z^'"^'""'  ■""  -  -  »°t 

Thus   the  statement   (a-^b)4.(a    h\    o 
brief  form  the  theorem  ZZdluTl        ■  '^P'^^^"**   m   a 
Besides  stating  it  in™  con^  Ir     ^^u"'""«  "'  ^^'^  article, 
generally.        ^  *  '"*""'^  ^^'^'^  '*  shows  that  it  is  true 

BZHROISB  88 

by  twice  the  «^Z2t"' "  '^'""  •»  "»"  *»""».<»  i«»«»d 

3.    Half  of  the  «..„,  ^*  *  "*"®''  number. 

diffe«„c«  i«  equal  toX  tr^rlZ^"  "''"^  ''^  '»''«  °*  th- 

-  tt;  ^^^^nLroTX:^^^:^^,,  'y  -  »'  ^''e.  is  equal 
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6.  The  Hquare  of  the  «um  of  two  numbeni  in  equal  to  the  nquare 
of  their  difference  incretwctl  by  four  tiincti  their  pro«luct. 

0.  The  Huni  of  throe  coiwecutive  numbcnt  iH  equal  to  thn-c  timeH 
the  middle  one. 

7.  Jf  two  integera  differ  by  2.  twice  the  Hquare  of  the  integer 
between  them  i«  less  by  2  than  the  sum  of  the  squareii  of  the  two 
integera. 

8.  Read  the  statement  (a+6)»+(a-fc)«=2(a»+6«)  without  uaing 
symbok  and  prove  that  it  is  true. 

■XaROISB  40  (IUtIcw  of  OhapUr  VI) 

1.  What  is  an  equation  T     An  identity  ? 

2.  What  rule  is  followed  in  transposing  terms  t 

3.  Solve  and  verify:  6x(24;  +  3)  =  (3x+2)(4x+3). 

-      f    4x-3      &B-6 

*•     *■      2  ~  ~  — 4~  *"  equation  or  an  identity  T 

a.     What  value  of  *  will  make  6(a;-3)-4(x-2)  equal  to  zero  ? 

6.  Solve ':^'  +  ^-- •"  =  *-•• +  2 

7.  The  sum  of  two  numbera  is  50.     If  6  times  the  less  exceeds  3 
times  the  greater  by  10,  what  are  the  numbers  r 

8.  Show  that  -  -  1  +  '-f^  =  %+«  +  ?  =  2  .^  ^^^  ^^^  ^j  ^^j^^ 
of  X. 

9.  What  value  of  x  wiU  moke  the  product  of  5-3*  and  7-2* 
equal  to  the  product  of  11-6*  and  3-x  ? 


10. 


Tf  ^~3  _  3a;-4 

"     2-5    ~    12^  +  ■2®-'  ""'^  ^  correct  to  two  decimal  places. 


•ol^  ^rTt  ^  '"'?«*®**  «*!""'  «»"»8-  ^  gained  S200  and  B  gained 
JJOOO.  If  B  then  had  3  times  as  much  as  /I,  how  much  did  each 
mvest  7 

*u^\  «711  *  T^  "^^'"^  '"  ^^'^  *"*••  3^  «*"<"«  are  drawn  and  it  is 
then  half  full.     How  much  will  the  cosk  hold  T 

13.  Show  that  x=6  is  a  root  of 

(x-l)(x-2)(a:-3)  =  2x(*-5)(2x-7). 

14.  A  man  has  $115  in  $2  bills  ond  $5  biUs.     If  he  has  35  bills 
altogether,  how  many  of  ooch  has  he  ? 
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5         ^  -3-- 


17.    Solve 


*-4 


6 


*-2 


•     ^'  ''"'  •"»"  «'  the  fraction,  ^^+3       ,  ^,  +  5 
numericaj  value  of  each  fraction  r         ^  "^    '•  ''  *»>•*  ''  »»>• 

23.     Solve  2-{x~4  +  Zx~(i)^  10-  "■  P'^'uct- 

27.   Solve  i:::i^4.2+*     i_aB 

28      A 

number.''ruVe'^ie":Srf,°'^^^^^  .- Taice 

number,  and  fl  wil,  re^l'?.'  "«'-  ^^e  result,  subtract   the  or^.^ 


30. 


Solve??  4.*+!      a:-l 

3  ^     4  2~  =«-8. 


an  identity?     ^    "«  °'  «   ^^1   make    2((te+«)-3(2x+a)=4(,j,_e, 
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83.     Bolvp(«x     2Mir     |)-(4x     2M34;-2)     4. 

widfh  ^'!^'"?'V  «'■•?'''«»  >•-  ""  '""Kth  «  ynl-  lonRor  than  .f 
r.^"  \'^"'"*  P'"*'  «'  •^"•l  "reH.  iH  fl  y.r,!.  longer  .„d  3  y.,3! 
narrower  th.n  the  H«t.     Find  the  din.en.ion.  of  the  flit.  ^ 

aa.     Solve  (,f- 1  )(*-(- 2) +  (*t3)(*  h4)     2x(«f  12). 

36.     A  m«n  leave,  hi.  property  anioimtinR  to  $7r>00  to  bo  divided 

rZehr'rrht"''"'  •:•  :--',''-«"^-  aI.„  *. ro  h^vf :;t^ 

7* -8 

-2        X— 2 

by   — ,  find  «. 


87. 


Solve  ?-r'  +  *'+^ 
3     ^      6 


-0. 


"  -  J      exceeds  ^-- 


.♦^n     ^°^  '■'u*"'"  ^  *""*  •*  '  ""'••  P«'  hour  and  return  on  a  hicvcio 
at  10  mile,  per  hour  and  bo  ab«nt  6  hour,  4  minute,  ?  ^ 

dSdTr tvJlt  t'^'  ""^'^  •"  ■"""•'  '"*"""°  »'  »«»»•  how  much 

4^wo^rmbl«  bv^*hi":?«  '  "''**•""*  'y  -uHipIying  the  .urn  of 
wiy^two  number,  by  the.r  difference  i.  equal  to  the  difference  of  their 


«  i 


M     I 


WMULTAMIOUS  EQUATIOMS 
«4.    "OWtloiii  with  two  umtnowB.. 

pmblom     Tfie  numbern  might  ^Ta'^T",*  """'''*'"  <"  ^his 
etc..  or  J  and  01.  -3  ^^^  ^^'^ll'^  '  »"«'  ».  2  and  8.  3  and  7. 

i.  ^J-'^o^nnTo^^^  o,  tHe  nu.Hc„ 

cond.t.on     The  numfn^r,  w^IdTrd  "  .^''i,  ?""'>'  **"'"  "«^ 
If  we  follow  the  mothrKl  n.«  •      .  "*'^  ^  ^  «"''  3. 

««t  condition  would  be^^t^t^^J  ^^hj^^^^^^^  ^ho 

*+y=lo. 

and  «+y-.lO, 

«  -  «id  the  co^.p„:/-,;^  „,  .,e  ^„.,„„  ,. 
^-^4,  .*.  a;=7  and  .-.  ^==3 
••    7  and  3  are  the  requi,^d  numbers. 


lit 
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66.  liinultMMut  EquaUotts.  Any  <-qii«tioni.  which  ait»  natiii. 
M«l  by  the  Mm*  vahiCH  of  tho  iiriknowtM  «ro  called 
MmulUnMUB  •quailoM. 

Thun,  J--7.  y     -i  Hnt.-fy  both  of  the  cqiMtionii 

J'-f //     10  ami  r— y  =  4. 

To  flmi  ft  (leftnito  fwir  of  vahicH  .)f  j-  an<i  »/  it  in  iwn  thnt 
we  mutt  have  two  equatlou  coiitaininK  thcw  JPttiTM,  To  w.lvo 
any  pnihlrm  wfiort.  two  niimlKTH  are  to  l»  found  we  miut 
tove  two  eonditioiu  given,  from  which  the  rwiuired  cquatioiw 
may  ihj  obtaineii. 

Kx  l.-If  r,  men  nn.i  4  lioyH  e^m  JM3  in  a  dav.  and  3  men 
and  4  boyn  earn  82»  in  a  .iay.  what  Hum  dcn-Heach  cam  in 
a  day  ? 

Why  do  the  nnt  Mt  of  workem  cam  mor*  than  the  «KJond  ,  How 
much  moro  do  they  oarn  ?  How  much  ihon  doe.  one  man  earn  ? 
How  can  wo  now  find  how  much  a  boy  oarim  ? 

Wo  might  aolvo  this  problem  alRobraically,  thua  : 

Let  •*  =  tho  wagcaof  a  manforaday, 

*""  *y  -^  the  wagea  of  a  boy  for  a  day. 

The  conditions  of  the  problem  would  now  bo  oxpnwed  algeiyniMllv 
by  the  equations :  *^  -Htownwowiy 

$3ar+|4y=$29. 
Or.  omitting  the  8  sign  and  uning  only  the  number*. 

a*+4y  =  43, 
ar+4y  =  20. 

te^'ouL'L?"™  "'  ''"  ""''"'  •^"*"*"'  ''°'"  *»'•'  corresponding 

.-.   2x=l4, 
.-.     X-   7. 
Subetituto  a; =7  in  the  first  oquation  and 

38  +  4jy  =  43. 

.-.  4y^   8, 

.-.     W=   2, 
. .  the  roots  of  the  equations  are  x=7,  y  =  2, 
.*.  a  man  earns  $7  and  a  boy  $2  per  day. 

Verify  by  showing  that  these  results  oatisfy  the  conditions  of  the 
given  problem. 


w 


I  : 


r'^ 


lib 


^f-nKHHA 


the  price  of  one  ,«„„d  „f  ^^]    "«*'  '  ''">'  «  »>•     What  fa 

friiU     »»i«  ...J :   ^• 


L«>t 


and 
and 


I'"'"  •»'  a  III.  of  t,-. 


*«t  4y     220. 


(I) 
(2^ 


Multiply  th«tin.t  equation  ,,y  2  «.d  WO  got 

«*+4y-2flO. 

*«+4y     220.  «"/ 


(3) 
(2) 


Ex.  8.— «olvo 


4-«*l3y    .38. 


(1) 

(2) 


Multiply(„by4^j(2)by.,.„dwo«et 

12*+16y.|a«. 

I2xt-   9y-.|14. 
Complete  the  «>lution  and  verify. 

Ex.  4.-SoJve  5j--2y=:44, 

ar+4y=42.' 
Multiply  (I)  by  2  ,„       , 

13*=  130 
S»b,tit»te,^,Oi„(,)„„d    ■'•    J:    'J 

M.    Elimination.      7n  nil   r.*  *i 
object   han    lx,^„   t„  got    rid  of  ol^T.'!."^  ""'^'"P'««   ^he 
that  we  might  have  in  ^uation   with     *'!'   ""'*"'^*"«'   '« 

^e  p„.e.  h,  .hieh  thi^T^r  i.srM':;!^^^^^^^^^^^ 


(1) 

0) 


HlUVLTAHkOVa  Mi^VATlOSH  |, 

H..IVI.  V.x.  4  hy  flnt  «>limin«tin«  th«  i-. 


41 


Nolvp  for  X  and  y  ami  verify  1-21  i 


I.    r\2!t-%, 

4.     2xf3y-^2fl. 
2Lr-3,v      7. 

7.    3*  f  %     18, 

10.     z-fyr»4, 
X-y  =  3. 

IS.    3Jr-4y«l6, 
7af+3y=.e2. 


•i.    3j-|%-|3. 
•1j-(  2y  .  7. 

ir-  yu  7. 

«.    Or    ey^si. 
&r    3y=-33. 

11.     3j^  ^   4v=.  5, 
ftr^  I2y-I3. 

14.    2x4  5y-=  0. 
ar-4y    23. 


a.    ftr  t  ftv-.23, 
3j"  t  2.V     1 1. 

«.     'Vi't2y-24, 
2>f3y=.|4. 

».    3;r-2y    24. 

la.     3jr  +  2y  .24, 
-2Jr+3y=.10. 

15.    2^-3*1.-22, 
2*+3y-32. 

1».    3jr=.2y, 

2ir-ay=_3a. 

2j:+3y=.  Sx-y=I7. 


le,    32»2yf  7,  17.    x=«3yf20. 

2z==>3y— 12.  y=2J"-20. 

1§.      2rf  13y-  27fl.  20 

I4jr-i7y-l.m  ^]    4x-ay=.I0y_i4x«_,0. 

aa.»  If  &r-yr,8  anH  fty-a-20.  find  the  value,  of  i+y  and  x-y. 

28.     If  2r-«y-31-6y-ftr+67»0.  find  the  value  of  I8x+13y. 

24.    Solve  ar+3=4-2y,  7(x-l)+lly=6. 

25      If  ox+6y  equab  39  when  a  «  3  and  6  i.  4.  and  equola  13  when 
a  u  5  and  6  w  -2,  find  x  and  y.  '-i  —  »-  www 

20      What  value*  of  x  and  y  wiU  make  l&t-y  and  4«4-2v  cmH 
equal  to  6  T  *  ""^^  ewn 

27.    Solve  2(«-y)+3(x+y)=3I,  3(2x-y)-»-fl(,-2y)-.83. 


O 


I       « 


r»mtiv«J  by  inuU«plic«u,Hi         '  '  "^  *•  »»»•  /mclkitw  may  br 

Multiply  (I)  hy«.  jj,  <*> 

^■"^'•'^  »'•- -l«t«.m  »,„|  verify. 
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tWwind  rarify  I  »>, 


»•  !'-»#-  I. 


la^w 


"•  I, 


4      )i  -  '• 


»  +  J  '-  14. 

ar-4y-  a 
II.  r^ly. 

%-Ilx=80. 


0 


••  ~  4-  By  -   91, 


167. 


'  *  «     3     7     6~^ 


•••  +  J-ir  +  |_7. 


ao.  '^y 

3      4 


y-i(*-y).7. 

I«.  -OVr  f  •OSy^.Sa 

•oar-o4y..  a 

■^  +  7y  +  28«flL 


«.•  V  'i'-«». 

(1) 

'-ii.%Jr.,, 

(3) 

to.  «»-7y«.|2. 

4    ^^  T      '• 

MtilVLTAMKUVM    HiiVdTlONB 


W.  l»-l*+»4-fyfJ,+  ||„Q^ 


SoJw,  by  iMing   ,,0  unknowiM.  and  rrrify  i 

twii  .1!?'^  *!?  k"'!!'*'"  ""'*'  ^'•'*  '  **'»~  «»^  «"»  «•  (TwiUT  than 
tWK»  the  Mcond  by  23.  and  fi  tiniM.  •!.>  m.  «  1  ..  .  n-'^wr  man 
make  130.  J'  *^.  •na  0  tiniea  the  Hr  t  and  3  tunea  the  eecond 

tbepnoeofeachperbuahelT  '^^^wju.     What  ia 

G  2 


•4 
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!  I 


l-ai.     Find  then.  ""*'™«"°''»«<U««.i»»U>en»ul, 

„ '°'°"»'»>te«l"-«i«l  arithmetics 

™-j:r,-p:s.rr.t  "tX'"itr .  ;v" "'°''  •  -^ 

How  many  of  each  kind  did  he  w^^f  *  '"^' '  "^^  °'  »"  '"ner. 

1 A         A       I 

there  is  Jatl^^'TowL^^^^rTnu'^^^^^^^  "^"^  "'"«'«•    « 

are  there  T  °  *"'  *^  P"P"«'  how  many  double  teats 

b.  three  «„e.  the  flrT  '^  '^°"'  "»  '°""»«<1  bj-  31  it  Jli 

29      T?;„j  A.  'uaiiy  acres  were  there  of  each  IfinH  » 

-"».^Cir='s,':5-4:e.*'tZ/:;-'" -  "« 

2a     Ti,o  ^     .•        .  *°*^'  diflference  is  408 

^«.     Ihe  quotient  is  20  whon  ♦!.«=, 

by  3.  and  the  quotient  ia  7  when  the^Hl     *''°  ""'"'^"  ^  ^^^'^^ 
thenambeiB.  '^"''°  **'*»"i'fferencd  fa  divided  by  2.   Knd 


tilM('LTASE<H'S   EQUATIONS  gA 

24.  A  grocer  bought  toa  at  6(>c.  a,  lb.  unci  .oftee  at  :«»(■.,  the  total 
cost  being  $96.  He  «old  the  tea  at  75c.  a  lb.  and  the  coffee  at  3.-50.. 
and  gained  «21.     How  many  lb.  of  each  did  he  buy  ? 

85.  Three  times  the  greater  of  two  numbers  exceeds  twice  the  leaa 
by  90,  and  twice  the  greater  together  with  three  tiniea  the  \em  w  266. 
Find  the  numbers. 

26.  The  sum  of  two  fractions  whose  denominators  are  2  and  5 
respectively  is  2-9.  H  the  numerators  be  interchanged  the  sum  would 
bo  4-1.     Find  the  fractions. 

27.  Divide  142  into  two  parts  so  that  when  the  larger  part  is  divided 
by  17  and  the  other  by  19  the  sum  of  the  quotients  will  be  8. 

28.  A  farm  was  rented  for  8650.  part  of  it  at  86  and  the  rest  at  88 
per  acre.  If  the  rates  had  been  interchanged  the  rental  would  have 
been  8760.     How  many  acres  were  in  the  farm  ? 

29.  A'a  age  3  years  ago  was  half  of  J9's  present  age.  In  7  year« 
the  sum  of  their  ages  will  be  77  years.     Find  their  present  ages. 

30.  A  man  travelled  240  miles  in  4  days,  diminishing  his  rate  each 
day  by  the  same  distance.  The  first  two  days  he  went  136  miles. 
How  far  did  he  go  each  day  T 


BZIIROISB  44  (RavlAW  of  Chapter  VIX) 

1 .  Solve  2* + 3y  =  38,  3* + 2y  =  37. 

2.  I  fire  20  shots  at  a  target.  If  a  hit  counts  5  and  a  miss  counta 
—  2,  how  many  hits  did  I  make  if  my  net  score  is  61  ? 

3.  Solve  7a;-2y=13,  2x+3y  =  43. 

4.  The  average  marks  of  those  who  passed  an  examination  was 
65,  and  of  those  who  failed  was  25.  If  there  were  1000  candidates 
m  all  and  their  average  was  53,  how  many  passed  ? 

5.  Solve  2(a;-»/)  =  3(a;-4y),  14(x+y)=ll(ar+8). 

6.  At  an  election  ^'s  majority  was  384.  which  was  ,',  of  the  whole 
number  of  votes.     How  many  votes  did  A  receive  ? 

7.  Solve  l(a;+5)-5  =  l(y  +  2).  J(y+8)-3  =  l(a;-3). 

8.  Divide  $5600  into  two  parts,  so  that  the  income  from  one  part 
at  3%  may  be  equal  to  the  income  on  the  other  part  at  4%. 

»•    Solve  I  +  I  =  3*  -  7i/  _  37  =  0. 


AIMEHHA 


13.     Solve  21y  +  2ar,10«.77i,-3arJ296. 


*  lt\u^l:^ll'^,.  '"*"  *"°  '"^^  ""  *"•*  »  "'  ^h"  «-«ter  part  exce«i« 


1ft.     Solve  fc-2y-=7x,.2y^,^y^,, 


19.     If  3  men  and  4  bovg  wam  coa        j  - 
what  would  7  men  and  3  boy/^rn  T     '  ™'"  *"**  =^  ^^^  ««'"  W*. 

17.     «;>'-»(.4-l,-,(,+  2,.3.i(.+2,  +  H.  +  3,=4. 
^^  8.^       3,-4=0,^,  .,,„  ,^ ,  ^„,  ^^^^  ^^^  ^^^^  ^^^^  ^^^^^ 

.  J'-«/o^S\nd'r  :X"rat  t^.  '  -^  ^^« "«-  - 

transaction  I  gained  5%.     Wh^did  e^h  ::.f,*^-  '*"''  «»  »*>«  whole 


20. 


Solve^-2y  =  ar-3.V  =  7. 


as.    Solve  Ifa-Slj,_,oo.2,^_,^.,„ 
of  each  per  week  ?  •    ""a  «  »10  per  week,  what  are  the  wages 

-  me!::r"'"''"°^'"°'^"-^'«'^''«-^v. 

old  waa  he  when  he  was  marr^  T      *  '""^  *'^"»  »>"  ^^'^^'^  «««.     How 
2«.     If  3(/«:-2y)  =  2(3.+  a^).  fi„d  ,  i„  terms  of  y 

-B  mc.^  20%.  the  total  tntVum     h''"^  ''^"  ''"^  *»•«  -^'"'d 
>n  each  r  '  **  »"''0-     How  many  acres  are  there 


SlAlULTANEOVS   EQUATIONS 


•7 


38. 


"3+4 


y  _«       lly 
~  6  ^   16 


0.  find  the  value  of  *  +  * . 

7       2 


39.    Seven  yean  ago  B  waa  three  tinma  aa  old  aa  /I.  but  in  S  yean 
be  will  be  only  twice  ua  old.     What  are  their  preaent  agea  T 

2  +  24     '*'     11  - 1|     U' 

3x+5 


31.    Solve 


I  iii 


I  h ,! 


I 

I   ■ 


CHAPTER  VIII 
TYPE  PRODUCTS  AND  SIMPLE  FACTOWMO 

m^  q'rnUties.'^rh  VtZ"  ufter   ''*'  ^ '"^^  '^^  *-  «' 
given  quantity.  '****'  ""  "^"e*^  *  '"tor  of  the 

Thua.  the  factors  of  3bc  are  3.  6  and  e 
Theproductof6  +  candamaft  +  i 
^^..thefaoto^ofaA  +  acareaandTVc. 
Similarly.  ab  +  ac^a(b  +  e). 

^.        ^  «6-ac=o(6-c). 

Then  «:r+«^+«^=«(^+y^^j 

If  wew^hrfactr'ls^t'^ee^ht.^^^^^^  ^  ^"*''-«- 
«e  obtain  the  other  i  ?  ^  ""  *  ''^*°''-     "^^  do 

Ex.— Factor  4a*— dab. 


TYPE  PRODUCTS  AND  SIMPLE   FACTORING 


89 


■ZntOUB  4S 

Fill  in  the  blanks  in  the  following : 

1.    4^f6=^2(     ).  a.    3a-»-3(     ). 

4.    ar+3j:=.r(     ).        ft.    6x-fty=&(     ) 

7.    7p»-6p=p(     ).      8.    6y»  +  3y--:)y( 

Factor  tha  following  and  verify : 


a. 

6. 
9. 


&r»-2*»=2x»( 


10. 
13. 
10. 
19. 
22. 


2y+4. 
oA-f  or. 
m.t^my—mz. 
ix'+Qx*  t  2j-. 
2ax— 4ay-f-6f«. 


11.    6m -12.  12.  .1r»-15. 

14.    am -bill.  15.  nftfac-f-a. 

17.    r»-7x.  18.  5a«fI(Vi6, 

20.    a«x+aV-a».       21.  ISarS-lOry. 

23.    j;«-ar»y  (-xv».     24.  4a5+6a«6«-8a6a 
26.    {x+y)a+(x+y^.                ao.    a:(a-6)+^o-&). 
27.    2x{b-e)-2{b-c). 

69.  Defitiition.  An  algebraic  expression  containing  only 
one  term  is  called  a  monomial,  one  of  two  terms  is  calle<l  a 
binomial,  one  of  three  terms  a  trinomial,  and  one  of  more 
than  three  terms  a  multinomial  or  polynomial. 

Thus.  2a;— 8  ia  a  binomial  and  «»  +  3a  +  7  is  a  trinomial. 

80.  Product  of  two  Binomials.  The  pupil  should  be  able 
to  write  down  mentally  the  product  of  two  simple 

binomials  hke  x-\-2  an<l  .c-fS  "  +^ 

X  +3 


X*  j-2x 
+  3x+6 

x*  +  5x+6 


What  is  the  source  of  the  first  term  (««)  in  t.  .-oduct  ? 
What  is  the  source  of  the  last  term  (6)  ?  v.  hat  two 
quantities  were  added  to  give  the  middle  term  (5a;)  » 
How  were  these  two  quantities  obtained  ? 

In  the  product  of  a;+l  and  x  +  7.  what  would  be  the 
first  term,  the  last  term,  the  middle  term  ?      What  is  the  complete 
product  ? 

In  the  product  of  a:  2  and  a; -3,  what  is  the  first  term,  last  term, 
middle  term  ?  How  does  the  prwiuct  differ  from  the  product  of  *+2 
and  X+3J  r  -r 

Ex.— Multiply  x—5  by  x+3. 

Why  is  the  last  term  negative  ?     The  middle  term  is  the  sum  of 
+  3a;  and  -5i  or  -2x.     What  is  the  complete  product  ? 
What  is  the  middle  torm  in  the  product  uf  x-j-o  and  x-Ai 


"*  A  LOS  BRA 

...r^nr^'J'*'!  **'"'"  *"  ''*'>•  *'•«'  "•^•n  to  be  the 
r/.^pl^i;':  ^~"  '>"^-^.  -H  Uicen  with 


M  (in.  Oni) 

8.     x-3 
x~A 

7.     «+  6 
04-26 


State  the  prodiiota  of : 
*•    '  +  «  a.    a-f   a 


ft.     y-6 

x-3y 

13.     o«-l 
oA-3 


0.     m~2 

m+4 

10.     y-Rx 

g+Hx 


14. 


«y+7 


4.    x~  5 
*-I2 

••    *— 3y 
x-2y 

la.    a-2 

16.    ax-2hy 
tuc—Shi/ 


17.    (af2Ha+I).         jg.    (^_yKx-4y). 
ao.    (' -3yKx+2y).     ai.    (m+4nKm-5»). 
Remove  the  brackets,  simplify  and  check  : 
23.    3(xf2)f2(ar-l)-(a:_3). 

(■rflKar+2)+(x4-2Kx+3). 

(tf  (  3Ky-2)+(.y-5Ky-f-4). 

(•r+l)»+(x-lKx+l)+(x+IKx-2). 

2(m+l)(m+2)+.3(w-lXm-2). 

4(x+3Kx+l)-(x+lKx+l2). 


»»•    (P+?Kp-?). 
22.    Ib-SXh-^). 


24. 
25. 
26. 
27. 
28. 


ei      FMton  Of  TrinomliUi.    The  product  of  tv-o  binomiAla 

Ex.  1.— Factor  a-«+ftr+8 
.•.  the  factors  are  of  the  form  (x+     )(x+     ). 


TYPE  PRonHTS  ASh  SIMPLH   FACTORINO         0| 

The  iMt  taroM  in  th«  factor,  muat  be  facton  of  «,  w  they  mutt  b* 
1  Mid  S  or  2  and  4. 

*♦»  »+4 

Which  of  theM  when  miiltipllml  will  giv«  tht*  propwr  middle  torm  T 
What  are  tho  factum  of  *•  -  flj-  f  H  T 

The  factor*  of  «•-»*+ 14  muat  be  of  the  form  {x~  M*-  \. 
What  are  the  farton  r  "  '^ 

Ex.  2.— Factor  j-«-ar-ir.. 

Here  the  faotom  muat  »)e  of  the  form  [x  -  )(x^r  ).  alnce  -16 
muat  be  the  product  of  two  numbeni  difTering  in  aign.  The  poMibto 
oombinatlona  are : 

*-ia  *+l6  ar-6  «+6 


Which  of  theae  acta  of  factora  ia  the  correct  oiio  T 
In  factoring  a  trinomial  hke  x»     8x  f  I  a.  wc   rcquim   two  factors 
of  IS  whoae  algebraic  aum  ia  -  8.     They  are  evidently  -  A  and  -  3, 

.-.  a:»-8»+l8  =  («-8)(a!-3). 
In   factoring   x*~Ax~2\,   we   require   two    factora  of    -21    whoae 
algebraic  aum  ia  -4.  and  they  are  evidently    -7  and  3. 
.-.  a;»-4*-21=(«-7)(x  +  3). 

The  pupil  is  advised  to  write  the  factors  under  each  other, 
below  the  expression  he  is  attempting  to  factor. 
Thus, 

»»+ll*y-42y» 
•  +14» 

X  -  3v 

x»-|- ll«y-42y»  =  («'+ i4y)(af-3y). 


a;i_6a,_16 
*  -  8 

X  +2 

»•-««-  16  =  (x-8)(a!+2). 


Factor: 

1.    x»+fo+7. 

4.    a»+22a+2!. 

7.    o»+3a64-26«. 
10.    x»-5x+6. 
13.    x*-ixy+Zy\ 


IR0Z8B  47  (1-16.  Oral) 

2.    x»4-ftr-|-6.  3.  y«+8y+16. 

8.    x«+8x+12.  6.  6«+ 106+24. 

8.    m»-|-7inn-}-10n«.    ».  y»4-40xy+39x«. 

11.    x«-7x+6.  12.  x»-12x+ll. 

14.    a*-lIa&+286*.  16.  m*-7mn+12ii*. 


9f 


It. 

aa. 


'•  a*   14. 

n«A*f  ftiAf  15. 
a«f-6n  f-B. 


IT. 

ae. 
as. 

'M. 


»*    »    90. 


x*y* 


Vt»  fMtoring  to  simplify  the  foUowiiig : 


It. 

*»•   40.      ai. 

'\\jry\  30.  34. 
14^-^49.        87. 


*«-lfl»-t4. 
Jf*  lOr*  f9. 
»*     l2yM3«. 


«f4 


a*iria-& 


at. 


"*  *  -fin  f  8  __  "•*-7»ii-f-  II 


a+ft 

SO.     ('!+ar  fJXx-S) 

**-ar-ib~~       "'• 

ta.    What  f«ctor  ta  common  to 

(1)  jr»-jr_;M)  ^xA  x*-2t-Mj 

(2)  a»  f  oA  and  a*  f  3oA  f  26»  r 
Find  three  factoni  of : 

37.    U  L.,e  exprcMion  x»— ar—in  fartnmH  »k..  i. 
lonii;r(ir -3)-IO?  '"'•*'»«««  when  It  »  wntten  in  the 

8.m.Iarly.  the  «,u«re  root  of  26  i.   f «  or  -«. 

the  aquare  root  of  9o«  ia  4-3o  or -3o 


TYPK  PH,mirTB  ASn  SIMHLH  fAt'TOHINU         M 

*^  ±V^^±V^9-±»±3^tflortl. 

To  m^lve  thin  e<iu«t,on.  take  the  Hq„«re  r.K4  „f  ..ad,  «ide. 

J^Ztf  "^^  "•'    *- ±4 'which  include,  the  four 

+•'-+<.  +J'=-4,  -i=.+4,  _i__4. 
rr  both  term.  o(  th.  iMt  two  be  raultiplM  by  -1    th. 

Ex.— Solve  (xf  l)«=2fl. 
T*ke  th«  squwe  root  of  Moh  ■Ide, 

45- 1«- 1-8- 1  or -5-1. 
=  4  or -6. 
Show  by  mibtitutlon  th.t  o«.h  root  «tMe.  th.  glv„,  «,u,tion 


State  the  two  aqiuuv  roota  of : 

*•    3«  a.    81. 

*•    »••  6.    &V». 

»•    ia*-  10.    Jm«»i«. 

Solve  the  following  equations : 
18.    i«=9.        14.    3*»=76. 
17..  (1+2)1=81.  18.    (x-3)»=4». 


«•  (1-16,  Oral) 

8.     121. 
7.     26o». 

Ifi.    z*=i4a*. 


4.    2i. 
8.    64xV. 
13.    6ix*. 


16. 


»a«6«. 


1».    (ar-fl)«=0 


••  ALfJKBRA 

lul.."  *•*  -^  '^  •  -^"^  ♦-  'W  «iu«.  Inch.-.  ««,  .h,  W^fc  ,, 

**•     If  r  i«  th««  ndiiM  of  «  Hrrk)  (h«  ...»  i-      i      .. 
nulJu-.  or  wh.t  U  .h.  v,|„.  ,rf  ,.  „;,';.     J JJ  ;^"'-  '"^'^  »•>•»  *-  tht 

«.     Flml  thr  ««»,„  of  «  ..jr,.|c  ^ho^  *,«,  <,  «,«  ^  j„ 

Jl:  o;r:i.,:'„:;;;.  •  •^""'-•' «"- 

Th«  fimt  aiHl  la«t  fern.M  in  ar«4.2rv+«i 
are  t ho  «,»«««  of  the  term-  of  x+v  and 
the  nuddle  tern.  «f..v.  the  produc^'o'l 

Thu..  (3«  +  26)*-{3a).  +  2(3a)(26)  +  (26).. 

=  9o«    +     i2oA     -f46t 
(to-  3y)»  -  (fa).  _  2{SxH3y)  +  (3y)t, 

=  2&«»-      3ft«y     +9»«. 
(**-4y»)  =  (Jx)i-2(|x)(4y)  +  (4y)i, 


jr 

^' 

*• 

•V 

•»>' 

^' 

TYPK  fMOitViTS  ASb  BlilPLS  FAtTOHtNO 


What  M«  Um  iqiMfw  o(  i 
•  +  I. 

%H  I. 
fc    3. 


a. 

«. 

10. 

u. 


I  -Xf. 
m     3*. 


•.    m~t. 
li.    •Il'-Sy. 


4. 

■. 

la. 
id. 


*-4. 

4j^     .In. 
-X  -2. 


It. 
81. 

as. 

aa. 
as. 


li.  (a -*)•+(« +6)1. 

ao.  (a+6)»-(o-A)». 

aa.  (arf2«>)»-(ir-3y)». 

a4.  (4r-I)i+(jf_j)i_(,_3j, 


1. 

A. 

0. 
IS. 
WmpUfy  ; 

(»»  + !)•+(*-»)•. 

(*+!)•  f(4r+2)i-|.(,^.8)i. 
«(afI)«-f-3(o-l)»-a(a-2)». 

Find  the  V.IU.  of  «i+6«  f  .•  wh«,  .-,-y.  a*,-^.  e«,_,^ 
ar.    SimpUfy  (*+I)«+(»-2)»4(*--3)«-3(x-4)i. 

at.    From  the  •um  of  the  iquMee  of  *  f  2,  1^4-3.  x+4  .ubt,^  »k- 
•um  of  the  ■quMve  of  *-  2,  *-3,  ,-4.  ^•»'  '+«.  •ubtreot  Iht 

at.    Simplify  (2ii-3A)»|-(3o+a6)»-(8o-f-2&)'' 
^  M^.^  B,  bo,  m«.k  d«.  ,h,  .,„„„,,  + 1  .,^  ,h.  .,.„  rt 

i.  ^t^'*Srti;;\i'*  T  "^  .*'"  ■^•""^  *»'  »'•«»  con^cutlve  number. 
88.    The  «,u.re  of  1234  ta  1.622.786.     Find  the  «,u.«  of  1238 

30J.  etc.     In  the  unie  w.y  find  the  HouareTof  M   81    2fU      P^ 
th«t  thk  method  mav  b«  ihmtI  ♦«  k.^!  ,u  .  *'    ■'  *»•     "°^« 

in  *.    (Let  tTnlber  be  t-ih)  """"      "^  ""'"'*''  """'"« 

In  order  that  a  i„„omiai  may  be  a  «,uare.  the  ErBt  and 


to  i^ttKliK*  th*  Hr.t  .n.1  |«t  ;ZT  ^  *'"'  "^"•'"' 

(I)      ft»«  t«  thr  «,,!,»«.  .rf  *,, 
(»)      ll>»»  Ml  t»i«.  w|iMrt«  of  tif 

Ho.  .'oX^fir :.  r  ,:..T.:i ,':  :'.;!:„-r  - " » - 

«-o  to  Abo  a  aquare  reiot,  irince  ' 

It  I.  curtomary.  however,  in  «tatin«  th..  «iuai*  mot  «l  . 
JHr..|.|  to  give  only  that  c.  whfch  haTrfir  ;:i: 

■znom  ao  (i.m,  onu) 

Eipraan  u  HiuarM : 

10.    a<6%«-aoAc4.|. 

What  k  the  tquare  root  of : 

18.    9a*+l2a+4.  14. 

W.    4o«6«-J»b6+28.     17.    4«.»f2m+i 

It.    4-4a+a*.  ao.    9-l2*4-4r» 

^Supply  .!»  p.i-1.,  «™.  „  .h..  ,^  ,^„^  ,„,  ^  ^ 

14         .t  I  .    .. 

ul 


fi.    nri>-24<if  16. 
>-«»+9»r«. 


11. 


8.  4j'«4-4jr+|. 

tt.  Iftr«-(lrf|. 

••  ftr«-laiy4-9yi. 

12.  J^»-jy+i,i. 

15.     |-6ar-i.ftr* 
1«.    a<-l4a64-406> 
ai.     ftr*— aOtry  f-20yi. 


aft.    4m*-. 


•+».     ae.   9o«+i8a. 


•+V-    a«.   *»+fe 


27. 


— 4ry+4^. 


ai. 


•  -6 


-•»-»• 


•••     U  IAfi*-iiMi.4  k  « «    - 

<»^  two  «,„,«  Jt  IZ*  ^  -•««•.  ^'k.l  *.  III.  .I,,,  «,  ^  , 

(3)  ^/iirM  ftTi-l  W4i.f4i?r  W.irE?l,,,, 
Wiow  that 

a  f  A  and  a-1  U  j^-6^"  "^  "■•'•^    The  ,«Mluot  of 

■'•     (If  *)(»»- ft) -rt«_6i. 

Here  thv  two  facton  multinlifHl  nr.  »i.. 

(i+3*)(|  -3*)-{|)i-(3,)i.|_,^," 

•7.    '»««i«flfc.DMr.iwM.ofTwol,Mm. 

-d'X^'.^Jer  r;.n£^^»v'  -^--ra. 

That  in.  '^•'oi  *'^4f  •""«•  »'  ^  •nd  % 

t««)»  -  3«  -  (4m  +  3)(4w  -  3). 

H 


ee 


ALGEBRA 


If  we  wish  to  factor  ^*-2y\  we  should  recognize  that  2 
is  a  factor  of  each  term. 

.-.     8*'-2y«  =  2(4*«-j/«)  =  2(2«  +  y)(2*-y). 


■xnnoisa  si  (i  «4,  orau 

State  the  products  of : 


1.  m-f-«,  m  —  n. 

4.  r-5,  xf5. 

7.  (2ii-^)(2a-\-'Ajc). 

».  (^+l)(x-J). 

11.  (8z+oA)(5x-aA). 
State  the  factors  of : 

13.  x»-l.  14. 


a.     p-q,p+q.  a.    (H-2.a-2. 

«.    2aM,2a-l.         o.    3j;-2,  ar-f-2. 
8.     (4^  f  5//)(4j;  -5y). 


18.     x>-l. 


IS.    a»-46». 
IB.    9-xK 
23.    o«6«-49. 


16.    4to»-w». 

ao.     l-16a»6*. 

24.    99»-98«. 


17.    4p*-Qq'. 

21.     25-49ar».       22.    o*-25. 

Simplify : 

2S.*  (a-2)(a+2)+(2a-lK2a+l). 

26.  (2a-36)(2a+36)-(a+6)(a-6). 

27.  2(a--3,v)(x+3/y)+2(3(/-a-)(3yfx). 

28.  2(p-g)»+-3(/>+y)(p_y)_5(p+27)(p-a7). 

29.  Find  the  product  of  x—a,  x+a  and  x*+a*. 

30.  From  the  product  of  r-1,  x+1  and  xH  1.  subtract  the  product 


of  x-2,  x+2  and  x«+4 
Find  three  factors  of : 
31.     3x«-3y».  32.    5a;«-20. 

34.     mx*-ma\  .36.    5— 45p«. 

37.     7tR^-nr\ 


33.    a'— a. 
36.    x«-y«. 
38.     a(j;»-I)-f6{x»-l). 


.TO.     Why  is  the  difference  between  the  squares  of  any  two  consecutive 
numbers  always  equal  to  their  sum  ? 


TYPE  PRODUCTS  AND  SIMPLE  FACTORING 
40.    SimpUfy  (a«-6»Ma»-5a6+66*)^(a»-3o6+26«). 
«.    SimpUfy  ?*--y*  4- 


99 


^' and --!r-^ -£'-_«. 


42.    Solve  l^p^  +^e=  ,0;  2(x-5Kx+8)=15+(x-l)(x+l). 


68. 
In 


Numerleal  Applieations  of  Produeti  and  Factors. 

''•^  I'rrr^r.if::^.  ^^-'^'^p-'  -*-  forn,ui» 


concerning  products  and  factors 

(1)  (a-A)»  -oa-2a/>+6?. 

(2)  (a+A)«  =a»+2aA+6«. 

(3)  (a+b)(a-b)  =a»-b». 

Bv^nK  f>T'*  *""  *'■""  '°'  *"  ^*'"««  «f  *»»*  letter  involved 
By  substituting  particular  numbers  for  the  letters  wr^i 
Bee  how  some  arithmetical  operations  might  be  s^pHfied 

(1)  Since  (o-6)»=a»-2o6  +  6« 

99|=   (100-1).=  10000-200;i  =  10001-200=9801. 
^l^CilZZZ:   '"^-'"'^'Z   1609-240=1369. 
89'=     (90-l)«=  _  ^ 

(2)  Since  («  +  6)'=o»+2oA+6t. 

92«=   (90  +  2)'=   8100+360  +  4=   8464 

121«  =  (120+1)«=  14400+240+ 1  =  14641 
7S»=  (70+S)«= 

(3)  Since  (a+6)(o-6)=a»-6«, 

92x88=(90+2)(90-2)  =  90«-2«=8100-  4  =  8096 

65x75=(70-5)(70+8)  =  70»-6«=4900-25  =  4875" 
27x23=(25+2)(26-2)  = 
87x93=(  )(  )=  ^ 

(4)  Since  a*-6«=(o+6)(a-6), 

63'-   52«=(53+52)(53-52)=105x    1  =  105 
41.-   31.  =  (41  +  31)(41-31)=   72x10=720. 
.27.-627.=(  )(  )^ 

67.-   33.=(  K  )=  ' 

H  2 
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69.    SoiiM  OtometrlMl  Applleatloni. 

(1)  If  o  i8  the  len({th  of  the  «i«le  of  the  large  square  and 
h  the  side  of  the  Hinall  square,  the  area  of  the  shaded  portion 
is  evidently  a*—b*. 


If  we  with  to  And  the  area  of  the  ahadtxl  part  when 
a  =  77  and  6  ^  23,  we  have 

o«-6«  = 


^^^a        o«-6«  =  77«-23»  =  (77  +  23)(77-23)  -     K)xa4  =  6400 

^^^^  If  0-225  and  6^  125,  find  the  difference  in  the  areaa 

of  the  two  squares. 

(2)  The  radius  of  the  large  circle  is  R  and  of  the  small 
circle  is  r.  The  area  of  the  large  circle  is  y-i?*  and  of  the 
small  one  is  yr*,  ' 

.'.  the  area  of  the  shaded  part  is  y*  (ii»— r'). 

If  A— 39  and  r=31,  find  the  area  of  the  ring. 
The  area  =  V(**-»'*)=  V(39»-3l») 

=  V(39  +  31){39-31)  =  VX  70x8=  1760. 
If  i?  =  89  and  r=82,  show  that  the  area  of  the  ring  is  3762. 

(3)  In  the  right-angled  triangle  in  the  figure  it 
^  is  shown  in  geometry  that 

624-c*=o«  or  6«=o«-c»  or  c"=o«-6a. 

If  0  =  41  and  c  =  40,  find  the  length  of  6. 

6»=o»-c»=4l»-40«  =  8l  X  1  =  81, 
.-.     6=V8l=9. 
If  a=61  and  6=11,  show  that  e  =  60. 


y 


BZBROI8B  62 

Use  short  methods  in  the  following : 

1.  Find  the  squares  of  98,  999,  1 19,  58,  799. 

2.  Find  the  products  of  91  x  89,  61 X  59,  47  x  53,  203  x  197. 

3.  Find  the  values  of  52»-48»,  79*-78*,  215»-205*,  726*— 275», 
673»-573*. 

4.  If  x»=6«-c«,  find  X  when  b=  13,  c=  12  ;  when  6=25,  c=24. 
ft.     If  7x«=64»-57^  find  the  value  of  x. 
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n  J!a  J^'^,i^'',  ll'*'"'""^  °'  »»»«  "«»  o'  -qu*"*  whoae  side,  an 
a  and  ft  for  the  following  valuoa : 


a>B 

41 

13 

29 

83 

Iffm 
I4m 

2-85 

6= 

40 

12 

21 

17 

215 

o«-6»= 

,  tl'^J'J't  ***'  '^'''*"'"^  "  the  a«»«  of  circles  wboM  radii  are  R  and 
r  for  tile  following  va        . 


for  the  following  va 


i?= 

4 

14 

25 

51 

19a 

3-25 

f= 

3 

7 

24 

44 

5a 

2-35 

3Ki?«-r«)= 

7. 
10. 
13. 
16. 


a. 

4m-I2«. 

3. 

ax—bx. 

0. 

a!«+4a;  +  4. 

6. 

a»-2a+l. 

8. 

a;'-3a;+2. 

9. 

»»-»-110. 

11. 

100p»-8i9». 

12. 

a»-19o-20 

14. 

300 -3««. 

15. 

(x+y)*~l. 

Factor  :       ■^■*OISH  S8  (Itovtow  of  Otaaptar  Vni) 
1.     3x  +  6y. 
4.     6ac-36c. 

4a»-9a:«. 

2o»-18. 

2o«+6o  +  4, 

a*-h*.  17.     Solve  ar«=  100;  x*  =  i;  9ar»  =  4:  5x»=1.26. 

18.  Writ©  down  the  squares  of : 

2ar-3,  5a:-6,  4x-3i/,  o-J,  6c- J. 

19.  What    are     the    square    roots  of :     a«  +  6o  +  9.     v*—8r)4-l(i 
m»n»-10mn  +  26,  a»-o  +  i,  18a;«-40zy+25y«T  ' 

20.  How  much  must  be  added  to  the  middle  term  of    4a»+3a4-9 
to  make  it  the  square  of  2a  +  3  ? 

21.  What   middle   term   must   be   inserted   in  9«»  .  .  .   -f-25tf*  to 
make  it  a  complete  square  T     Give  two  answers. 
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aa.*  Find  thre«  (•etom  of  «•-,,  3««-I2.  a*     3a«f  2o. 

aa.     8olvfl(«     3)«-2a:  4(*-J)»  =  9. 

24.     If  a     wr*.  Hrid  r  when  a  ----- 1256,  «  ^  3.  u. 

aa.     Find  the  vahio*  of  e07«,  878»-75'.  97  x  103    hIvhi    ii«s.o^ 
iMing  algebraic  method-.  •  »"  -:  «"J.  »1  X  81.  86  x  04. 

36.     Find   four  factors  of  ar*-32    a«_iq«ij.'j«    o    ■     .„ 
o»(x»-y»)-6«(x«-y«).  -I3a«  +  36.  2m»-I8in  and 

a?.     Simplify  (6+l)»-f-(6-l)«  +  (c+l)i+(o_i)i. 

as.     Simplify  (x  +  y)(x-»)  +  (,4-2yK.      y)  +  («+y)(x-2»). 

29.     If  a  =  92  and  6  =  88.  find  the  v  JueB  of  ab  a«-6«  «tj.Ai       • 
algebraic  methods.  «■  01  00,  a  -b\  o»+6»,  using 

80.  SimpUfy  (a-26)(a  +  26)  +  (a-46)(o  +  46)-2(a-36)i. 

81.  What  are  aU  the  possible  values  of  6.  if  *•  +  6«+42  is  th«  nroduot 
of  two  factors  with  positive  integral  coefficients  T  ^      ^ 

aa.   SimpUfy  5-*zy*  4.  ?!i:ly*,i!z?!L* 

*^    ^   x-y  +   ,_2y   +-iZ3»  ' 
83.     If  the  square  of  426  is  18147B,  find  the  squares  of  427  and  425. 


CHAPTER  IX 

SIMPLE  APPLICATIONS  OF  FACTORING 

70.  HlfhMt  Common  Factor.  When  a  factor  divides  two 
or  more  expressions  it  is  called  a  eommon  factor  of  those 
expressions. 


Thus, 
and 


4  ia  a  common  factor  of  8,  12  and  20, 
a  ia  a  coknmon  factor  of  a*,  2a  and  3a6. 


As  in   arithmetic,   the  highest  common  factor  (H.C.F.)  is 
the  product  of  all  the  simple  common  factors. 

Thua.  the  simple  common  factors  of  3o»ft.  Hob*  and  dabe  are  3,  a  and  6 
and  therefore  the  H.C.F.  it  3ab. 

In  the  case  of  monomials  the  H.C.F.  may  be  written  down 
by  inspection. 

Ex.  1.— Find  the  H.C.F.  of  &m^n,  12m«n«  and  9m»n». 

(1)  The  H.C.F.  of  6,  12  and  9  is  3. 

(2)  The  highest  power  of  m  which  is  common  is  m*. 

(3)  The  highest  power  of  n  which  is  common  is  n. 

.•.  the  H.C.F.  is  3  X m«  X  n  or  3m«n. 

If  the  expressions  are  not  monomials  they  must  be  factored 
when  possible,  after  which  the  H.C.F.  may  be  written  down 
by  inspection. 

Ex.  2.— Find  thu  H.C.F.  of  a^+ab,  ab-\b\  a*+3ab-{-2b*. 

a*+ab=a{a  +  b), 

ab  +  b*  =  b{a+b), 

a«+3a6  +  26»=(a4-6Ka+2fc), 

.'.     the  H.C.F.  =a+6. 
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a.  16.  24.  40. 

*.  4ax.  6ojr.  2x*. 

«.  aa».  lOo*.  Ifla. 

11.  <bf».4x»+ar. 


8.  2a.4ft.8e. 
e.  a*h,  o6».  o»6«. 

9.  nx*y\  34x»y.  ai»». 
la.  (a  f  ft)»,  o»-6«. 


Find  theH.C.F.  of: 
1.    3.9.12. 
4.    ar.  &r,  12*. 
T.    ar».  4jr».  fl*«. 
10.    2o,a«+oA. 

13.'2a+46.3«+e6.  ,4.    a«-6i.  a6-6«. 

"•     '••-•• '"•-2'»»+»«.  16.    x.+;ry.;ry+l...(x+|„.. 

17.    m»+2».«.+3m-f-2.  '      jg.    a«-.^+2.  a«-fla+«. 

16.    -•-9.,.-7x+I2.x.-4x+3.       20.    y+2y-3.y.+y-2. 
21.    a.+2a6+6..  2«.-2&«.  aa.    zi-IOr+aj.  ar.-75 

23.    6a*+46..  ea.+4«6.  ^4.    a»-2aHa.  a.+«'-2a. 

wh»t  are  the  values  of  w  and  n  T  t      «iu  a  -t-nao+^  , 

20.    The  H.C.P  of  a*b  and  ab*  w  ab     Pinrf  fK.  »-«♦    » 
«e«ure  of  the  number,  to  which  aS  ^Jd  Ji"a're  ^^r^:  ^^^J 
A=4.  and  compare  the  result  with  the  value  of  «*  when  1=2  and  6^^ 

inlLif^""^!  Fnetiont.    A  fraction  has  the  same  meanim? 
in  algebra  as  it  has  in  arithmetic.  "«»ning 

q»S't  l,"""  '  °'  "»  *  -J""^  P"-  Of  a  u„i,  0,  .he 

Similarly,  ?  mean,  a  of  the  4  equal  part,  of  a  unit,  or  th. 
quotient  of  o-^6. 

The  fraction  ^  is  read  "  a  divided  by  6  "  or  "  a  over  6." 
.-^terTa^TioXl'm'SS^k  ofrjStS 


I 


aiMPLK  APPLWATIOSa  OF  FAVTOHISO 


Thut, 


105 


ll=l-l!-|J«.»to. 


SimilMrljr, 
•nd 


ae       aeji 


b  ^  be      bat 

a*b*      ab* 

atSe"  abe 


-  etc.. 


be  "  e' 


EXAMPUW. 


1. 

a. 

8. 

4. 


18 
42 

10a*A 
2006* 


18-f-6 
42-6 


3 

r 


lSa*6-f-fia6 
26ab*-r6ab 


3a* 

86' 


»*+2«y+.V*      (x+yK«+y-)  "  :^- 
««  +  3av-4y*      (»-»)(,+4y)  =  ^TlJ  ' 


Thu,.  in  the  faction  J±2  we  c«»not  cancel  the  two.  and  «y  that  the 
f«ct.on  i,  equal  to  J.  for  the  va...e  of  the  fraction  i,  ^..  which  d«u  not 
^ua.  I  But  if  the  fraction  i,  L^^  we  can  now  cance.  the  two-  and 
the  resulting  fraction  is  J. 

SimUariy.  ^  =  .*  .fter  cancelling,  or  dividing  by  the  common  factor  a. 
^^'i+^^no*  equaJ  to-. 
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\W 


■ZaROISB  M  (•  81.  Oiml) 


Fill  in  the  hUnki  in  thn  fnllnwinH  : 
•»  30  arv 


1. 
t. 
S. 

4. 
5. 


20 

ax 
hi 


4 


ae 


h     6(mfii) 
i2a»*»  " 


—       —3 


12      4a 

.  —  -  -^ 


•1am 


a'x 


9b* 


"s?".- 


a«— 2oAfA»        ( 
Reduce  to  lowMt  t«>miii : 


.(       K       ) 


ir^' 


10. 


14. 


14 
21' 

ab 
ae 

2a4-4 


11. 


1». 


ar 
fl  ■ 

4x» 


18.     ^'-«). 


,  x«-l 


ISa 

2a  ■ 

10m  *n 
15mn 

4r 
2ar«-8jr* 

19.     (■'-IK*-2)  3a(^r-y) 


Sa*+6r/ 
12a 


12. 


1«. 


32. 


2a. 


28. 


w»f7m  H2 
m*-f-4m 

g*— a 
a»— o 


(jr-2Kar-3) 
23 


18. 


ec' 

3fia<6 
6a6 


jy     a(x-3) 

'  b(x-3y 


a(a-b) 
(a-6)«' 


21. 


y*-v 


26. 
29. 


2o«-2 
4o«-4* 


2^^    a:»-3ar4-2 

ir»_4x4-3" 

.,,  3x»-3y« 

3x»+9xy+fiyM' 


30. 


x'— X 


74.  HultlpUMtion  »nd  Division  of  FneUoni.  The  methoda 
by  which  fractions  are  multipUed  and  divided  in  algebra 
are  the  same  as  in  arithraotic. 
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5. 


4^7" 
10      7 
21  "^  3 
a      e 


ah 


3x»  Iff 

4a7  an" 

4  |«      7 
15 


Ift 
4 


2A 


21  ^  3  ^   4   -  «   -  **• 


X 

*y      a* 


axe       ae 

b  xd  '"  bd ' 

"  —  >^        •    X     -.  Mi      • 


If 


cHcd      a6+6«       e{e  +  d)^  hia  +  b)"  be' 


Simplify : 

1      *x*x* 

a.    *x»-^3 
«a  ^  7     14 

4.    •x*x^ 
6      c      0 

5.     ?-*x^. 
xy      be 

7.    ?-f. 
6  •  rf 

'   i*y*     ly 

8. 
«. 
9. 


36  "^  4^ 


2a 
36 


4a 

36 


6a* 

«6  ^  '*•• 


10.« 


&r 


x-1 

3*-3^T0~ 


11. 


4a+6&         lOar 


18. 


a:»-4 


,  *«-8ar+6 

4z-h3' 


ri_ 


««        2«+36    "•    a«+o6-"a6+6i' 

14.  «*T?»+2  >,  ^r^Tadtl*  V  «'-4a+8 
o«-fia+6       a»-«o4-6      o«3JSi+4 

18.     --«*-*!.      x*^2o6-86«^a»+3oA-46« 
a*-3a6+26<     a»-2o6-36«     a»-:4a6+36i' 

76.    Lowest  Common  MultlpI*.    A  product  »  a  multlDlo  of 
any  of  its  factors. 

When    an    expression    is    a    multiple    of  two   or    more 
expressions  it  is  a  common  multlpto  of  those  expressions. 
Thus,  12a«6»  ia  a  oonunon  multiple  of  2a»  and  3a6». 


IM 
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The  iMwt  Mmnen   auNlpto   (L.C.M.)   of   two  or  mom 
Of  factor-  Hhich  k  •  multiple  of  ench  of  the  given  expre-lon.. 
Ex.  l.-PJnd  the  L.C.M.  of  e*«y,  9*yt  and  iary». 

or7'«".:7;5tr3r°'"' "'  *'•  '^^•*'-  ••  --•-••y »»«.  l.c.m. 

..   tlMiL.f.M.-3«x*ixy»«3e«V-  -""»• 

Ex.  8.-Find  the  L.CM.  of  a«-6«  «nd  «.«-2a6+6«. 

ai-2aA4-6*-(a-6)i. 
.•.    theL.CM.  -.(o-A)«(o+6). 
Why  i.  (a-6Ka+6)or  {a-b)\a+b)*  not  the  L.C.M.  » 

■ZBROUa  IV  (1-9,  OM) 


Find  the  LC.M.  of : 

1.    3.4.5. 

4.    a,  ab,  a*. 

7.     10b«,  ma*.  Sa. 
10.*  o»,  a«+a. 
18.    ar+2,*»-l. 
16.    a*-ab,  ab-b*. 
1».    2x,  4rH-4.  2j;»-2. 


9.  10.  15.  20. 

*.  **.  ary,  y». 

«.  3o»,2a«,4fl. 

11.  ar,  at»+&r. 


8.  2a,  4a.  00. 
6.  2ab,aae,9be. 

9.  8n«6.4o6«. 
12.  oA-f-oc,  6»+4c. 


14.    zt+ory,  {x+y)i.    la.    x*-l,x*-Zx+2, 
17.    a»-6».o»-2a«+6t.     i«.    x*-x,x*-m. 
20.    y«-3y+2.  »«-y-2,  y«_l. 


21.    Show  that  the  product  of  x*+x-2  and  x»-*-6  k  md^  *« 
the  product  of  their  H.C.P.  and  L.C.M.  •»"  '     *    0  i«  equal  to 

76.  AddlUon  Md  SubtrMtioo  of  Fnwtloni.  If  we  wish 
to  add  or  subtract  fractions  we  must  reduce  them  to  . 
common  denommator.  As  in  arithmetic,  the  lowest  common 
denominator  «  the  L.C.M.  of  the  denominators. 
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*•  4  +  e    3 


RXAV|>t.lM. 


»       •10 


I*  *■  la       1^ 


^»f  10     i^  II 


M 


W 


b  ^  e      he      he 


a.    \     *.  >  « 


he     ' 


6*      alt       Mi^i       „i^i 


Hah       .T*«     4m»,  iViA 


i*6< 


a*6* 


^   nif    hj, 


■xsBoira  M  at.  onu) 

R«ltK*  to  faction,  with  the  low«t  common  denominator : 


1      *    o 

3  n 

4  46 

s     '    1 

4      2      3 
•    3x'2i- 

ft     *»    *»        • 

IN      N 

—   t      —  • 

n    m 

7      '     * 

a    e 

.      2    3« 
a    a* 

9       2       A        3 
*    3o'  ia*'  2o» 

"■:■ 

h     e 

~b  ' 

3&Z     4 

J       *        4       * 
'    3y»"  ary'  2i" 

"■^ 

•  ^  ^  »• 

a 

o-l    a+2 
•    2a~'    3a 

Perform  the  opentiona  indicated 


...  l^i 


1». 
SI. 


a 
5 


o— jr 
3 

l-*^l+x 


"•     -2-+     3~ 

x-l ^*f I 
22  •    -t^  -  ^~''' 


17. 


0+4  ,  fl-a 
3^8' 


20.     fL^^  i^*+*a  «+" 

2^3    '*"'4~' 

23.    ?Lt»+?ry_*+» 


M.    1-J?  -  £_  J?  1  '  i  J' 
2  3     '     4~' 


25. 


,1^ y_ . 


J 


IM 


AUIKBHA 


t 


M 


,        I  f  , 


••-I  ^••fJhft.i^,  J 


in  Arithmetic.  ««iTW|»o«icta  to  •  mixiM  numbw 

Th-^  SI  ta  .  ml««d  numb.,,  ^  «  ,  J  fa  ,  ^^.^  ..pri«lo«. 

«JS!!!l  ***!?  Jf   "  "•*"^^   """"*'  ^"w    «gn  of    •.Idition   i. 
omltt^l  .„d  .11  pn.  3-Hl.    But  in  .lg.£L  th.  ^ t-" 

bein-rt«|.  m  a     would  mean  a  x  *  wd  noto-f  * 

71.    RidMtieR  of  •  mui  IxprtMtoa  to  >  p»«hm.     oi 
•very  IntegnU  quantity  m^y^THT^n  ^  J^^^  ^^ 


EXAMPUU. 

0  5a 


0        fl        c 


6     oe^^fr 


8.    5 


«y 


y     y     y 

ae 


ft  f  0        ft+a     -  fZi 


ItlUfLM  AfPLHArilWH  or  ItAtfltHISft  ||| 

•n»«t*       ^       Into  two  fr-btJon.  «•   ..wrely   wv^tm.   Um 
opwAtion  of  iMlciaion. 


Tbufi, 
mm! 


■ZBftOim  M  It  gk  Of»l) 
RmIuct  Iu  itMnpleto  rrRrtioiw  i 


1.    Sf|. 

«.    a  f  J. 
f.    ,-^, 


It.    • 


ffe* 


>».    *+!+, 


a.    I  »  J. 

U.   *  +  _3L. 

2 


a.   8^f. 

9 

•.    a-*. 


».    b6~  *^. 


U.    fti  i 


o— 


Sepvkte  into  fiction,  in  th.ir  towMt  terma : 
(lffl»-3A» 


1«. 


iOtt 


3«*  •        2Ior~' 


5J5,      Smn— 4n 


at.   ?it«*'. 


■ZBROiaa  «0  (lUTlaw  or  OUapUr  IXi 
I.     Drtln-  hiohMt  rommoti  factor  an.l  !o«e-t  eommm,  multipie. 
»••  Find  the  H.C.F.  and  L.C.M.  »f  .1^     fl.  4t     S.  fl,  -  la 
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8.    Find  the  H.C.P.  and  L.C.M.  of  *.+,y.  ;^+y,  ^j  z*y+ryK 

4.  Find   the  H.C.F.   and   L.C.M.   of   *«-7x+lO  and  x»-i.2«     fl 

5.  Reduce  to  ioweat  termH  : 

a*\-ab^    _£!_         0o»-9o6      a6a;^6xi 
a*      '  x*-xy'   8o6-126»'  ocx-cx*' 

8.    Multiply   ^.    *^.   SW. 

7.  Simplify   ^'x^-'^. 

8.  Reduce  to  lowest  terms : 

-**-2*        ?!±4*+4  2a:»-18  a*-h* 

»«-a*  +  6'  ««+5a!+6'   3*»-f:3a:-i8'  a*^iab^bf 

9.  Simplify       -   *"»         X     -  -?+y         V.  ^o*      ajy-yi 

10.  Divide  -,**~*-  by    *'*-'^-  -nd  ?±2  k..  **-* 

11.  Simplify  ^-3  +  *+4  ^^^  2«-^l       8-4*. 

•»  4  3  6 

12.  Find  the  sum  of '?:::i^,  y-*,  «-*. 

*y        y«        ac 

13.  From  the  sum  of  ^  and  *^  subtract  «^. 

14.  Simplify  ^^-3  -  »-«  and  ??--»  -  ^-^. . 

Me  ox  xy  yz 

15.  Express  ''*,-^^'   .«    the    difference    of    two   fractions  in   their 

lowest  terms.     Do  the  same  with  *;-*  and  %-^^  and  find  the  sum 
of  the  three  results. 

16.  By  how  murl    dot 


■'^^i  exceed  ?^S 


17.     Find  the  sum  of      ^ . ,      *      ^„a      2a 
a  +  b'  a-b  '""  o»-6« 


aiMPLK  APPLWATlnss  OF  FACTORISO  1,3 

18.     By  what  .„»«t  ^^J  bo  multiplied  to  giv«    *'-fi*  +  6         ^^ 

1».     Find  the  quotiout  when  J  +  J  i,  divided  by  '*  *  *'  »-' 

*•  — 4a;-|-3' 
ao.     Solve  (a-6)x=(ai-6i)(oH-6). 

ai.     Find  the  difference  between 


+  t — ■  +  ~   and   -^  +  _£_    ,      x 


a-x^b-x+^Z-jc 
by  first  subtracting  ^f  ^  from  -^,  etc. 

22.     Fii,d  the  miMing  term  in  the  following  identity  • 


a!»-3a;-4 


«*-9 


x*-x-\2' 


CHAPTER  X 

REVIEW  OF  THE  SIMPLE  RULES 

f..™\'"  thi8  Chapter  will  be  found  such  exercises  as  will 
furnish  a  review  of  the  elementary  rules.  In  it  is  also 
mcluded  matter  which  it  was  not  thought  advisable  to 
present  to  beginners  in  the  subject  of  algebra. 

81.    Use  of  Brseketo.    We  have  ah^ady  seen  that 

(1)  a+(b+c).^a+b+c, 

(2)  a+{b-c)=:a+h-c, 

(3)  a-(b+c)=a~h-c, 

(4)  a-{b-c)=ra-b+c. 

as  m  3)  and  (4).  the  brackets  may  be  removed  if  the  siU 
vJ^Ttrt''  '**.*!-«^*^  *«  ^Werf.-  but  when  they're 
rZ^'    V       ^''^^""^  ''«"'  «*  ^  (»)  *"d  (2).  no  change 

in    (3)    the    sign    of    6  in  a-{b+c)    is  positive    as   the 

XmovT'''.*^  ""r  "-^+*+'=)-     ^"  *he  br^^ket 
are  removed  we  follow  the  rule  and  change  +b  into  -6 

Sometimes  we  find  more  than  one  pair  of  brackets  in  the 
same  expression. 

Ex.  1.— Simplify  a-(.3a-26)4-(5a-46). 
Following  the  rule,  this  expression  becomes 

a-3a  +  2b+5a-4b  or  3a-2b. 

When  one  pair  of  brackets  appears  within  another,  it  is 
better  to  remove  the  brackets  singly,  and  the  pupil  is 
advised  to  remove  the  inner  brackets  fi^t  ^  ^     ^ 
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REVIEW  OF  THE  SIMPLE  RULES 
Kx.  2.-,Sim|)lify  4j._[2^_(3_^^jj 
Removing  tlie  inner  brucketB.  we  got 

Removing  the  temaining  brackets,  we  get 

4a;-2x+3+a,or3*  f-3. 

Ex.  8.-SimpUfy  3a-[a+6_      -h-c~{a+b-c)]]. 

Thooxpr,<«,io.,  =  3a-[a+6-Ja-fc_c-a-6fc] 

=  3a-[a  +  6-a  f  6  +  c-fa  +  6-c]',  ' 

=  3a-o-t4-o-6-c-a-6+c 
=  2a-36. 

After  removing  the  first  paii  of  bracket.,  the  quantity 

Ex.  ^.-Simplify  4a:-3(a;-2y)+2i34^. 
The  expression  =4*-(a«-6y)  +  2^-8y. 

=  4a:-3a!4-6y+2a;-8y, 
=  3a;-2y. 

BXBROISa  ei  (1-9.  Oral) 
Remove  the  brackets  from  : 
1.    (a-b)-\-(c-d). 


3.  -(a-h)+(c-d). 

6.  o-(6-c)-(d_e). 

7.  o+{6+(c_d)|, 
9.  a-{6+(c-rf)}. 

11.  o-{-6_(c_d)}. 


2.  (a-b)-{c-d). 

*.  -{a-b)~{c-d). 

6.  a-(-6)_(._c). 

8.  a+{6-(c_i)}. 

10.  n-j6_(c_d);.. 

12.  -[a-ib-(e-d)\l 


I  2 


•I 

ri 


""  AWBBKA 

Himplify : 

13.    4a-26-(2„_26,.  „_     2(7x-3^)-3(2:.-3y). 

la.    3(«-64-c)-2(«f&-c).  10.    2«-;3«f2(«-26)!. 

17.    3(af6-c)-2(a-6+c)+5(6-c+a). 
18.*  l'''«-;4-[3-8x-(3x-7)]}. 

19.  Add  3(«  +  A)-5(p  f  ^,.  -2(«+A)+(p+,)  3„,,  4^^^^, 

20.  Add  l+x-y.  \-i-y  a„,l  |  ^^I^I^. 

21.  Add  3r-2(y-j).  3y-2(2-x),  3j-2(x-y). 

Remove  the  brackets  and  express  in  descending  powers  of  x: 

22.  3(5x-3+2t»)-2(ar»-6+3x)-3(4-6ar~ftf»). 

23.  2ar(ar-2)-5(x-3)+&r(x-l)-2(x»-/xr). 

24.  l(4x-3)-J(6-a:»)+J(x«+8u;-12). 
Solve  for  x  and  verify  : 

28.    4{a:-3)-7(x-4)=6-a:. 

26.  &r-[8ar-3:i6-ftr-(4-&r)I]=.6. 

27.  3{ar-7)-(x-14)-2(&r+17)=«(5-&r)+21x+14a 

28.  i(27-2x)=|j-,V7x-64). 

29.  Simplify  a-[56-ja-(3c-3A)4-2c-(a-26-c)!]. 

30.  Simplify       ._3(o-6+c)4-2(6-c+o)-(c-a+ft) 

6:o-26+c)-2(6-3c+2o)-(llc-2a-116- 

31.  Solve  (7ix-2J)-[4J_J(3|-&c)]=18J. 

a-LcTfT  "!.  ^"!!?""~  '"  """''•*»•  The  trinomial 
a  b+c  may  be  changed  into  a  binomial  by  combining  two 
of  i^s^terms  xnto  a  single  term.     This  may  be  done  in  a  numter 


Thus, 


o-6+c=(a-6)-f-c  =  (a+c)-i 
=o-(6  -c)=a  +  {c-h). 


to  «T"  '''  '""''*"  "•"^'^^  *"^  ^  '»>*'  «-h  of  these  is  equal 
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El.  1.-Expre88  a-A+c-rf  a«  a  binomial. 

Thus.  ^'^    >>y-cx-<ly=x(a-c)+yib-.d), 

Venfy  these  by  removing  tl„.  hracket*: 

BZBR0Z8B  es 
ve4  in^elTl^.-'*'-'^  "  *  '"^•"'•^'  '"  *»>-  ^'«-nt  ways  and 
ve4  ^^"""^  ''~'-'"^'  "  ^  *""°™'-'  •"  four  different  ways  and 

verify.  ^'"^"^  "-^-'-*  «"  "^  '^'^-'-^  «  four  different  ways  and 

Collect  the  coefficients  of  x  and  ^^ : 
4.    ax-by-cx-dtj. 
».    mx-ny-px+qy-ax+by. 
e.    a(x-y)+b(2y-3x)+c(5x+2y). 

7.  a<a-A)+y(6-c)-rf(a;-|.y). 

8.  2««;-36y-10a;-5v+66x-4ay. 

9.  ('^-^)y-(2-b)x+iy+2ax-(3x+b!,). 


"•  ALUKBRh 

wifi?'t.f  ?"'°"  a-6-c-rf-e+/  in  alphabetical  order  in  brackoU. 
with  two  terms  in  each  j  with  three  term,  in  each. 

Arrange  in  descending  powers  of  x : 

11.  a(z«+4-3j:)-6(3x-&r«)-c(l-4x). 

12.  *r*-6x+c-(2/«:«-3^jr+r)-(7dx«+3cx  f  A 

«#**•   ,?""'?"••"»•»  *'«»  D«tMh«d  CMffleleoti.     The  method 
?haZr  ?  "^"SL  *"°  "'"^'"''^'^  *""  *'-'«*^  b^"*  "hown  h. 

Ex.  1.— Multiply  ar«-3x+4  by  x-2 


1-34^   4 

-2+  6-8 


+  2 
-1 


-2 


«'-&t'+l(te-8  1-8+10-8 

«o.^d.^°"'^Tr''°^  "  '*""^  multiplication  with  d«U«M 
ITn!  wS.  .J  P"^"^  •"  *^«  **°  ™«thod8  are  the 
second  method  and  the  coefficients  only  are  uaed. 

When  the  second  raetho<l  is  used  the  first  coefficient  in 
the  pn,duct  must  h.  the  coefficient  of  the  producTof  .»  and 
X  that  ts.  of  x\    The  next  must  be  the  coefficient  of  x*  and 

iTT^wK    ^  ^  !"  'f  ***"  multipUed  are  so  written. 
in  (d)  the  check  is  shown  as  explained  in  art.  42. 

Ex.  2.— Multiply  3.r»-7x+2  by  z«-2x+3. 

«J^  .tJ^^.t^nn  containing  x«  in  the  first  3  +  0-7+  2 

expression  is  massing  and    a  zero   is  sup.  ^ 

phed  in  order  to  bring  coefBcients  of  like 
powers  of  x  under  each  other  in  the  partial 
products. 

The  first  term  in  the  product  is  3a:» 

„K^b'!!  **'"^"  ^^^  complete  product  and 
cnecli  the  work. 


1-2+3 

3+0-7+  2 
-6-0+14-   4 
(-9+  0-21  +  6 


3-6}  2+16-25+6. 
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Ex.  8.— rind  the  coefficient  of  x»  in  the  product  of 
flx»-ar«+3j:-2  and  *»-2x«-^+4. 

The  partial  pro<lurt«  which  will  contain  x*  arc  ovi.iontly  tho«,  which 
we  obtam  by  mult.plymg  -2  by  *•.  3*  by  -U*.  -ttx"  by    -3x  and 

.'.  the  coefficient  ot  x*=  —  2 -  6  f  1 8  f  20  =  30. 


Ex.  4.— Multiply  ox«+6x+c  by  mx—n. 


Here  the  multiplication  ig 
performed  in  the  uaual  way. 
In  adding  the  partial  pro- 
ducta,  the  coofficicnta  of  the 
powers  of  x  are  collected. 


ax*    +bx 
mx     —  n 

arnx*  f  bmx* 
—anx* 


+  0 


+  emx 
—  bnx 


—  en 


Multiply  and  check  : 
1.    x'-3x+2,z-2. 


arnx*  +  (bm  -  an)x*  +  {cm  -  bn)x  -  en. 

rnxmsunnm  as 


a.  ac«-5jr-3.  ac-2. 

4.  a*+ab+b*,a-b. 

6.  o»-8o«-2,  o«+o-l. 

8.  2a*-5ab+3b*,  2a*+Sab-Zb: 

10.  x'+2x»+4z+S,x*-ix+i. 


3.  x*-x-{-l,  x+l. 

6.  x*-x+l,  x*+x+l. 

7.  3x*-2x-5,  x*+x-3. 
9.  a+b—e,  a—b+e. 

11.  6«-6+l,6«+6-|-I,6«-.6«+l. 

12.  x*-xy+y*+x+y+l,x+y-l. 

Uae  detached  coefficients  to  multiply;  check  the  reoulta: 

13.  3x*-4x*+7x-3  by  x*-2x^i. 

14.  5a«-6o»-2o»-o+2  by  2o»-3o+2, 

15.  4j;'-6a;-2  by  4x*-ai;-I. 
10.    {x*-x-2)(2x^-x-l){3x-2). 
Simplify : 

17.-(x-lKx-2)+(x-2){x-3)+(x-3Xa:-iy. 


'*  ALUKHHA 

1».    (a+ftKc+rf)-(a-6Xc-rf). 

Find  the  product  of : 

Find  the  coefficient  of  x«  |„  the  product  of : 
ae.    3j:«-&r-f  u  and  Sx»  fftr-4. 

27.  *»+4a:»-&r+2  ftnd  x«-ae_3. 

28.  &*-12ar+ia  and  2*«-7x-38. 

Check  by  putting  x=2. 

81.  Multiply  7x»-&V-^«+6y»  by  4z.  f  3^-2^.. 

82.  Show  that  the  exprewion  x(x-hl)(x4-2\(j-  Li^>t   • 
(«»-f-ar+l)».  ^*^*A*+^Xxf3)  +  l  u  equal  to 

88.    Find  the  fir.t  four  term,  only  in  the  product  of: 

i+3x+4x'-i5x*  and  l-2*+3x«_4j:» 
84.    Find  the  coefficient  of  x*  m  the  product  of 

l+4x+7x«4-iar»+ia.«  and  l+5x+Qx*+l3x'+n^*. 
8«.    Solve  and  verify  : 

86.  Multiply  ax»+te+c  by  bx*~cx4.d     r^n    *  .u 

of  Zand  write  in  deecendingpowe«.  ^^"^^t  the  coefficienU, 

87.  Multiply  ;«._,,+,  ,,  ^^^  ^„^  (a-l)x'+ax-l  by  a,+  l 

88.  S.n,phfy    («y«-6.+c,(«,+6)+(a,H6,-c,(«y-*,. 

89.  Subtract  the  product  of  x»4-jrf«-Ln     i      j        „ 
product  of  x*-x(p-l)+2  and  4^t  ^~    *"''  "~^^  '"''"  *''« 


I 


40. 


3525  i.  7.aei.I23.  ^  *''^"'  *'"*  »'"'  P'«'"«t  of  2U.1  a„u 

86.    Division    by   •    Compound    QuMtity     Th«   ,««»k   i     . 

Divide  072  by  32. 


(I) 
32)672(21 
B4 

32 
32 


(2) 
3.10+2)0.  10"  f  7, 

«.  10»f-4, 


«0+2(2.I0fl 
10 


3.  10  +  2 
3.  10+2 


In   (2)   the  divisor  w  exurefwiofi   in   *u^         ■     . 
3.104-2  and  the  dividend  6  '7+ 7   ,0+2''"''"''"'   '°"" 
If  we  substitute  x  for  10  the  problem  would  be  : 
Divide  6z«+7j:+2  by  3jr+2 

m  J!!L'"*'**'"1.  ''^'^  '*  ""  *'■'""•»'■  t"  tho 
method  m  anthmetic.  that  little  explana- 
tion «  necessary.  The  fi«t  term  in  tho 
quotient  «  obtained  by  dividing  3,  into 
-ubtrJ^''7'*^"''  f  ^  +  2  by  2,  i8  then 

.vi^n.  .e  a„t  term  o,  ^^  r^^t^T Z^^^  ^ 

as  nere.    The  division  is  continued  until  there  ia 


3«  +  2)Bx»  +  7«f-2(2i!+l 
«*«  +  4* 

3*+2 
3a:+2 


Iff 


ALUKBHA 


I 


^     hv       i^i  r'"P"'*''""      '^   *■  "''"P'*'^   however,   to 
Thu.   fn  th«  pr«otKling  problem  if  wp  Irt  ,.  |.  th«  .liviM.r  i.  A   ik. 

ihr:„  /J!T^  !'"•  ^^^  <Jo.a«l.iiii.    A.  in  multiplication 
the  method  of  detached  coefflcienUi  may  be  u«hI. 

Ex.— Divide  14x«-x«-29x«+12  by  7x«+3x-6. 


7  +  3-6)14- 1-29  +  0+ 12(2- 1_» 
U  +  6-12 


ClMok 
x-1 
4)-4{-| 


Here  the  first  term  in  the  quotient  i.  2x\  since  14r«-7,i«2,i 
TTie  complete  quotient  is  2x«-x-2.  •  •*      «  . 

Divide  also  by  the  usual  method. 


-7- 
-7- 

-17  +  0 
-  3  +  6 

- 

14-6+12 
14-6f  18 

axBRoiia  M  (i-e,  onu) 

state  the  quoUeiita  in  the  foUowing  divisions: 


3. 


5. 


4.     ^-4 

x+2 

Divide  and  verify : 
7.     6j;«+x-15byar-3. 
9.     5t»-31xj^  i  6y*  by  x-Qy. 


o»— 3a+2 
0-1      ' 

o«+2o6+5» 
0+6       ' 


3. 


-     ar»-&r+2 
••        8^1:2- 


8.    6a:«+ay-l2y«by3a:-4y. 
10.    9o'+«aA-366»by3o+76. 


n 


BKVtKW  OF  Tim  niMnn  HlLt:s  ,J3 

It.  I«m*-i9m»^30m-9hy$m-i. 

«••  *»*-»rV+lajryH8Vby»r-7y. 

tl.  •*+«»+4«»+8a  +  Bbya«-a+3. 

».  **-»•-&•+ ia*_9  by  *«+li_3. 

M.    ar»_arf.,Hl2-7,tby,«+2-a,. 
a«.    30-lJlr«M«_,by,-84.,.. 

U»  deUohfld  otMfficimita  to  divide : 
M.    ••-a*«+a»-Ibyx»-J,+  |. 

M.    ••-a«»+7.«+fc+iby«i+3„^.,. 

».    4*«+»+**+ar+;r«  by  a,+3+*« 
».•  (««-,-2)(2*H*-l)  by  ar«-fa4^2. 

«.    I>ivideo.-|bya-l«d«.^lbya+I. 
»8.   Simplify  £!iV  _*•-»• 

M.    SimpUfv-"'-*    4-    «'+! 

«.    Solve  *'*+'-2_at«+to-3     ,, 

86.    If  z(3o.-«4-l)+2=3a»-7a»  f3«.  fi«i  ,. 
FlS'th^riiif "'  '-'•*+*''+«-'-8-+2.  the  quotieat  I, a.+3a-,. 

by"i-S+^..*''^'^*-^*'  "^  ''-"^•+3^  •««  ««^e  tbe  quotient     ' 


Ill 


iS4 
••  AMKHNA 

m.    mmpUly  *^'-'iy  f  *•)  ^h,  ^  „,.  f  /(W  ♦  »r)  f  M 

Withotil  nmorlng  ih.  bnirkrt.  divkki 
«•.    •••f(*+«)*f.»cbywf». 

«.    .V  Hl.«f  •hr'  f  (.•  f  i.)»  M-  .1)  hy  .,.  ,.,  „. 

iwrnainder.  "viueiMi.  and  ao  there  m«y  be  • 

••    V-«+|or34™B.ai4. 

Mimilariy,  whrn  a«  f  Jaf^fl  k  divi<k.i  i^ 
•nd  Iho  mtwiiMlcr  b  s.  """•"a  by  a  M,  the.  i|uutiant  is  a-f-f 

•        .^1       --^t  +  if,. 

That  U.  iMi^'^a^fx^uoUnt^^m^^, 
Ex.-E,pre«H  ^'  «  ,  „j,^  expro«ion. 

+«*(l+jr-f4fi4.,i 


Her*  tho  quotinnt  ia 
•nd  (he  renuUnddr  b  lt«. 


1-a 


2«< 


Dlvidal_,.by|^,^j,h„^'^^^ 


In  «.ch  c^Hi  th«  divWon   ^.y^Jf  Iflll* 

^^.  be  continued  to  My  number  o#  »>« 


HMt'iKw  or  riiK  s/iinii  tit  las 


m 


Ftad  tiM  nmnlmirr  on  (livklin^  i 


f. 


*^i 


a^ih 


find  four  Urma  in  th«  quotient  of  i 
»<•     l^(l     .r).    U.     l-r(|f„.        ,8. 


8a    3A 

«f4  ' 


It.  ^'•f^'-a. 


I-*" 


14. 


I  ~9  f 


IS.  By  division  •bow  tbst 


a~o  a— 0 


MMBOrtk  «  aUTt«w  of  Oli.p««.  X) 

a.  Add|«-i6,|a     ih.ta  +  ih. 

9.  «ubtnM.t  JI0  4  3A    *>  from  lla-2&  +  fc_M. 

4.  Subtract    -3o  +  4A-cfromfero. 

a.  Subtract  ia     ifcf  Jc  from  |a  +  |6-|i,. 

••  How  much  mu-t  U,  «ld«l  to  J,-  ^y  +  j,  to  produce  ,-»+.  , 

a-l: .  ^f ::::rv_t""™  •*'  ^'+26. 2*  -3c  «d  3c-«  rn,™ «..  «.„,  or 

«.     Simplify  a_(3A-4c)-(ft4.c-a)_2(a_^). 
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9,    Subtract    4j;*_ifi     >j  o    «  -  . 

by«ub«titutinK2f„rx.  "^       '^'"    ''      ««'  +  2x-I    and    check 

10.  find  tho  value  of  «.,fc.  +  c»-3«/>c  when  «=•>  6  =  3  ,=  _- 

11.  «''"P'i'y(''  +  6-c)-(6f-c-«)-(c,„_„_(,;,^^; 

12.  Multiply  I-4x-10riby  I-ftr+s^i. 

13.  Find  tho  product  of  x  +  1 .  ,■  +  2  and  x  -  3. 

U.     Divide  the  product  of  a; +  2    2x~t    1,     t  ,      „. 
check  when  ar=  I.  ^   '  ^    ^'  ^"2  l>y  ar«+4a!-4  and 

ia.«  Multiply  a.+6.  +  c«-«6-.6«_ca  by  a  +  b  +  c. 

16.  Findthoproductofa-2,a  +  2.a«  +  4.a«+16. 

17.  Divide  x*  +  Q4  by  a;»  +  4a;  +  8. 

18.  Divide   «*+*•— 24a;»  — 35*4-67  h        t 

coefficient,  and  verify  by  n^ultiplication  ig  ifji  3^^«*~">'^ 

J%.H^.?r,,7f '«"*  °'  '•  '•"  *»>«  product  of  3..-2..+  7.-2 

20.     The  exprea8ion  44x«-8ar»-74x«4-8fl:r4-K«   •    »u 
two  exp««ion«  of  which  4x.-6.-7  itl^J'^FlnaZ  ^Lf'^'"''  °' 

.uStitufi:;t=ro.^'"-''*'+^+»    '•y    ^'+2.+  ,    and    check    by 

of  ^•we«^^Tilrh:^rlU!  '"""  ^'•+'^+^'  "«"-""«  *»•«  -«icient. 

23.  Find  the  remainder  on  dividing  x«+ 6  by  x»-l 

24.  Show  that  -I-     «ya;      i. 

25.  Show  that  («-6)(6-e,(c-«)=a(6.-c.,  +  6(c.-a.,+c(a.-6.,. 
vre-ofL:r'^'^+'^''    '•=-*-2^  +  2.'.    c=x*-,..    find    th. 

27.  Subtract  2x-3(y+2z)  from  3y-(8z-3x). 

28.  If  .=a+6+c.  find  in  temui  of  a,  b,  c  the  value  of 

o(«-a)  +  6(«-6)+c(*_c). 

29.  Arrange  in  descending  powers  of  x. 

c(ax~h)-x(a-b)+bx(x*-cx). 

30.  When  a  =  6,  find  the  value  of 

2a-|3o-(46+2a))  +  fla-(46-o). 
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ai.     WImt  (nmntity  when  UivhUhI  bv  3-»-ir  i  •»  „i.         .  ,  . 
quotient  and  U  a.  mnaindor  T  '      ^'^'^  '^    ^-"^  -  ^  •• 

y'S!;ot\a\76~cHV-'t''''-''^^''    ^  =  ^''-«"-    ""J    the 

of""30,^-t;%;:o'T-To':  ^tVj-s-^'^"'"'  --^  «-«  *»-  -rage 

then^/rl^jL^lriirbytrr  *°  «''-'^'  +  2->   "o  that 
35.     F^nd  the  coefficient  of  a:«  when  1  +.+x«  is  divided  by  1  -x-:r= 

87.     If  a:«-9j:  fc  is  divisible  by  x+4.  Hnd  c. 

M.     Find  the  sum  of  the  coefficients  in  the  square  of  2x'-.-3. 

offhe  .^^e^'or.tThV^^^e't'-'F'  ''^:;,    ^^^  ^'^^  «'-'«-"»- 
P~duct  of  .+ 1.  .+2,  .+  3';:fd  of  ./,T-3  ,^4     •  "'""  '"""  *'" 

40.  Divide  a!«-2a;»4-l   by  a:«-2a!+l. 

41.  When  o=3.  6=2J.  c=2.  find  the  value  of 

a*b     ■    ,-_^    ^ 

-7-  +  V7S5(2c«-o6)  _  (2a-36)«. 

42.  P«.ve  that  0+a.)'(l+y.)_(,+^.,(i^j,).^2(:r-y)(l_^,. 
48.    If  p  =  a:  -  ]  and  g  =  a:«  -  i,.  show  that  p«(p.  +  4)  =  ,.. 

oft^v.?i:t2::ir"c:-p^.th"E^n5:  ^^^^  ^-  -^  '-- 

de^e^C'powers'X^-^''  '^  ^'+^+''  ^"-«-«  t^e  product  in 
40.     Divide  9a»-46«-c«+46c  by  3o-26+c. 

47.  Multiply  a:i_a:{a-l)-i  by  ar«  +  ax+l. 

48.  Divide  a*~l(ib*c*  by  o-26c. 

40.     Arrange  the  product  of  x~a  x~h  »    ^  .„  ^ 
ofa;.  "•  ^"' *-c  in  descending  powers 

qu^ienf  ^':^r*'^+'''-'^'-'— «  by  a-,.  a„a  divide  the 

Of  S;-??r6re^;srbyf .!  ?rir  ^'^^  -^  *  "-^^- 

52.     DivideTi-y.4.8y._i2y  +  8by;t-y+2. 


CHAPTER  XI 
FACTORING  (rontinueti) 

subject  of  factonng  in  simple  cases.  This  Chapter  will 
furnish  a  review  of  the  m«^thod«  already  used,  and  an 
extension  of  those  methods  to  more  difficult  examples. 

♦«.^*  7^"*  '■  ^*^^^"  **°"°°"  *»  •^•'y  Term.  When  every 
i^n  kT/"  f^P"'^'""  contains  the  same  factor,  that  factor 
can  be  found  by  inspection  (art.  58). 

ThiM,  2x}/  is  a  factor  of  4x*y-6xy*  +  2axy, 

:.     *'>*y-6xy*+2axy  =  2xy(2x-3y+a). 

:.     a(z+y)  +  b{x+y)=.(x+y)(a  +  b). 

91.  Type  II.  Paetors  by  Grouping.  When  every  term  has 
not  a  common  factor,  if  the  number  of  terms  be  changed  b^ 
grouping,  we  may  sometimes  obtain  a  common  factor 


Kx.  1. — Factor  mx+nx+my+ny 


(1) 
mx  +  nx+my  +  ny, 
^x{m  +  n)+y{m  +  n), 
=  {m  +  n){x+y). 


(2) 

mx+nx  +  my  +  ny, 
=m{x+y)  +  n(x+y), 
=  (!i!+y){m+n). 


Here  we  changed  from  four  terms  to  two   and  we  fn,.nH  «  „„ 

The  two  solutions  show  that  different  methods  of  Krouoin..  m^v  K« 
employe<l.     If  the  first  method  tried  L,  not  ^uccessfunTother'^ 

iw 
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f  JLT"rn*!T  *•""'««'  8'«"P«*  ^^hi'^h  contain  a  «implo  common 
factor.  In  tho  oxample  we  .hould  not  cxp«;t  to  bo  Hucocwful  bv 
groupmg  m*  w.th  n^,.  a-  th«K,  term,  have  noVa  common  L^^         ^ 

Ex.  2.— Factor  z*+x*+2x+2. 
J^V+2.  '*'"'''"*  """'^"^  °'  «'°"P'"«  '^'^  *''"•''"  »he  factor,  xf  I 


Ex.  8.— Factor  (a—b)^-ax+bx. 


(o-6)«-ac+6ar  =  (a_6)»-(ax-6x), 
=  («-<<)• -x(a-6), 
=  («-6)(a-6-ar). 


Factor: 

1.  3x-27. 

2.  2a -6. 

3.  o»-3a. 


BXBR0I8B  87  (1-9.  Oral) 


4.    b*-5b.  7.    a(x-|-y)4-6(ar-|-y). 

«.    3a*-l5ab.  8.    p(m-n)+(m-«). 

6.    (lr»y-12xy«.       9.    x{a-b)-2y{a-b). 

m^UptktS  *"°  '''^""^*  "^'"^^  °^  «™"P'"«  -<»  verify  by 


10.  ax+bz+ay+by. 

12.  x»-ax-f-6x-o6. 

14.  2ac+3ad-&)c-3bd. 

16.  o'— o«— 30+3. 

18.  x»+4x*-3x-l2. 


11.  OTO— ftm-j-an— 6n. 

13.  6*— oar+oA— a;». 

15.  z»+x*+x+l. 

17.  x-y-ary+i. 

19.  a»-7a»-4a-f-28. 


termT^  '         ''^  "''^"'««  **°  8™"P«  ^a^h  containing  thre^ 

21.*  Find  three  factor,  of  ^.3-6.^3.-6  and  of  «ry-ay-«+a. 
««.    *ind  a  common  factor  of 

am+bm+av+bn  and  ax+ay+bz+bjf, 
and  of  x'-x'+x-l  and  a;»-ar*+2a--2. 
23.    Factor   I0x'-5xy-6xz+3yz  and  a'd+a^fc-So^ft^-Saft^. 

K 
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24.    Find  a  common  factor  of  2r»-ftr»-lrj.o.»^    i    o.    . 
and  .how  that  it  is  a  factor  of  th.iJ^difft'n!;,  "' '     "^  ■^^-•• 
»».    Factor  4«ax-66By-.3fi*y4.30&r. 
26.    Factor  (*+y)»+4c+4y  and  2{a-b)*-a+b. 

in^H  ^k"'*.!.^"'**^  *'"•'*•  We  have  aJreaHy  «een 
in  art.  64  how  the  square  of  a  binomial  may  hT^ISn 
down.  We  have  also  seen  in  art.  65  how  the  J.,^  ^  of 
a^tn^om.aI  may  be  found,  when  the  trinomial*  is  1  ^t 

!«.    Squm  of  .  TrinomtoL     A  trinomial  may  be  squared 

Thiu, 

(o+6+c)»=Ja-f(6+c)|i, 

=o»+2a(A+c)  +  (6+c)». 
=o»  +  2o6  +  2ac  +  6»  +  26c+c«. 

Similarly  ,      ?  ^'  "'""  """^^  »  °''**^«»- 

and  «+*-c)«={a+(6-c);i. 

(o-6+c)»={o-(6-c);«. 
Complete  theee  two  in  .  „„„.„«,  similar  to  the  one  worked  in  fuU. 

If  we  examine  these  products  we  raa  fhof  ♦!, 
two  kinds  of  terms  sauar^Tx^  Ta  T      !   ,**'*"-^  *'°"«'«*  <>' 
(2a6.  2ac.  26c)  ^  ^    '  *  '  '  ^  *'"'*  *^°"We  products 

We  might  express  the  result  thus  : 

J  ne  square  of  any  expression  is  equal  to  the  sum.  nt  /*.  ^ 

Ex.1.     (2a;-3y+4«)« 

=  4a:»+ V+ lft:«- iari/+ I6„_24y^ 


1st 


FACTORING 
Ex.  a.    (a-26+c_rf)i 

Ex.  3.     Factor  x«+4y'+i'-4ay-2«  +  4v*. 

Verify  by  writing  dow^^e  ^u.^        """"'  •"•-"8»'"«"t «'  ••«"  T 


»•  *+*.  13.  fl-6-c. 

10.  2a-J.  14.  affc+c+rf. 

11.  x+y_2.  la.  p-y-r-f.,. 

12.  x-jy+2.  le.  x-yJrt-\ 


■zanona  ae  (i-as.  orai) 

What  are  the  squares  of : 

1.  m+n,  5.    x-2ij. 

2.  m—n.  6.    4j;— y. 
8-    3x+2.          7.    2a-36. 
4.    3o-5.          8,    3m-6». 

Express  as  squares : 

17.    xi+4«y+4y«  18.    x«-&ry+9y«.       19.    4x«+4:r+l. 

2T    ^!:,     ?'"**•     "•    "«'-'^+^**-    »».    -«»'-8«n+16. 
23.    4««+2o+J.  24.    l-l(te+2&,«.       26.    aH2a»6«+&«. 

What  are  the  square  roots  of : 

26.    «V+103^+2C2«.  27. 

28.    4-20o»+2-a«.  29. 

80.  »n»+n»+/)»+2mn+2TO;,+2rep. 

81.  o»+6»+c»-2a6+2ac-26c. 
32.    x»+4y«+2»+4;ry4-2x2+4i«. 
83.    •io«+6»+9c«-4a6-12oc+66c. 
Simplify  • 

34.*  (3a:-y)»+(x-3y)t-f(2x+3y)«. 

36.  (a-6)t+(6_,)a_|.(,_„j,^(^^j_^^j,^ 

86.    (x«+i+l)«+(a;»_a.+  |ji_ 

37.  (a_6+c)H(6-c+a)H{d    «-fA)3 

38.  (3a:-2y+3)«_(a--2y+32)» 

K  2 


lftr»-24j-;/  )  %». 

(a+6)«-2c:a+&)+c». 
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Compteto  the  «,«.,«,  by  .upplyi„g  the  ^^.j^  ^^^ 

♦1.    a»+4aA ^  .„     ^-^^ ' 

"■  .■+»H -^-,„". -''"•'+»•■• 

**•  «'■+ + -«^-ite 

«.'  ftl,""" '"'""  °'  *"'"•'+'  *"*  "^  »■+*"»+**•• 

*••    "'  +  -  =  4.  find  the  value  of  a:«  +  i.. 
80.     F»ctor(«M:+6y).+(6;t-oy).+cV;r«+y«) 

«.    Fmd   the   value  of  x.+,.+..+2^+2„^2,..    when 
*=a+26-3c.  y=6+2c-3«.  .^c+2a-36. 

the  diffen,„ce  of  tTe^4l^r^6J^  '""""'"  "  *^"*'  *° 
,   Convereely,  the  diflference  of  the  square  of  fu,. 
«  equa,  to  the  pnxiuct  of  their  su.TnrdiSlre  ITe^r 
Or.  in  symbols.    {a-^h){a-h)=a*-h* 

»*-b'-{n+b)la~h). 

mote  than  two  term"  ^  *^"'*  °'  expressions  of 


Ex.  l.-Multiply  2a~b+c  by  2a-6-c. 


Here 
and 


2a-6  +  cmthe8umof  2a-6andc. 
-«-6    e  «  the  diilference  of  2a -6  and  , 


on 
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T»i«y  niJKht  Y»  written  (Ai  -6»  l-  ....i   ,.,       . 
i.therofo.the.,in.,„,.. f  it.,!'^:,!  ^J^..!--     '''••  P'-*""' 

••     Via     h,c)(i„     h  -r)     (2«   -«,)•_ H. 

4rt«-4o6f6»    c», 
Ex.  2.-F.nd  the  pxKluct  of  2.r+y-z  a„d  2x-y+,. 
Herp  tho  Hnit  Pxpr«««.ioii  -  2x  f  (u~z) 

.-.  the  product  -{2.)»-(^J,).. 

=  4««-(yi-2ysfii), 
-4*«  -yt  +  2iyj-,». 
Verify  by  ordinary  multiplioation. 

Ex.  8.~Mi.Itiply  a-b+c-d  by  a+6-c-rf 
factor.  grouped  to  form  the  flnt  term  in  each 

.'.     theproduct  =  (a-d)i_(ft_c)« 
Simplify  thi.  re-ult  and  verify  by  multiplying  i„  the  ordinary  way. 


Ex.  4.— Factor  p^^4pq+4qi-x». 


be"Tttln":«"*  """  '^"-'^-"^  «  -*luare  and  the  expre«ion  may 

the'^iotr,^  '^"'""''■^  '^^'^  »»«-  «^«^-^  -d  -"btractod  to  obUin 

Ex.  6.— Factor  a«-6«+26(r-c«. 
^He^  the  last  th^  terma  should   be  grouped  to  form  the  «.ond 
.-.     o«-6»+26c-c«=o«-(fc.-26c+c'). 

Verify  by  multiplioation.  =<«+*-':Ka-6+c). 
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Ex.  e.-Pactor  x*^y*.-a*-b*^2ry  \2ah 


The  axproMion 


•  <1-10.  l7-«^  OnU) 
U«  the  formula  to  obtain  the  following  pr«luct« : 
1.    (2o-(-3Kaa-3). 

«.    (2m»+3»iK2m»-3»). 

•.    (*+y-f«X-e+y-»). 
ll.»  (a+6-cKo-6+e). 
18.    (j>-27f3rKp+2y-3r). 
Ifl.    (o+6-c+rfKo-6-c-rf). 

18.    (o-26+c-a0(fl-26-e-|-2rf). 
Factor  and  verify : 
17.    *»_9. 
ao.    aH>*-xK 
I-o«6«. 


a.  (4r-l)(4jrfl). 

4.  (oA-cKoft+c). 

«.  (<i6c4-jryXo6c-a!y). 

8.  (x«-yiXx»-fy»). 

10.  (a-A_c)(a_ft^c). 

la.  {ar  +  3y-BXar+3y+«). 

14.  (l-i4-ar«)(i^3.^.^,^ 


aa 


ae.    (jr+y)i_25. 


18.  4r«-26. 

ai.  iae«-9y«. 

a4.  25-ar«. 

a?.  c»-(o+6)t 


(o+6)»-(c-d)«.  30.    (a+26)»-4<.t. 


18.  o»-4A«. 

aa.  93«-4« 

afl.  (a-6)«-e«. 

as.  X«-(y_,)t 

81.  x*+2xy+yt-a\ 


ao. 

aa.    a.-2a6+6.-e,  38.    a.-6.-c.-26c.  34.'    aM^Ti;';^ 
».    (4.+3).-,fe.      36.     l-..,.2.y_,,  8T.    a.-..+2ay+y. 

40.    a.-2a4-l-6.+26c-c..         «.    .*-.._4_2,V-4x^y. 
48.    4x.-4x-y.+4«y-4«.+  l.    48.     l+a«-6.-4e«+4Ac-2«. 
44.     Find  tbnso  factors  of  2e»    8,  o»  -o,  a*-x*. 


fACTORlNO 
«.    Find  thm  f«,tor.  of  fa.-  I(toA  f^M.-aoci  and  ol 

{x  -36)»-4««xf  126*. 
««.    Find  four  f«ton.  of  «'6»-a%«-6«. ».««.  «d  of 

(«»f6«-c*)«_4o«6«. 

«•.    J^»™'^h«d«plo.tf«,tor.ofa^-lU._a,^2.^^, 
«.    Simplify  («-6+cK«-6-c)+(a+6-cX«-6+c). 

M.    Uie  factoring  to  aimplify : 

(I)  (a*-3a+|)«_(ot_3a)i. 

(«)  (*-2y+3»)«-(3x_,+2y)«. 
(3)  (a«-3o_4)«-(o»_4)». 

M.    Show  that  ^y-«.)+v(«'-x.)+,(a:.-,.,  i.  «,^  », 

»nd  then  find  the  f«,ton,  of  this  exp««lon. 
«.    Armnge  a(6«-c.)+6(e.-a.,+e(«.-6.,  i„  the  form 

a(6i-c«)-6c(6-c)-o«(6-c) 

■od  thus  obtain  the  factor  b~e     Vi^  ♦•.     *u 

4-cior  o-c,    iTind  the  other  two  faotora. 

squares.  °®  '°®  difference  of  two 
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Ex.  1.— Factor  **-hx*y'+!f*. 

Thfal  OXprMNioil  would  ho  tfm  mnumr»  nt  •!  _L  ..1  U  <!.         ■  .  .. 

J„"  Zl'liK*'"*  **^  ""'**''^*   '"•y  '*  -uccc^ful.  it  will  be 
Ex.  a.— Factor  a«  f-4A«. 

Thi.  OM  be  nude  the  «,uare  of  a»  f  26«  by  aiding  4««6«. 

.*.    a*  +  4b*  ^a*  +  4a*b*  +  4b*~4a*h*. 
Complete  the  factoring  .nd  verify  by  rnultipl.c.tion. 

Ex.  8.— Factor  4m«-16m»n«+»n«. 
Try  to  factor  it  by  making  it  the  «quare  of  2m«  +  3n«. 

Ex.  4.— Factor  a*+b*+c*-2aH>*-^H*-2c*a*. 

ExpreMitm  the  form  (o»  +  6»-c«)«     4o«6» 

Write  down  the  two  factor,  and  see  if  you  can  factor  each  of  »h.™ 
•gain  and  thus  obtain  the  rt^ult  ^  »  «»"  '^tor  each  of  them 

(a+6+eKa  +  6-cKa-6+cKa-6-c). 


Factor  and  verify : 
1.    a*+a»+l. 

7.    4A«-1.%«+I. 


■XSROUB  70 

a.    a?«+ari+26. 

fi.    4a«+l. 

8.    »a«-16a»4-l. 


3.    a-*+7x»+16. 

6.    ftr«+8a:V+I6y«. 

9.     ft!«-ft2«»*«-f64&«. 


FACTORtSa  1^ 

ia.«  find  thiM  facton  <rf  2i^*  t  M  wki  j-»  m»  f  x. 
14.    Find  four  fMton  of  (ln<    lUi%<  f  6«. 
M.    find  thrm  f«cton  trf  x*  f  r*  f  I. 

oqmpleting  the  M|UM«  of  a*-fri  f  el.  ^      ''> 

17.    Factor  (a  + !)«+(«•- !)•+(«- 1)«. 

itT'u  ?r  ^i  '''*»<»»^  ^Vo  have  alrencly  .|o«lt  with 
the  factoring  of  expre«.ion«  of  the  type  x«4  ,«.4  «  uiL  ^^ 
coefficient  of  the  flr.t  term  in  unity  (art  flit         *'  *•' 

We  now  wUh  to  fmtor  expreeaiom.  of  the  type  mxt+«,+„ 
where  m  k  not  necemarily  unity.  -'-|w+7. 

••.    nnt  M«tlM«,  by  CroM  MuitipllMtlon. 
Ex.  ].— Factor  2x«4-7ry+3y». 

.',  (ho  facton  muat  be 

. .  the  correct  faoton  aro  (2x+y)(*  +  3y). 
Kx.  ».— Factor  ar«-  73r-6. 

The  po«ble  MU  of  factor.,  omitting  the  sign.,  are  .- 

3*     3  to     2  3x     6  3,     I 


19 


AWKHHA 


.-.  »»!•  fMtoM  urn  (3*  t  SK*     »). 

Thi.  metho.!  i.  Ii.bl..  tc,  It  fr„.ml  t«iioiw  when  the  enefflcicnf 

=ar(ar+3)+5(2i-+3). 
=(2jf+3)(3jf+5). 

The  only  difficulty  in  this  metho.1  >.  In  flndin«  the  two 
Po«e.l.    Thw  difficulty  may  l»  overcome  in  the  following  way  ; 

(ar+6)(er +rf) =acr«-|-x(arf+6c) +M. 
of  x°^  !!^f  i!**'  P?''""  °'  '^'  *^  »*'™-  '"  the  coefficient 

In  the  trinomial  &rH lftr+  Ifi  above,  the  product  of  6  and 

•nd  10,  which  8how8  that  the  middle  term,  19x,  should  be 
decompoiwd  Into  Ux+  lOtr.  ""oum  tie 


IS» 


Kl.  I. 

TH»  two  fNTtoni  »f  M  wImmm  .uni  «•  1 3  an  4  wiU  tt.  •  -  •»• 

-  M^f  f  «)  f  3(3*  t  i), 
-<3*f  JK*'t3). 

Ex.  I.— P«fftor  l2*«-J7*-fl. 
•»  •vWw.lly       M  .,,,1  J,  "^  •urn  to    -  17.  arHl  tlM^ 

-  M3*   a)  Ma*  -  «), 
-(3«  ftH4«fl^ 


FMcUir  and  vwtfy : 
I.    »«+4r+3. 
4.    a*-lla4^|g. 
T.    «*-iarrfl4. 


71  (lit.  Onl) 


I.   a*4^liaf30. 


tt.     1-Sljrf3&r<.     II.    *«_««»+8y«, 


li.    |f«-4y-2l. 
It.    l»•^.8a.^3. 

is.     &r*-f-a;— 9. 


•.  I  f-fldr  +  Ar*. 

•.  ai-IOa+OA, 

19.  a*-l3a6+3(|6i. 

».  4r«-2ar-89. 

!•.  o«-ay-2y«. 

34.    6a>-a-l 

ar.  iar*-2ar-ft. 


17.    I~aa-iaa> 

*».    4jr«4-a»»4.3f«. 
as.    3jr«-*-l 

ae.   i«6.- 196-8.       ...   .«-_^_^ 

I.     l06«-896-9.    a».    ftr«-3l^fl2y«.    ao.    I0«»-20BA-t  I06» 
lllnd  the  tii)    lett  fMtori  of : 

»!.•  ar«-a.--ti«.  aa.  aa.+8«+6.  as.  ,-to.^-ftH. 

»4.    x«-»te«+4.        as.    ««-10b«+9«.  a«.    9b«-I0««+i 

•T.    (x«-  4,).-a(,.+4„_,5.      at.    (.•-9r)«+4<x.^«„-,4a 
••.    Without  multiplying  show  that 

flhUl;  th^r  !*^*r^.^L**'^''^  '^^  '-2.  th*  4u«ti«,t  bring  x»-,-& 
Show  that  It  I.  divaible  by  ,+2  and  find  tho  quotient.      "*'     *    "^ 
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43.  By  factoring.  Hnd  the  quotient  when  the  product  of 

8aM7aA-206«  ami  22a«_73aA-l46« 
w  dividwl  by  4a*~4ab-35b*. 

44.  Factor  a:«+&ty  f  4yt+x  f  y, 
4rt.     Factor  3a«-oA-2A«+«a+4A. 

4«.     Divide  the  procJuct  of  ar»  +  ar  t  2  n..^  -4     .   l 

100.    l>p.vil.    Sum  .ad  DUrwnw  Of  Cube.. 

Divide  x'-'+u'  bv  jr-i-u  •j..*-* 

Ex.  1.— Factor  8a»+276». 
''*'"'  8o»  =  (2o)»  and   276»  =  (3A). 

. .  the  fl„t  factor  i,  2«  +  36  and  the  «iond  is  ' 

(2a)»-(2a)(36)  +  (36)«  or  4a«-6o6  f  86t 
.-.     8a.+276.  =  (2a  +  36)(4o.-6a6+i5:' 


Ex.  2.— Factor  o*r»— 64y«. 


a*x*-  64y*=(a«)«-(4yt)t^ 

-  (or  -  4y«Xa««»  f-  4ary  «  f- 1  fty*). 


FACTOHISa  j^j 

Ex.  3.— Factor  *•-.  \ 

cX^  n-y  b.  «p,^  „  the  difference  of  two  .,u.rc  or  of  two 
•■     *«-y«-(««)«-(y.)..  „r(,.)._(^,). 


*"•»<»•■  78  (1-ia,  Oral) 
State  one  factor  of : 
1.    a»+6»,  2 


».     l-27ar», 
la.     (a-6)»-c». 
Factor  and  verify  13.21 : 


ar'fS. 


3.    x»-27. 


27-*'-        7.     8a!>+126. 
10.     343a;»-8. 


4.     lOOO-o* 
8.     l23a»-86». 
11.     (a+6)»-(-c». 


1>.    o»+27. 
16.    27ar»-64y«. 
19.    a»+6«. 
aa.*  2o»-16. 
as.    o»6+6«. 
a«.    (z-2)»+8. 


16. 
18. 

"aj. 

24. 
27. 


8a'4-l. 
1000x»-y3. 


30.    (o-i)3+(a+A)«, 


14.    a:»-8y». 

17.    8-27o». 

20.     x«-6». 

23.     81+3y» 

26.    a*-\-h*. 

29.    (a-6)»+o».  _, 

81.  What  ia  one  factor  of  (2x-y)*-(x-2y)*  ? 

82.  Show  that  (2a-36).+(3a-26)*  i,  divWble  by  a~b 
88.    Factor  (a«-26c)»+86V  and  27ar»y«z-y.,« 

84.  Find  six  factors  of  o>«— 6". 

85.  Find  two  binomial  /actors  of  (ar»-3x+3)»-(x«-Jb+6,.. 
*••     If  *  +  ^  =2.  find  th€  value  of  ar»  +  J, . 

»7.    By  factoring  show   that   («+6)*-3«6(a+6).=(a+6Ka3+6.). 
101.    Type  VIII.    Th«  ntetor  TheoMm     \vu  ♦ 
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1. 


xj  (X— j)(x-4)=o,  then  either  x-l=-n  «-      \.     « 
Since       (j:-2)fxi-7j.-L.  io»       .    „  .      °'  '-4=0. 

n  W6  SulMtituto  2  for  X,  we  see  th.»  ♦!••     • 

*.  we  see  that  this  ia  true. 

**-ftr.+  2te-24  =  2.-».2.  +  2fl.2_24. 

=  8-36    +    82   -24  =  0 

Sub.titute  ,3  In  ,•-«,.  +  „,_«  .„,  , 

•      .3i^V' '-"  =  "-54  +  33-6=" 
••     *-3««afactorofa:»-at«+iia,_a. 
D.v.de  .t  by  ,-3  «.d  the  other  f«,tor  «  ,._8.  +  2. 

•••     '•-«».+ n«-6  =  (a:-3)(;.._ar+2). 

.e^  When'::  '"rJortlLT+T-r  *'"'  •"^"*^°"  ™-*  *-«!'-«  to 
Thu..,+  ,i..,^torofx.-..:,fl^_,..„^ 

D.videby,+  ,.„dco™p,etethefactoring.    '^'"-'^'^ 
-^ny  expression  is  divisible  h*,   •         •*   .. 
««»  when  a  .>  subsS^fJl  '^       '°"^**'  ^*«»^ 

This  i8  called  the  faetor  theorem. 

Show  that  .+a  i.  a  factor  of  S^.+ft.^'+'fl^r,*;;,,. 

Ex.—Factor  .t»— 9x+io, 

W  it  ha,  a  binomial  faotor  it  murt  be  of  the  form 

Terti„„*     *u       /*'•    **^'    *±«or*±10. 
Tertmg  for  the«,  factors  we  find  that  ;r  -  2  i.  a  f«rtor 

The  factonng  i,  eon.p,et.  aa  .«+  2.-  «  ha.  .o  Jpie  facto* 


FAVTOMNO  ,^3 

108.  SpMial  CaM.  It  in  eiwy  to  see  when  x-I  i,  »  factor 
o  any  exprc«,.on.  for  when  1  ii.  -ubntitutecl  for  x.  the  v^ Le 
of  the  expression  becomes  equal  to  the  »u,„  of  iU  iie„tl 

Thus,  if  X.  1, 

:.  x-\  Is  a  factor. 


=  1 


2    -19   +20 


0, 


Complete  the  factoring. 


■XBROI8B  n 

Each  of  thew  expressions  is  divisible  by  x-1.  x-2  or  x-'K 
aU  the  factors  of  each  and  verify.  ^  or  j:-3. 

1.    x*-10r»+2ftr-20. 


Find 


8.    ar*+6r»-2a:-24. 
a.    ar»-7j:»+7.c-2. 
Factor: 

».    x»-7x+6. 
11.    o»+o«-10o+8. 


2. 
4. 
6. 

8. 
10. 
13. 


x»-ar»-I2x-f-14. 

x»-4x«+jr-|-6. 
4r»-ftr»-10tt:-|-3. 

a;»-2r«— x+2. 

a:'-19x+30. 

a*-3aA»-26». 


18.    Show  that  ar+2  is  *  factor  of  x»-x»_x+10. 
14.    Show  that  x+o  is  a  factor  of  a:»+7x«ki+ftK,«+3o» 
18.    Show  that  x+3.  x+4  and  x-7  are  the  factor,  of  x«-37x-84. 
16.     W  ar'-lftr+a  is  divisible  by  x+2,  find  a. 
the'Lt^i"'  *'**  "~*  "  *  "^"^^  °'  aH4a.6+aA.-fl6».  and  find  all 

1».    Show  that  0-6,  h-c  and  c-«  «re  factors  of 
«(&*-c«)+6(c»-o«)+c(a«-6«). 
ao.    n  .-1  and  x-2  art,  factor,  of  x»-5x.+ax+6.  find  a  and  6. 
by  xl2^S  p  tdT"''  "^  ^+2x.-17x+,  ore  both  divisible 


II 
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Thiw  the  equation  (x~3Uj-^a\  -n  • 
simple  equations  x-3.=0  and  x-'l-n  '^"'''*'®"^  *«  'he  two 

and  if  !~3=0.  r-3. 

. .  the  roots  of  the  equation  lx~auj.    as    n 

*'-7a:+12»0. 

the  «,uare  of  the  unZ^  at^noT T"    ""^^^    «*"**^'« 

The  pnx^ng  -howsTlTt Twe  wfshT"'.'^- 
^Mjuation  we  may  do  so  Zo^a^    T  "  *°  *°'^«  *  quadratic 
equations  of  whi'ch  it  t  ^m^'  ""^  '-*«""«.  the  simpte 

giv?nVat.?;ttir  ^"  -'^^  -^  «^-  *^e  roots  of  the 
Ex.  l.-SoJve  x«-6*-7=.0 


Factoring, 


(*--7)(a,-f.i)=,o, 
V    *-'  =  Oora!+i=o, 

*-X.  2 — Solve  3ar«+7x-fl 

prXb^'^btem  *  "^  ""  *°  «»k«  the  right-hwd  ride  ««t).  as  in  the 

3««4.7ar-6=o, 

V     3*-2  =  0or«+3=0, 
Verify  both  of  th«e  roote.       ''"'  °'  ""^ 


L 


FACTOaiNO  ,^ 

Ex.  8.-Porm  the  equation  whose  root*  .^  2  and  -5 

..^      .  *-2  =  0  and  *^  a-O. 

~.dth.«forcl.  (x-2)(,  +  a,  =  o. 

*'  +  3»-10»0. 
Kx.  4.-If  x=2  i»  tt  mot  of  the  equation 

«    ,    .  •»^'+3jr--16.r+l2=0 

tind  the  other  roots. 

*-2  =  0orar-I::=0orx  +  6  =  0, 
.    ..      ^^    •*•  af=2or  i  or  -6. 

. .  tne  other  rootii  are  1  and  -6. 

Mxmnaiau  74  (i-ie,  omi) 

•qL?„: :  '^'""°"'  °'  *••«   «"*  cleg^e  ia  each  of  the  following 

t.    (*-lKx-2)=0  2. 

3.    a<x-6)=0.  4* 

».    «»-4=0.  g* 

».    «*+5ar+6=0.  g 
•.    a;*+3oar+ao'=0. 

State  the  equations  whose  roota  are 

11.    2  and  3. 

14.    a  and  b. 

Solve  and  verify : 

17.    x*-&t+l5=0. 

19.    i»+2a:-15=0. 

21.    ar»-8x+4=0. 

28.    2a:»+a!=16. 

26.    x*-x=0. 


^~lXx-2)(x-3)=.0. 
■c*    4x+3=>0. 
*»-.      20=0. 
10.    x*-bx     126*=:0. 


12.    4  and  -6. 
IS.    2.  Sand  1. 


13.     -2  and  -4. 
1«.    4.  5  and  -6 


•\ 


1«.  a;*+ac+l5=0. 

i    20.  x«-2i:-16=0. 

22.  4a;«-2jr-2=0. 

24.  x(Zx-\)=iQ, 

a«.  **-oa:+te-aft=a 


m 

87. 


39. 

30. 


ALOSBRA 

(Note  that  the  .um  of  the  eoeffieienU  u.  «,«., 

Find  th^  """  °'  *"•  '^-«-  °'  '-  -—utiv.  „u„b.«  i.  ,[; 
31.    '^•^-ofaright.^WtrUng.e^,.,^,^^^,    ^, 

f«ctioni..  ^  «l"*t'on8  and  in  performing  operation,  on 

practical  use  of  factorinir    hr.T         i       *^*  P"P''-     I"  the 

l    <»+a|,.    (CoMiw  iMtor  111  ,w,  torn.) 

V  ^  I  !•  .'"""*"•  •'  "•  "■«••) 

VI.    oa!«+6a;+c.    (Irtaomlih.) 

»ra-     I*""*!  I»  lb,  iMto,  tttOIMIl, 


II 


..^rv. 


PArroRisn 
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■ZSKOIM  78  (m«Tl*w  of  Ohapter  XI) 
1.    Bute  the  ^,u.m  of  a  +  6.  «-6.  ,-3y.  2x-  I.  a,_5.  a«  +  **. 

8*-4y.  7a-3.  o«-l,  o  +  l. 

a 

a.     8Ut«thetq„.r«,„f«  +  A^c,,^y_,^     ^     ^ 

Vu,  .hort  metho.li,  to  (l„d.  i„  the  .m.plct  form,  the  v.luo  of , 
4.*  (*  +  a  +  ftH'-fa-6)f(4.    o-ftM'    «f6). 
».    (*•+*+ IXxi  +  *- I)    U«-,H)(*«-*-|). 

7.  (2a  +  36-c)i  +  (3a  +  6-2c)»f(a~26  +  3c)« 

8.  9«0«.-9998..  ,.     fi743.-42fl7.. 

10.     «)3X4»7-W2X498.  i,.     {„  + 99,.  _(„  +  „,, 

Find  the  umplest  factors  atiU  verify  12-29: 


12.  ««-»-42. 

14.  »»-4*. 

16.  **-o+a»— «. 

1».  «»+8«»-4r-20. 

ao.  18a«  +  32a  +  9. 

aa.   x*-ix: 

a4.     (*-3)«f-(x-3Kxf4). 

ae.    i-(-2o6-o»- 6», 

as.     o6c»  +  o«erf)-oW«^fc«p,/ 

ao.     4(a!-2>»  -x+2. 

«a.     (o  +  26-3c)»-(3a  +  26-f)«. 

»4.     I08o«-600. 
te.     ««-?*»- 18. 
•i.    «*-«y-132y«. 
40.     *HyH3ay(*+y). 
4a.     a»     4A»-3a-6fc. 
44.    o»+2o6f6»+oc+6o. 


18.     «»-ar«-«+8 

16.  a*  +  a -86. 

17.  27j:»-I2y«. 
10.    x*-ix*+2x. 
ai.     343-«*. 

23.     18x*f  48^4^32. 

aa.     l«*«-l«y»-I6(ry. 

a7.    «(*-2)fy(x-2)-x+2. 

ao.     2&r«y-4(krV+18irV. 

31.     24a«-3a6*. 

S3.     iar»-x-20. 

86.  «*+«-y»+y. 

87.  *»-y»-2»«y+2ay«. 
80.    (a+e)(o-e)-6(2o-6). 
41.    <Mf»-a!(3o6+2)  +  66. 
43.     •Mix+a)-y{yj^a). 
46.    o»-2a6  +  6t-o+6. 
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47.    «i«6-««6i-a«6«fo6«. 
4i.     gfa^*)*    (to  -6)i. 


Show  th.1  a-»^,  1.  .  ,^  „; 
*••    Without  multipliction  .how  that 

a«         m<    . .  .     .  '  ^ 


•.    Multiply  o«-6t_ci  ^2Ac  by  "  +  *+«. 


M 


"•  two  m^nt  w.y..    ^  --^'-ftV*  «  the  diilereno.  of  two  ««^ 
70.     I?— »—       .     .  -  "1"WB« 


♦•».     Factor    a*+b*4-^*    ..  «.. 

u.«ofa.-6._,V^*'"^'*'-^^-2cM    by    completing    eb. 
".    «'«"-'-to«o,(«._,..,.^,.,,^^^_^^^ 


X 


CHAPTER  XII 
•IMULTAHIOUI  IQUATI0N8  (eontinueH) 

106.     In  Chapter  VII.  the   «,lutlon   of  wmple   example, 
of  «,u«tion.  in  two  unknown.  h«,  been  c«n.l,ler«l.       ^ 

of  one  7lu        T""  '"""*•"'  *•*  '"  '"••»«  *»»«  coefficient, 
^nd  then   tL'l     T""  ""'"•"««">'  «»"*'  ^y  multiplication 

Jiirnrrttwl.""'"'"*""^  "•"  °'  '"^^  ""»«--  - 

107.    lllmlMtioB  bjr  Sataytation. 

Ex.— Solve  x-2y=  2.  ii» 

From  (I).  *-2+8«  * 

flubrtituting  thia  value  of  *  in  (2),  W 

«(2f2y)  +  7y-7g, 

.-.  10+IOy-»-7»-78, 

17y  =  68, 

8ubrtitutingy-4in(8),  JIiq.' 

Of  ^^rnf"*'"?**^.  ^**^  ""*'•"«  ^''^  ^*'"«  *>'  *  i"  t^rm. 
k/-  ^     ^^  '"**  substituting  that  value  in  (2;.    We  thu. 

Thw  IS  called  the  methotl  of  .UmliuUton  k,  rakitnotioa. 

We  might  t*ke  the  value  of  x  from  (2)  and  robetituU,  In  i  I). 

--••-'--  .78-7V.     .-.  ,=  Z»:^. 

s 


Thue  from  (2),  fa, 

Subatituting  in  (I). 

Compile  the  K>lution  and  verify  the  root* 


78- 7w      „ 


Hi) 


m 


H 


^^iKBRA 


-'-""-.  I. .  j«"S;*  ■""  -"  '-^ '"». ««» ^.^  „ 

'  f     • 


Tbu"  from  (|,. 


*'••-!, 

-^"•.•'.r* 


'"  ""  ""  "impter  to  dwTwith  "''"°'™ 


•  •"'*  trom  (3),  g  ^  39  -a- 
3     • 


(I) 
(2) 


7f3y 
2 


30  -  fly 
3      ■ 

f, ,  ■'•    ^7  +  ^)  -  2(3»-a„i 


v«lur«f7fmm  !h!l  /'"'  ^"'"'"^t'on  of  a-  bv  rn« 
^.  *••    Thrw  Method  •#  »•. 


^  MIMVLTASBOVa  iQVATlOSa 

8tol«  tb.  rUtt.  d  Meh  luikaown  Jn  !*««•  ol  th.  other  b, , 


w 


flolT*  by  aiibatittttkNi  mkI  Ttrify  i 

l»+«|f-4l.  4*^-3^-^11. 

It.    t>-ay«l4.  11.    a,-4y^|o. 

Soire  by  oomfMriMN)  and  verify  : 

«+«f-l4.  af-»»l4. 

Solw  by  My  Rwtbod  and  Tsrify  : 


IT. 


It. 


* 
t' 


'-»-» 


x+' 


III. 


n. 

14. 
SB. 


IT. 


t.    &»-4y-ia 

t.    t»_  y^io. 

It.       irf    %,.   7, 

It.    3r+4y«lO, 
4*-Jf-  & 

It.    |f-|jf+ll, 
I*- If -34. 

tl.      h-lM^M, 

Sk-I 


(*-9X|f-6)-(*-«Kf-3)--21 
•l«+-2ljr+ -52=  01,4.01^^3.0^ 

*'-J»'-*-7x-2y-«.^-??. 
fl  2 


at.    If  the  sum  of  two  iiumben  k  1  of  thii  .m.*^  •. 

«M«no.  of  th.  n„„be«  i.  how  nuny  tl«  t^TlTJ         ^"^'  *** 


llOi 


AUiKMHA 

<«4-  y-3t    10. 


(1) 

(3) 


"rf'Tm  then  lai,  •Um|ii,i|„„  ._j  .    , 


(4) 


••    "     <*'    "   (3).  .-.    7.-  ,.M." 

•-Sand  .-I  !„(,,,     V  ^'^  ^• 

Of  oourae  it  will  ba  —  -     «i._. 
•"imln-UHl  twice  from  n^'^.T:  7t»:*^  T'"""*  -*••»  «--  »-« 

(M -d  (3,  «,ri,ro;;  rrt^To  uzJiL'r '''  -^  •«-  '- 


HIMVLTASIttWM  lUil  ATIOMH 


1A3 


>,i  .'■  ■ 

a. 

|p  I   If- 
4. 

bo. 
ft. 


namotsB  n  a  «.  Of«i> 

•       W'.«»   .  >r,»,     n   will  niimilMtn   bfXh   *  mm! 


'I  ft) 


'^  *'»->*  (I) 

Wli»l  \m  llw  vdiw  uf  I  r     ^  f  »    I  -tft  (t) 

*-if  H-15  (3) 
vVh  .    .,..r,t„        HI  H|„i,«u.  both  y  mmI  :  from  <*)  *nd  (3)  T 


*l 


•ijt    .( 


«»l|f  -I  ? 


.»  .u  tItniliMl*  both  4r  Mid  I  (rom  ( I)  mmI  (3)  T    Wh«l 


'*T  ««*f»» 


-  low,  whi«h  Iriirr  U  NimplMt  to  rli)nin«t«  from  two 
cs '»««»•?    Which  ill  .No.  6  7    Which  In  .No.  7  T 


•ml  Vu<rify  t 

4rf3yf    i»-J4, 
'f4jrMUi.4|. 

».     4jr     Syf^  «^|0, 

*r-«yh«i     17, 

»-f-  »f  »-  1. 

i.  *-fff^3»--.^ 
4r-8#f&-t7. 
7Jtf8»    9j  =14. 

II.      xfjjr-l2. 


3y  fit 


-«i. 


It.     3f4r-fi^4y. 
«^*-3iy. 


7|f=-«+t 


1».    f  + 


S  ^  3 


?  +  !-^ 


+  ?  +  = 


3*Hf-4f--  7, 
6«-|f  ^a•-ll. 

'-»+  «      t. 
to.    jrty^SS, 

»f«-7a, 
w.    3(»-i)    -atf-iy, 

4(jr  far)     «9i  -4, 
7(&r-3it)»2y  —9. 

14.     \x^  |y+  1,  -36^ 

*'♦-  *»^-A»  -48. 
+  ?  +  !-!. 


a    4  ^  ft  ^  0 


!•.•  If  a-  f  2y  -25.  #  f  .T,    .W.  j  f  Cr^3B.  find  the  v.ln«  of  x+y+fc 


IT. 
findtr. 

18. 
Soda, 


T.     If 


-y^^»=i9,    2j'+y-=8.    y-4t=-6    and 


*+>+»+«— 12, 


If  ar»-fM!+c  k  ii  wiwo  *-i,  0  wiwa  *-«,  «ud  lu  wbra  jr-a. 
6  wdc  ^ 


tOi 


Al/JSBHA 


h 


'-*•««"»• '^^u.  when  L3       '"'•  -»  ''^  '—I.  18  wh« 

true.    They  «,^  then,for«  S  to  .r^f:  ^\'^''^  «•"  not  be 
«n;l  no  valu«,  of  r  and  Tc^  t  f„T„i T"*^"*  «■•  ••"Po«ibIe. 
We  thus  «ee  that  iZ  Z^J^*'^^  ^  «»*^^  both  of  them 
«  «M«*^  sdutian  only  ^T  ,     ?  ""^'"'^  «»»  *«« 

indHerminato.  '^'»«<wui  and  oon«H,ueotly       7,^  J+&ZS.' 


SIMULTAHmoUii  K(4UATIUN8 


lOS 


■XBBOZIB  7t 

2x-3yfi?  '*"~  '*''"  °'  ''''""  °'  '  ""*  *  **•'«'»'  -»»'V  the  equation 

2.    Solve  Zr+ Jy=  13.  &r_y=24.     U  It  po«ible  that  2*+3v-l3 
fe-y-24  and  4x+5y=  |»  can  be  true  at  the^TIe  time  T  ^~     ' 

Aboabout8*+I2y=eo.  ar-f9y=45T  ,  «-t-^y- *>  ? 

4.    8hnw  that  the  erjuationa 

x+sf4=3y,  aj:+«==2y+6.  2i:+i^=10. 
•re  indeterminate.     If  ,=5,  tolve  the  equationK 

\     a.     Find  two  iwlutiom.  of  the  «multoneou«  equations . 
x+y+«-iO,  'ix~2y  -1=1. 

For  what  values  of  a  wUl  the  following  «,U  of  equation.  Ik.  cn„Hi,t.nt : 
6.»  ar-  y=  a.       <     7.      ar+2y=  7.  8.    ftr-  ay=0. 

x+2i,  =  25.  iar-4y=  2.  ar-     y=2. 

«+4y=  a.  3r+oy=l|.  &i:-V»=S. 

9.    Show  that  thoao  equations  are  inconaiatent : 

2j:+3y-3*=20,  ar+7y-2j=5,  *+2y-z=6. 

118.    SpMUU  PrMtlonal  Bqiwtions. 
Ex. — Solve 


'    ?/ 

4     2 
^  +  --21. 


(1) 

(2) 

the  fr«,t.onal  form.,  by  multiplying  e«,h  equation  by  L.  ^Tv^; 
can  complete  the  aolution  by  this  method  ^ 

stJltd!"  "™'^*''  *'°*'^"'  ***  •"™°'**  "  '""  "-^  equation,  a.  they 


b' ' 


fl'^l 


'.:    f 


IM 

AWABhA 
Thu..  multiplying  (2,  by,  ^^^.^ 

19 


i^-W.     ..    94,-19.     ...    ,.j 


y       11. 


-*. 


•••    Jf-SL 


Th«  wlution.  therefore,  i,  ,»i  „,, 
Soke  and  verify  :  »*»»0I»«  79 


1.     «-,7 
24      21 


a. 


'+' .». 


0 

X 


y 


1. 


=  8. 


66 


7.     iy-Hx^xy, 
2^^ar=28ay. 

9.     ?+?=135_75 


7      0 


II. 


?-?-2. 
?-'-.7. 


8      3^  * 


»«   ,      i         11 


2y      2^  +  ^ 


'30. 


10.    ar  +  2_,^  5 

y  '^^y+14=^_2«-14. 


U. 


'^'-*'%+i-'^-i  +  ».*M,, 


''^  .'/ 


«:•«.  «3lve,l  by  „,i  ^Z^Tl""'  1  P"""«™  which 
g|vo  «.,„e  further  .L2ptTn  t^°,  "t"°"™  «'«  »»« 
not  then  considered.  I*""'  '"hjeot.  which  were 


P6 

bii 


aiMVLTASKOVH  KQVATIOSS 


167 

♦i.*^!S"-  ^'""^  number  h<M  two  (Ugits.      If  iw  j^,  ajHed  to  it 

Let  *  =  the  uniUi  diKJt  and  y  the  tons  digit 
.-.  the  number  lOy  hr. 

•nd  the  reversed  number  -  lUx  f^u. 

Simplifying  (1).  to_,^  ..  ,H  „,  ^_j^^2. 

o  ,    "  ^'**'  <l*Mly-88or*  +  u  =  8.' 

*''^'"«  *  =  «.»=.  3. 

/.   the  required  number  is  38. 

Verifloation  :  3«  +  1 8  ^  83.  33  +  63  =  88. 

Ja\  ^rJJ  ^  **  '^^^  ^  ^^"^  numerator  of  a  fraction 
h^  L  ^'^f  ^«"°'n'"»*<"'.  the  fraction  becomeH  J.  If  2 
had  been  subtracted  from  the  numerator  and  5  from  the 
denommator    the   result    would    have    been    *.      F^nd   ^ 


t«t     =  the  frmction, 

*+4 


1 


and 


9 9  I 

jTq  ='  a  ana  ,  =^     • 

.-.     2«+8=y  +  3     and    ««-12-y-8. 
.-.     2*-y=    -5     and    &c-  y=,7. 
Complete  the  solution  and  verify. 

Sometime,  the  wlution  of  .  pmblem  may  be  .implificd 

ortriz:„:""°"°"  -'  -  --^  ■"  -  •»  -p--  - 

Thu.,  if  two  numbern  are  in  tlie  ratio  of  7  to  6   we  minht 
«p^»ent  the  ^^  „„mb.r  by  .  and  then  the  IZ  Zm 


IA8 


^t^'SBHA 


Lot 
Let 


by  l^'^l  Then  iUr^'^'u  **■"'"''  '«  »«  r^Pi^nt  »K     . 

*no  UHe  of  fruttions.    .  -^  ''"'"g  «o  wc 

Ex    8 TK     • 

u.     ,^    ""• '""- «"« "lii.  '-"'■  ""- 

^|M<iMf<«,  then  l,ii,     n' 
•I  ■  income    -  |a,..  .^-^ 


Solving 


«ui<l  tlie  nunibew.  ""^  "  «iu«l  to  foiu-  n^^ 

where  hw  wiJL         ,T  "•"*  '^O"  a  Vear      H- 

•i-e  .»...i„,.~""'  '"•»  -.  «n„,  .t.  ,^':^-»?r  "i;  '■ 

'*'  «•     J*ijmJ 


■fe^^'JEi'?? 


i£!i.'' *l^.'^l«?»■c'„-*?:^v^ 


>¥«r^» 


SIMVLTANSOrs  KQVATlOSa 


••     Divide   120  mto  three   iwrtx    »)  that   I   .rf  .k-  «_» 

10.    A  number  between  10  and  KM)  u  h  ti«^  >k  #  .      . 

and  If  4a  be  •ubtnu;ted  fmmT  .il  ".*'.."""*  "«*  '«""  "^  '«-  ««igit*. 
number.  "'"**^»«*  '""»  '»•  »»«'  ^WiU  «re  revenwd.     KimI  the 

tl.    The  difference  of  the  two  disit«  of  a  numl-r  i.  j      ti.  ^ 

the  number  ^  the  reven.,  „„„.  J^  i-  na  "^J  the  num'^:;"'"  "^ 

^iL  ,^"""  °u  **^  *''°  **«"*  °'  •  ""•»'«"  «  U.  and  when  18  k 
«W«J  to  the  number  the  digiu  an,  „ver«rf.     Find  th;  rumLr 

w  n«i  Deen  aubtrscted  from  the  denominator  onJv  the  r^»u  L..i  i 
»»ve  been  J.     Find  the  fraction.  ^  ""  ''°"'** 

14.     A  number  conaiittii  of  two  disita  whoae  mim  j.  1 1      i»  .u      _j 
of  the  diffita  be  i«v»i».i    .i,-  u        .  '"  "•     "  *''*'  °^*>f 

than  twiS  .kT  "'^"T  •     .    ""'"'*''  *'""  obtained  i^  greater  by  7 
than  twice  the  ongmal  number.     What  i.  the  number?  ' 

81^  i^^!7r  "^T"  '•'•  •'***  °'  "  ""•"»*'  •«"  than  100  ia  6. 

tl»»c<»«lb,|.     Fl«l  ,l,e  numlen,.    (Th.  ™oip™..|  rf  ,  ,.  ' . , 
1«.     I  wiah  to  obtain  100  lb.  of  tea  worth  Xlo    ,w.,  ik    i 

«•«!.     FM  Ui.  ^e,  „t  .„h* ,  lb  ^"       '  '™^''  "•' 

SO.    Two  number,  an  bi   the  ratio  of  7  to    n     on...  ..   .•    . 

d"i!rr,  "^ "™  -^  '^  -■» "  <«''--'  ^y  s:'".:,!^.' 

■  '1  ■ 


160 


,1    / 


\',> 


I, 


^LfiSBRA 


f»»rm«i  bv  i»rp«i„_  ,k     .,     ""^  number  ..f  »»„  hj..,.     ^   , 
»*  -dd^l  .h.  digit,  ^ZTnlS  V"  '""'"^  «n«  Mn,  0     If  *. 

ad    Tk  *■***  **• 

*"•     ine  Hum  of  »>Mi  n. 

each  in  I*;  o„j  /l     ..     *  "umbew  ia  inofi      Tk     *^         *  •"  inverted 
J      ^'  -'' »'-  difference  of  the  mZi^uItTVJ,  HT  '^"^  »' 

«.     A  rancher  wlcj  ao  hoarf  nf  k 
balance  at  $m  h  head      Tu         ^"'^*  f^  «»  9^5  .  heiul  .  ^  .. 

per  ocrw      ««       *         "®  P"« hane  price  of  iwm  "*  ""^^  tlw 

I-  -«•     How  „«„,  horne,  did  he  ^li  Itl/gfJ  ^^^  "^Kl  at  ,« 


_J. 


aim  LTASKOIS  SQVA Tiosa 


l«l 

th.  numbrr  by  2.     Fimi  iho  number.  "•  "^i- to  !«.  thw  twfc» 

number  of  ,b.  of  uTpur^h^^'  """*  '^  "-  »'*«•      "^  »»- 

taju.lt«|.    Hhow  that  the  m.„lt  wouW  h.v  "«  "»  ••ul* 

T"  ''^  *•""  "I  had  been  .ubt«cUrf   Irom 
the  numeimtor  only. 

ML     It  k  ,hown  in  grometry  that  the  two 
U^nU  drawn  to  a  cinl,.   f^„  .  ^,  .„ 

«  *  M  the  number  of  dayi  required. 

I   .   1 


then   '  = 


••P^tely  in  the  following  number  of  day. :  «*  "y  ^  Md  i» 

(l)^inl0.£i„,5.    (2)  .1  in  20./*  in  5.    (3)  .^  in  |.  *  in  IJ. 


■XUOIM  81  (»«T»ew  or  OlMptar  XH) 
8ol**e  and  V(>rify  : 


1.     7*    ^==10. 
*»-2y=lo. 


3*  -  jf=»a 


•      »  »^2y       *^ 


8.     73»+y=,    75, 
«  +  73y=U7. 

3y+4r=ary. 


Its 

V 


I  5       •  -4. 


*  +  !»  +  •-.  14. 

17.    »rJ..*4«     ,^, 


AUiUBHA 


10.    *    **      »»-w 

'<■'  ^*)  «•  a. 

*        a  • 

*«     «*♦«..  7. 


\*-.?«_>Jf^;rM| 


>^. 


2        =•«. 


and  mmove  co,„,„o„  ,^j.,^^        (>*dd    and    .ubtr^j    n,e 

».     »''-«»y-.J«».«ft,-97y     ,39. 

*>•     What  v«lm»  of  *  and  „  .„.„       ,     ie*_  jj: 

**•     O'vide  unity  int..  .  * 

•"-. .» .i»»  .„/j::j;;  ',7-  ~  .h..  -.  u^ «» »«  ^  „^ 

■•  •      I  rm  trnii  diirit     f 


BIMt'LTASmWa  BQVATUiSH  \m 

M.  Kind  «  frMtion  m|ii«I  to  |  aurh  that  |  of  ihm  ckwomiiMlor 
noMda  I  of  tii«  nufn«nitor  hy  ». 

».  Two  xmtmtnm  who  arr  30  miliHi  «piiK  Ar*  to«Hh*T  •ft#r  a  hours 
\t  thiy  wklk  lit  oppoMt^  tlirMtioiM,  hut  *r»  imX  lac««(h«T  for  Iff  hotin 
If  thi.y  walk  in  the  mmm  diwtion.     What  mm  th^r  nit««  f 

80.  ^'»  «|(«  ia  nqiMl  u^  tlin  comhinml  «f|ni  of  Band  ^'  Ti»n  y«ani 
ago  A  waa  twtca  aa  old  a«  if.  Hhow  that  10  yuan  hmtoA  A  will !»  twi«. 
aa  oU  aa  C. 

•I.  A  hill  of  110  no  waa  paid  in  half  dollam  an<l  .|uartcn  mhI  four 
UnMw  the  nunilirritf  (|iMrt(<n«  PxronliHt  twii-o  tha  number  of  lialf  dollars 
by  \t.     How  many  of  inirh  wi>r<^  umhI  r 

ta.  If  fl  lb.  of  tea  and  8  Ih.  of  fnftns  roat  W  IMI.  mid  i...ffw  a<tvani<e8 
10%  in  price  and  tea  Ifl  and  they  now  ooat  |«-33.  find  tiie  prices 
per  lb.  of  each  before  the  advan>» 

83.  I  inv*»t  a  oertaiti  Hum  at  4  ,  and  another  muiii  at  «:^  and 
receive  $42  interest.  If  the  auma  had  been  interchanRed  I  would 
have  received  |H-ffO  more.     What  were  the  sums  T 

84.  If  each  aide  of  a  rectangle  ia  inrreaaed  by  «  feet  the  area  ia 
increased  by  273  aquaie  f«et.  If  each  aide  m  decreased  hy  fl  fM>t  the 
area  ia  decreased  by  22«  a({uare  feet.  Show  that  the  sides  oaii  not 
be  determined  from  thcwe  conditiona. 


8A. 


w.."'* 


0 


4«  -  ■  .  1. 


88.  A  grocer  wishes  to  mix  tea  worth  30p.  a  lb.  with  tea  worth 
40e.  to  make  a  mixture  weighing  «Olb.  worth  Mc.  a  lb.  How  many  lb 
of  each  muat  he  use  T 


37.     If  3*' 
that  a  ^3.  6<= 


air  +  3=o»»+6»+c,  when  x-. 
-  2,  c  =»  8. 


1  or  x>c2  or  «-3,  show 


38.  The  tens  digit  of  a  number  exceeds  the  uniU  digit  by  3.  By 
how  much  is  tiie  number  decreased  by  inverting  the  digits  T 

88.  A  train  is  27  minutes  late  when  it  nutkea  ito  usual  trip  at  M 
miles  per  hour  atid  ia  42  minutes  late  when  it  runs  at  27  miles  pm 
hour.     What  is  the  distance  T 

40.  A  piece  of  work  can  l>e  done  by  A  working  fl  days  and  B  16  daya 
or  by  A  working  O  days  and  B  14  days.  How  long  would  it  taka  aaoh 
alone  to  do  it  T 

41.  A  number  haa  three  digite.  the  unite  being  {  of  the  tens  and  4 
oi  the  hundreds.  If  390  be  subtracted  the  digits  are  rwersed.  Find 
the  rtunber. 

M  2 


Ml 


^l/JMBHA 


CWAPTER  Xm 
OIOMITRICAL  RinHtlMTATION  Of  UVUMMM 
114.     r«Mlita  t  jr.    The  vnliir  of  th«  rxpn-,^,n  .tr-S 


Th»M,wh«,  m-   4.3.2.  I.      o,   - 1, 

a»    J-IO.  7.  4.  I.  -«,  -4. 


-•.  -II.  -14. 


Wh«i  the  vuluo  of  an  exprwwkm  ii«|N*miii  upon  the  valu* 
of  X,  th«  exprnmion  in  calM  •  faatttoa  of  ^. 

H'T*  *■'•**•  I*  »  1.  <M*  (iinptiofui  of  X. 

Wh.1^  k,   th«   v^u«  „|  «^,,  „,  th«.  runotkm.  wh«  .-J.    i,  o. 

rn-t*«J  of  repeating  the  wortli.  ••  the  expteaaion  "  or  "  th« 
^.notion,     we  might  repmN,nt  the  function  by  «  .ymbol! 

Thu..  if  „  ,to  fl.  wh*n  ,  -  !.„,«,  ,^3.  y„,« 

If  *  J*  f  4,  what  mn,  ihm  vl.«*  «f  .»  wlw.,  ,  ha.  th.  val,..,  «.  S.  0. 

•lw«V«  the  name  vahie  .h  ,.«||«|  a  wMte.  while  a  quantity 
wlMMe  value  doeN  not  change  in  calle<l  a  MtictMt. 

vJilir«  *!!!hT'u'*'""  '!•  "l*^.  *^  '^  '•"••''•^  "'  »'^  »*r«nH,.e,  .« 
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AWBBRA 
il«-    Connected    V«rUbJe«      t 

t^^onnectetJ  tj,«t  for  everv Th  variables     may     be 

In  arts.  20  and  o,  ,,    ,  '"  *  ''"'»'»«« 

variable  q.m..titie.'„,;;'^*;;,rj"^';  ^J^  the  changes  in  tu 
diagrams  show  that  for  ,  jr^T"^'  '^'"  **  ''•'*«^«'»-  Tho" 
corresponding  variation  iril;::;:;;:'"  '"   ""'   ^^^^  '- 

t^e::iatr^e«^:ts;s^nis::^^'^^^  ^'^^ — oi 

.    ***•    A'»Jimetlo«I  Graphs     T»,»     i  .. 

"■"'on  .he  ™Snt '<,■?"■  *""""'• 
3  cents.  ""  "*^  represents 

*itr;clr^-'!-/''e  cost  for 

Read  from  the  /Lmre  *h„ 
'»''««.   5  miles.  9  nS     r  *   ?"*  '««•  « 
travel  for  9  cents  71  ""^  '•"•  «*"  I 

"*"•  21  cents.  27  cents  ? 


mile, 


1*0.  Of  Miles 


-  "•""'Jer  of  years  from 
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K     be     BO 
«»  there  in 


|>Bp.'r,  .wliiili    will   niv..   the 


Place  a  nil«>r  on   tin*   pointB   niarkp<i   A,    H,   f,    l>.    A,',  /■•.     \V|,nt 
pJHMilJHrity  (1(1  ydii  iidtico  ? 

Mako  a  Hiinilur  diHKratn,  on  H(|uarP(l 
interPHt  on  8J(M)  at  4%  fur  any  mini 
ber  of  yearn  from  1  to  7.  So  that 
your  diagram  will  not  occupy  too 
much  apace  vertically,  Huppune  each 
unit  on  OV  to  reprt>iient  t4  instead 
of  $1. 

Rea«l  from    your   diagram    the  in- 

tere»t   fpr   3  yeara,   for   5  years.  In 

how    many  years  in  the   interest  $8, 
124,  $4,  112,  S44  7 


Ex.  8.— A  Starts  at 
a  bicycle  at    8  miles 


Time  in  Yeara 


0  A.M.  on 

per  hour. 
He  is  followed  at  noon  by  B  on  an  automobile  at  Hi  miles 
per  hour.     When  and  where  will  B  overtake  A  ? 

Each  space  on  the  horizontal  line  represents  1  liour,  and  on  the 
vertical  line  4  miles. 

At  the  end  of  successive  hours  A's  position  will  be  C,  D.  etc.,  and 
B's  will  be  F,  a,  etc. 

The  line  OP  is  the  graph  of  A's  journey  and 
MQ  is  the  graph  of  B's. 

The  diagram  shows  that  B  overtakes  A  at 
the  point  R,  which  is  48  miles  from  the  start- 
ing point  and  that  the  time  is  3  p.m. 

How  far  is  A  ahead  at  12  o'clock  T  at  1  T 
at  2? 

Solve  the  problem  otherwise  and  compare 
the  results. 

Ex.  4. — A  Starts  from  i»  at  9  a.m.  to 
go  to  g,  a  distance  of  6()  miles,  travel- 
,„  ,  ^  '»ng  at  5  miles  per  hour.     He  stops  at 

12  for  one  hour  for  lunch.  B  starts  from  <?  at  11  a.m.  to  go 
to />  travelling  at  If,  miles  per  hour.  An  accident  detains 
him  from  12  to  2.     Where  and  when  will  they  meet  ? 

from  P*?L''  f  r'^'V°?i"'^J  "  represented  by  the  upward  line  drawn 
from  P,  and  of  B  s  by  the  downward  line  drawn  from  C 

on  VT  ^^'*"'"  °'  T^  **  ^^^  ^"^  «'  ^^^  successive  hours  is  marked 
on  the  diagram.    (See  next  page.) 
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Then    A    hw    travelled    ,     i 
l.our.        '"""   **    '«  mile,  7er 

-      '     »      ^''^"^  '"'*  compare  with   #1. 

■*•    A  man  walka  ■>«  *i.  * 

J,     J     ™  ''°''  •»  "P'-'oM  2  mile..,   '^°'  ■  '"W  ""I  on.  u.ut 

con.iraot .  Lf„rf" '?"" "" »«» pi»»  ir?  "^  ■*™'^'  •»<• 

"■".  'or  3,  tlTnlLV-  '•  '•  »■  '»  «-^  •  irX'™  { 
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ft.  If  8  kilomctreft  equal  5  miles,  coiutrutt  a  graph  which  will 
enable  you  to  change  into  rnilen  any  number  of  kilonietreH  up  to  20, 
Read  the  approximate  number  of  iuile«  in  3,  5,  11,  13,  18,  19,  20 
kilometres. 

6.*  A  itart*  from  Toronto  at  1 2  miles  per  hour  to  motor  to  Hamilton, 
a  diatanee  of  40  miles.  An  hour  and  a  half  later  B  startj*  from  Hamilton 
to  drive  to  Toronto  at  8  mileH  per  hour.  By  means  of  a  grai>h,  find 
when  and  where  they  will  meet. 

7.  The  distance  from  .4  to  fi  is  10  miles,  fl  to  C  8,  T  to  />  8,  />  to 
E  10  miles.  A  mail  train,  which  leaves  A  at  10  a.m.,  arrives  at  U  at 
10.24,  r  at  10.48,  U  at  11.12,  E  at  11.40.  An  express  train  leaves  E 
at  10.24  and  without  stopping  reaches  A  at  11.28.  If  the  mail  train 
stops  4  minutes  at  each  station,  show  graphically  : 

(a)  when  and  at  what  point  they  pass  each  other, 
(6)  how  far  they  are  apart  at  10.30  and  at  11.12, 
(c\  when  the  express  passes  through  B. 

120.    The   Axes.     In  the  diagram  the  line  OX  is  called 
the  axis  of  x  and  OY  the  axis  of  //. 
We  will  call  the  measurement  along 
OX,  X,  and  along  OY,  y. 

For  the  point  A  the  x  measure- 
ment is  3,  and  the  y  measurement 
is  1.  What  are  the  x  and  y 
measurements  for  the  points  B, 
C,  D,  E^ 

Examine  the  x  and  y  measure- 
ments for  each  point  marked  on 
the  line  OP.  What  equation  con- 
nects the  values  of  x  and  y  for 
each  point  on  the  line  OP  ?  For  each  point  on  00,  OR 
0S\ 

OP  is  the  graph  of  the  equation  y=2x,  OQ  of  y~4x,  OR 
of  y=x,  and  OS  of  y—^x. 

The  X  and  y  measurements  of  every  point  on  the  line  OP 
satisfy  the  equation  y=2x.    This  equation  is  not  satisfied 
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'«  it  »ati«Ht 


121.    Equation  of  a  Lin-     « 
;«t.HHed  by  the  value*  o^;  .^TT,  '^"^    '^"«^''^"    '/^^r  i 

^hat  «  the  «,uation  of  og  .  „,  ^ „  ^     ,  ^^ 
>2Z-    To  Conitruelthe  Grtph  of .  .,„     „ 

*    ■*.  y=»l, 

«  =  4,  y  =,  2, 
*==«'»  =  3.' etc. 

nmnnor  ff,„   poj,,.,    ',  "    '"    »    ■similar 
the  flfraDh  nf  fk;  equation  y=lx   a^A  v—^. 


Construct  the  graphs  of 


vxaRoisa  as 


2. 
«, 


3. 

6. 


y=kx. 

6y=2x. 


•^theaxisof.andVJr  Mhe'"'^*'",'''^  *''«  origin    XOX' 
of  the  Dtiinf  .1  •    ^  '^  ttie  axis  of  w     tk»  -al/Jl 

P«"^t  ^  ,3  4.  and  the  y  measux^^enUs  r^*'"'^'"^"* 
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Thew  are  rallod  the  eoordinalM  of  the  \Mmi  A,  4  U'ing 
the  jr  Qoerdiiut*  iiiui  2  the  //  eoordloata.  The  wx.nlinuteH  «»f 
the  point  A  are  written  (4.  2),  tiie, 
*  coordinate  being  written  firnt. 

Similarly,  the  c(x)rdinateH  of  fi 
are  (3,  r>)  and  of  C  (0.  7). 

So  far  ull  our  meaHurementH 
have  been  nmde  from  O  towarda 
the  right  and  then  upwardM.  We 
might  aim)  meaHure  from  O  to  the 
left  and  downwards.  When  we 
do  HO  we  indicate  the  change  in 
direction  by  a  change  in  algcl)raic 
sign. 

ThiM,  to  reach  the  point  D  we  meamirp  2  unitu  to  the  left  uiid  then 
3  units  upwards.     Therefore  the  coordinat(<s  of  />  ar«'  (     2.  3). 

Similarly,  the  coordinates  of  fiaro(  -6,a),off'(  A,  -:j).of«(3.  -5). 
and  of  «  (0,  -4). 

What  are  the  coordinates  of  P,  Q,  R,  S,  O  T 

Mark  on  the  diagram  the  points  whose  coordinates  are  (2, 2),  ( -4,  6), 
(2.    -5),  (-  1.  -3).  (0,  4),  (  -3.  0),  (0.   -3). 

Using  squared  paper,  take  tlie  origin  at  the  intersection  of  two  lines. 
Mark  the  points  which  would  be  indicated  tlius  :  (2.  -  3),  (ff,  fl),  ( -  3. 7), 
(~®>  —2),  (3,  0),  (0,  3).  Mark  any  other  four  points  and  show  how 
their  positions  would  be  indicated. 

126.  QuAdnntl.  That  part  of  the  plane  between  OX  and 
OF  is  called  the  first  quadrant,  between  OY  and  OX'  the 
second  quadrant,  between  OX'  and  OY'  the  third  and  between 
OY'  and  OX  the  fourth. 

Thus,  the  points  A  and  B  are  in  the  first  quadrant.  D  and  £  in  the 
second.  F  and  N  in  the  third  and  P  and  O  in  the  fourth. 
In  which  quadrant  are  both  x  and  y  negative  1 

126.  PlottUif  Points.  When  we  represent  the  position  of 
a  point  with  respect  to  the  axes  XOX'  and  YOY',  we  are 
said  to  plot  the  point 

When  two  points  are  plotted  the  distance  between  them 
may  be  obtained  by  adjusting  the  points  of  the  compasses 
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■xaiioiaa  •« 


^27.    Complete   Cnwli.      r 
TT-r-r-T-r-,— ^  ""Pni.      In  art.    122  u,«. 

of  :r  and  /  '  ^^'^'^^  ^'^'"e, 
P*««e8  through  the  points 


uhomkthh  AL  imi'HkstsTArins  of  m  mukh   m 

(-2.-I).    (-4.-2)  and    {-«.-3).    Thto   in  an  wo  would 
expect  liecauM* 

*«--2.  I/--  I  ;    r--4.  .y=-2:    4r=.-0.  ^.=  -3, 
all  Hatiitfy  the  rH|iiatioi)  ,v— jr. 

128.  Linear  Equation.  Tt  jm  Morn  that  the  grnp\\H  of  nil 
the  wjuntioiiM  si»  far  const nirlcHl  hnvc  lM>('n  xtraight  Ijiiph. 
ThJM  JH  triip  concprniiiK  nil  (>4|untionH  of  th«>  firnt  drgiw.  For 
thi^  rcn«on  an  o*| nation  <if  the  tir«t  degree  in  Mometimes  called 
a  liBMr  tquation. 

Since  n  straight  line  is  fixo<l  or  doterminofl  when  any  two 
IwintH  on  it  are  fix<'«|.  it  followH  that  In  cnnntruri  Ihe  ffraph 
of  an  eqtuUinn  nf  the  JirM  degree,  we  need  to  determine  only  two 
points  on  it. 

129.  Linti  not  putlng  throufh  the  Orifin.  Every  equation 
of  the  form  ;/=nu-  representH  a  straight  line  pajwing  thningh 
the  origin,  becaiisc  the  oqnation  is  Hatisficfl  by  r=0,  y=0. 

If  the  equation  contains  a  term  independent  of  x  and  >/, 
it  represents  a  straight  line  which  does  not  patw  through  the 
origin. 

Thii«,y  =  2x  f  I  roprcwntii  n  utraight  line  which  docs  not  psM  through 
the  origin,  because  thi«  equation  ia  not  satiMfied  by  *  =  0,  y  =  0. 

Ex.  1.— Constnict  the  graph  of  !j=2x+l. 

The  coordinates  of  two  poinU  on  the  lino 
are  x--0.  y=l  and  x-  I.  y..3. 

Locate  these  two  pointH  and  draw  the  .tn- 
limited  straight  lino  which  joins  them.  This  is 
the  re(|uirod  graph. 

The  diagram  shows  that  it  aim  passes  through 
the  points  (2.  5).  (-1,  -|),  (_2.  -3).  (  .3. 
-  5).  Do  the  coordinates  of  these  points  satisfy 
the  equation  7 

In  constructing  the  graph  of  an  equa- 
tion by   locating   two   points  on   it,  the 
pupil  should  try  and  determine  two  points  whose  coordinates 
are  mtegers. 
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Whkh  of  ,»M.  followinj,  ,|.,inl-  li.  .„,  i,  :   vi.  «).  (0.  8).  ,fl.  O).  (».      4). 
(i>.  ^).  (     l.1»)T     ^iTify  »•>•  <«m»triii»iiij(  thi'ur«|.h. 

IjV      B.v  ......tru,  .,„«  ,h^  aruph  of  2t    .ly     21.  ,|„.|  ,hr«.  M-t-  of 

po-iKv..  iiitcKnil  vrthMN.  of  r  ,Mi,|  V  whi.  h  wti«fv  thU  «,iiaiio„, 

of  .  an.l  V  whi..h  will  «.,Wy  2.    3,v    24.  but  only  .  Ii,n3  number 
whkh  will  utttiufy  2x  f  3y    24  T  '"""w^r 

IM.    GraphlMl  Solution  of  SImulUntoua  Equ«tloni.    In  thin 
.  laKmn,  nr..  .how,,  (h,-  Kr«|,|,«  of  iho  «,„atio„M  r  f-y    .i  «n.| 

iX       tiff  -  -  lit. 

Tho  ((MmiinntoM  (tf  the  point  /».  at 
which  the  lincM  int<Ti«ect,  inuHt  Hfttiitfy 
both  n|i,ationM. 
The  coonlinateH  of  /»  ni^^  (0,-1). 
.'.  jr=-6.  y--\,  miiHt  lie  the  vahiex 
of  X  and  y  which  Hatinfy  Ixjth  c<|ua- 
tio„H.  VVe  have  therefoitj  obtained 
the  Moliition  of  thcHo  two  e<jnationii 
graphioaily. 

Since  it  is  evi(ient  that  two  Htraight 
lines  can  intePHect  at  only  one   point, 

it    must   follow   that    thtrf    u  only  oiie  pair  of  roots  of  two 
«\muUanenun  fquatiotM  of  Ihe  fir»l  degree. 
In  this  <liagrara  are  shown  the  graphs  of 

(a)  r-.v=3,  (6)  2x-y=.T,   (r)  nx+y---l. 

At  what  point  <lo  thn  Krapha  of  (a) 
and  {!>)  inttrnect  T  (a)  and  (e)  T  (b) 
and  (c)  T  w        w 

Is  thero  «ny  point  which  in  common  to 
the  threo  linos  T  Are  there  any  valura 
of  X  and  y  which  will  satisfy  thcM  throe 
oquationa  at  the  same  time  ? 

When  three  equations  in  x  and  y  are 
all  satisflwl  by  ihe  same  vnliieii  of  x  and 
y.  what  peculiarity  will  appear  ii.  their 
graphs  r 


ffrtTTTTB 


.     «|..iv«i.«e  tc,  *»^,„g  thut  tluJ; 

/•""..^r.  with  art.  11,    wh^  ""*  '"^''  ""  -'"•'"« 
«Ji»<-..«^H|  '•  *'»*'"'  incoiwwtrnt  equation,  ww. 

«' th-..  will  .,«o  „,  „„  th^;'  l;;^f  h  IH.  „„  the  graph  of  one 

(3)  An  ecjuation  like  J-    i  l     '  "    ""• 

Thiw.  J. ^3,  y^,      ^^  '  "J'  '-S  and  any  value  of  y 

What  hne  doc.  x-.o  r^^^e^  7;^/*^  «'«• 


'•    "^h«tw  the  graph  of  «-4-.o»    n/ o 


4. 
al«. 


OKftHKTIttrAt.  HtPKKSKSTArtOS  nr  SrilBKH    in 
If  A/    2y    <(.  riprrwi  Mm*  tutwikm  tit  u  mwI  v  4«  *  fiinrtiiMi 


Mvt  gr*phk«lly  mmI  vvrUy  i 


a«-4y«ia 

«»-  jr. 

|(V-4jr-l 


T. 


V  10. 


11.  Hhow  by  Knipha  thiit  th«  M|iMtion«  jrfy-ft.  2.i'f3yo|S, 
3.1— Sy- A  h«ve  «  ronimoa  p«ir  of  rooU  aiuj  lind  them. 

13.  Hhow  gnphicAliy  that  t>-f3y«i|3  and  )jrf{y»2  an  incoii' 
iktmtt.    What  ia  peculiar  about  th«  graph*  of  tbaaa  aquationa  T 

13.  Hhow  grnphlraUy  that  no  valuca  of  x  and  y  wUi  Mtiafy  all  of 
Uw  equatkma  ^  fy -4.  2jr-y«ll.  4jrfy-i3.  What  valuaa  aatbfy 
tha  lint  and  wcond.  the  fimt  and  third,  the  Moond  and  third  T 

14.  Hhow  the  coordinate*  of  thapointa  where  th«  graph  (rfy«tr-f- 3 
euta  (i)  the  axia  of  X.  (3)  the  axia  of  y.  (3)  the  graph  of  y«6-s. 

lA.  Show  by  grapha  that  the  valoea  of  jr  and  y  which  aatiafy 
3x-3y+l»0  and  &(-3y-14-iO  will  alao  Mtiafy  3x-4y'-0  and 


■zaBomi  vr  (luvtow  or  otepier  xnxi 

1.  At  what  point  doea  the  graph  of  a-f-y«S  out  »he  axia  of  a  T 
The  axia  of  y  t  Conatruct  the  graph.  In  the  aamv  way  conatruet 
the  graph  of  x-f  4y»  -4.     At  what  point  do  they  intersect  T 

S.  How  doea  it  appear  geoinetrioi:*ljr  that  two  equaviona  of  the 
fltat  degree  ean  have  only  one  wt  of  roota  t 

8.*  Plot  the  poinU  (0,  0),  (-3.  4),  (3.  12).  (-2.  0).  Wb«t  ia  Um 
diatanoe  between  each  eonaeoutive  pair  of  theee  pointa  7 

4.  From  a  certain  point  a  man  walka  8  milea  E..  then  4X..  then 
2W..  then  3N..  then  3E..  then  48.  Uiing  aquared  paper,  determine 
by  meaaurement  how  far  he  ia  now  from  the  starting  point. 

ft.  A  man  wallu  8  milea  W.  and  then  88.  Find  by  calculation 
how  far  he  muat  now  walk  to  reach  a  point  4  milea  E.  of  his  starting 
point. 


in 


:\ 


ALOEBJtA 
••     "  J I  lb.  equal  8  kilo»r.~ 

'gramme..            *"**"    '*    k'logrammee    in    Jb.    "  d"°«T™* 
7.     What  M  the  Derim«#^ .. 


can  _. 

A«ad    iroin 

kilogranunee.  -  «» — ••""•    in    ib.    and    84    lb~"to 

'•     What  ia  the  perimetAr  ««j 
PO'nt.  are  (0.  0,.  (5.  Z^%  ^  ""•  °'  *^«  *"-«'«  who«,  .„g^ 

of  «^-^°riJ°  ^wh'^r /"'*  *»>''  PO'«t  (3.  -2)  H«.  . 

(S.  -e,.r-r:r°'  ""  *^-«'«  '--  -/  ioining  the  po.t.  ,«.  «, 

*":ang.eo,thesa;r^i:^%*''«  ^'"^  <""'  «).  ('i  O^ilVieL'ir.' 
Solve  graphicaUy  and  verify, 

14  o  I  **-3y=U. 

17.     What  ia  the  area  of  th«  7~  y=i*+fi. 

-;^int-(2!raL'';;X°'*-ofthe.iddlepointonheline,o^^^^ 

••    °°  *''*  •«»«  -heet  draw  the  grapha  of  .. 

!/=a:+4  «    ^     T  ''•'  «luationa 

What  peculiaritv!.  ^*' *'=*'- 2,  y=2x+2. 

-^.oudr-eor.l;S"Zttna";-^-'    What  eo„el.ion 

or  .rSnf  r '-^  --  ehe.  aete  o,  ,..,^  ^  „„^^^^ 
2*-6y=  2.  2^_  J^    »•  3^+2y=i3. 

-«-ateao.ttTt!^--,^enf;i-,-,V™  ^  - 
J  '        "«*''®«q«»tion8mpaira.) 


13.    y-a!=4, 
«=2. 
18.    y=ia;+4. 


^. 


•1/    -.    ^ 


} 
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25.  At  what  point  do  the  graphs  of  2*  +  3y=12,  ac-2«-6 
iateneot  T  At  what  angle  do  they  aeom  to  interaeot  T 
^  ae.  A  teacher'!  salary  u  increawjd  by  fSO  each  year.  His  wUry 
for  the  first  year  is  |780.  Construct  a  graph  from  which  you  can 
read  off  his  saUry  for  any  year.  What  is  his  salary  for  the  8th  year  T 
In  what  year  would  his  salary  be  1 1300  T 

"'hale  '**"  '"°°**"  °'  '"''''"*  2x-3y=.  1.  3x+2y  =  8.  by  eliminating 

2*-3»=l,      I      4a!-6y=  2,       I  x  =  2,      I  ,  =  2 

3*+2y=8.      I      »»+ay=24.       |      2a;-3y=I.       |  y=L 

On  the  same  sheet  show  the  graplis  of  each  of  these  sets  of  equations 
and  thus  show  that  they  aU  determine  the  same  point  and  that  the 
four  sets  are  therefore  equivalent. 


N2 


CHAPTER  XIV 


I  t 


HI0HB9T   COMHON    I'ACTOl.    ..„ 

S«  "  "*•«"  «>««0I, 

Wh     ??  '°  ''""P'"  "»>«•  '''°*"'  '">»'  they 

'he  fMlored  r«,„,u.        ™"  "  •>»<»  >»  written  do^S 

Er.  ,.-Rnd  the  H.O,F.  .„d  L.C.M.  „, 
.   Here  the  common  factor  ^^  =*»<*-«*)(*+ 3y). 

» .h.  p^„.  „,  .«"«.'ri:r:  Lt^i'*"'  •»■■'.»  1  h.c.p. 

■n»i-ajf  i.,h.''  "'""•''■*' -»"+S!')- 

^'-1.  *'+!.  ^'-x  and  ;r«+x«4-i 

180  -^-f  i;. 
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If  the  multiplicstiona  be  performed  the  L.C.M.  will  bo  found 
to  be  *  -«.  It  is  ciwtomary,  however,  to  leave  the  result  in  the 
iMtored  form,  m  it  i«  in  this  form  that  it  is  usuaUy  made  use  of 


\ 


aZIROZSJi  88 
Find  the  H.C.F.  and  L.C.M.  of  • 
!.•  4x»y«j!,  8iry«2»,  l2axyH. 
a.    **-y*,  xy-y*,  x*-xy. 
8.    a»-6«,  ab+b;  a*+2ab+b*. 
4.    x»-7z+12,  a:»+2af-16,  a:»-9. 
8.    a*+8a+l5,  o»-2o-35,  a»+3o-10. 
8.    3j;»-12x+12,  3*»-12.  3x»-3x-6. 

7.  x*-xy+xz-yz,  xy-fjK 

8.  m«-8,  m*n*-4m»n«,  4m»-I6m+16. 
».    6o»-66»,  2o»+2a«6+2a6». 

10.  a»+o6-oc,  a*+b*-c*+2ab. 

11.  o«-6»-c»-26c,  6«-c«-o«-2ca,  c«-o«-6«-2a6. 

12.  x»4-y».  z«+a;»i/»+y«. 

18.    3x»+7z-6,  3x«-lIa:+6,  ftc«-13a;+6. 

14.  10aa;-2o+15ca:-3c,  26a;»-l,  263:»-lCte4-l. 

15.  x»-6x«+8ar,  x*-3x*+Bx-l5. 

16.  u*-v*,  «»—»»,  ««—»»,  u—v. 

17.  a;»4-2a;»-8x-I6,  x»+3a;»-8a:-24. 

18.  Show  that  the  product  of  a;»-8x+16  and  a:«+x-12  is  equal 
to  the  product  of  their  H.C.F.  and  L.C.M. 

19.  The  L.C.M.  of  o»-5o+6  and  a*.  .  .  .  .-6  ia  a»~3o»-4o4-12 
Supply  the  missing  term. 

20.  Find  two  trinomials  whose  H-CF:  is  x-2y  and  whose  L.C.M. 
is  x»— 7xy»-j-6y». 


lit 

A  ME  BR  A 
Ex.  l-Ftod  th.  H.C.P.  „d  i,.c.„.  „, 

"  '1..  «n>~..™  h.v!ttl'''V  '"'+"• 

When  x-i.o  or    •=  i    .■    <> 

and  .^''*-3=(*-l){*+3). 

^- *-R„d  *e  H.C.F.  .„d  L.C.M.  „, 
Here  it  is  evident  th?*        .^  <*-«)(*- 2). 
Complete  the  aolution.  ^  +"*-«» 


■ZBROISB  80 

FindtheH.C.P.andL.C.M.of. 

2.  a«-6a+5.  a3-i9a.4.i7„+, 

3.  -'-2..+4X-8.  2.3-7..+  12. 


''k 


H.C.F.  AND  LC.M. 
6.    II  x-2  ia  a  common  factor  of 

z»+3*»-9*-2  and  »»-4x«+3x+2, 


183 


find  their  L.C.M 

7.    Reduce  to  loweat  terms : 


a*-3ab+ib* 


and 


x*-2x*-3x 


o»-19a6«+306»  2x^-^lii*-l2x 

■     *•'  r^i  ^"^Z  "P"«'0'»  o'  the  third  degree  in  x.  whose  H.C.F. 
u  x*-&x+6  and  whose  L.C.M.  ia  x«-iat»+3ax«-50j-+^24. 

188.  Method  of  flndlnf  the  H.C.F.  of  two  exprMtions  whioh 
«»n  not  bo  fMtored  by  the  usual  methods.  From  the  precedma 
It  18  seen  that  the  chief  tiifficulty  in  finding  the  H.C  F  of 
two  expressions  is  in  factoring  the  given  expressions. 

If  neither  of  the  expressions  can  be  factored  by  the  usual 
methods,  another  method  may  be  used  which  depends 
upon  the  same  principle  as  that  of  finding  the  G.C.M.  of  two 
numbers  in  arithmetic. 

184.  Pundamental  Theorem.  This  method  of  finding  H.C  F 
depends  upon  the  following  theorem  : 

If «  to  •  eommon  faetor  of  any  two  quantities,  then  ;«;  to  abo  • 
laetor  of  the  sum  or  dlfferenee  of  any  multiples  of  tiiose  quantities. 

Ihus,  ar  IS  a  common  factor  of  mx  and  nx. 

Then  »^+n.r,  mx-nx,  pmx+qnx,  rmx-anx,  are  each  the 
sum  or  difference  of  multiples  of  mx  and  nx. 

It  is  evident  that  each  of  these  is  divisible  by  x,  the 
quotient  in  each  case  being  found  by  division,  thus  : 

x)rM+t^^        x)mx-we  x)pfnx+qnx  x)rmx-m» 

m  +n  m  -n  pm   ^qn  '  mT-m'- 

The  way  in  which  the  theorem  is  appUed  is  shown  in  the 
foUowmg  examples. 

Ex.  1.— Find  the  H.C.F.  of 

a:»+4x*+4x+3  and  a:'+3x«+4ar+12. 
is  f;"yg*'°'"'°°"  ^'^^'  o'  »•>«««  «  «  'actor  of  their  difference,  which 

^^^  **-9=(*-3)(ar  |-3). 

.-.    the  H.C.P.  is  ae-3  or  x+S  or  (3!-3)(iB+3). 


IM 


ALOgBRA 


It  ia  evident  that  m     «  i 

»ne  M.c.F.  •"»"  oniy  oommon  factor,  it  muat  b« 

Ex.  «.-Pind  the  H.C.P.  of 

J  int<,  the  oth^V^rif'ftra^Ct:'/'';'"  •  ''^  '"'*  "-— ^  to  divide 
difference  it  „,u.t  be  .  t^^r  otZJinL^"'  °'  *'''"  "^  '^  <>'  "hS 

Ex.  8.-Find  the  H.C.P.  of 

Multiply  the  fl„t  bv  2  ^A      ...  ««+2I. 

~.d  we  get  "'  '^  ^  •"''  -btract  u.e  product  from  the  ««ond 

Now  since  9{a!-l)/3,_7»  .    *u 
f,7"  "P««"on,.  it  must  contl'  ^2"'  °'  *"°  ""'^'P'*"  »'  the 
Wel^iS:;'^"'  ""^  "^  '"■«'*'^-«"     Cotple^Th""'.''"**'"-    W^^oh 

«pre«ion-.  *«  '^e  common    factors   of   the   riven 

Complete  the  solution  by  this  method. 

The  object  in  each   case  is   tn  «k»  .     ^ 
expressions    a»    expressioT oT  iZ  '^   '^"^    **»«   P^en 

expression  can  nofbe^Ltld  it  ^^^  *^^''-  "  *»>» 
there  is  any  common  factor  ouferth^"'*  ^  *^"  ^^^'^  « 
factored  the  H.C.P.  can  th^n  k.  f  ?  ""'^J^'  «  i*  can  be 
theorem  or  by  ordin^^^civSo^  '°""'  ^'^^«''  ''^  *^«  '-tor 
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115 


In  obUining  the  exprcwlon  of  the  «jcond  doim»e   the  lut 

Ex.  4.-Pind  the  H.C.F.  and  L.C.M.  of 

tta:'-flx«-8*+3  and  4x»-8a;«+x+3. 
EllminaU.  the  •bwlute  term*  and  ihow  that  2*-3  i.  th«  if  f  v 

ft«»-a»«-8x+3-(2*-3)(3««  +  2x-|), 
4ar»-&t»+,+  3  =  (2,-3)(2*i-,_i), 
.-.     «heL.C.M.==(2*-3)(3«i+2«-I)(2«i_,_|). 
Why  i.  it  unnecemry  to  factor  Zx*+2x-  1  mnA  2x*-x-  \  t 

Ex.  6.— Find  the  H.C.F.  of 

**-4a:»-f-10a:«-IIar+lO, 
'""*  a;«-x»-4x»fl0x_l5. 

Subtract  ( 1 )  from  (2).  and  we  get 

3a;»-14as«  +  30r-28.  /,. 

««»-14*»+2ar+5.  ... 

^The  ^common  factor  we  a«,  ««ki„g  „u.t  be  a  factor  of  both  (3, 

H.aF"'i;^1_t:^'"*'  "^^  '""  <«>  «^  <*)  -<»  -how  that  the 
Find  also  the  L.C.M. 

Ex.  6.— Find  the  H.C.F.  of 

8x«+4x»+4a;»-4a;  and  ftc*+2x»+2a;«-4x 

186.    Product  of  the  H.C.P.  and  LC.M. 

Suppose  that  x  is  the  H.C.F.  of  mx  and  nx  so  that  «.  i.n^ 
n  have  no  common  factor.  ^  *"*^ 


(1) 
(2) 

(3) 


"•  ALOKBRA 

Then  the  L.(  M.  of  wur  and  nx  i.  mux. 

®"'  '-xn^nx^mxxnx, 

therefore  tht  product  of  any  two  auatUUitM  iM  -— i  ,^  ,t 
product  of  their  H.C.FandLCM  "•  *9^  to  th. 

If  the  H.C  F  of  two  quantities  han  been  found   we  miahfc 
th«efore  find  their  L.C.M.  by  dividing  their  piSurby  t. 


KCSBOZSa  00 
PindtbeH.C.F.  of: 

!.•  x»-7x«+13*-ia,  *»-ftt»+*-f.20. 
a.    a»-10a»+33a-3«,  o»-2a«-23o+«). 

4.    2»»-ax«-aO»+9,  at«+x«_4ar-9. 
8.    26»+M»-M-18,4ft»-46i-e6+5. 

6.  3x»+17xV-44ay«-28y«.«r«-a,V-3ary«+28y» 

7.  2o«-8a«-4a+4,3a«-4«.  -IOb+4. 

9.    18a«6-3««6-12a»6-3a«6.12a«c-flaV-9«S,+3a%. 

10.  x»-ar»-2x+2.  a:«-3*»+2x«+«-l. 

Find  the  L.C.M.  of: 

11.  x»-7*-6,  i»-4x»+4»-a 

12.  »«+fe«+ll,+6.  x«+7x«+14x+8.  ««+8x«+lftt+12. 
18.    at»+ftri+7x-3,  3*»+&t»-15x+-4. 

14.  *»-«t«+llx-6,x«-7*«+14»-8. 

15.  aOxHx*- 1,  2&t«-  iat«+ 1,  2&c«+fl,r»-*- 1. 

16     Find    a   yidue    of   x  wUch    wifl    make  :ri-iat+12  and 
*^-wr*-a;+30  each  equal  to  0.  »«-r«   mm 

17.    The  LCM.  of  two  numben  it  70  and  tke  H  r  V  <.  7     i* 
of  the  number,  i.  14.  find  the  other.     '"•«**'»  H'«?-'^- ^ '•    «  one 


■( 
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in 


If  OM  of  th«  MpnMioo.  i.  ,«-7*+ 10.  And  the  other. 

M.    Two  Intaser.  differ  by  II.     If  th.y  fc,^,  .  „„„„„,„^  ^ 
ottor  thu  unity,  wb«t  nuit  it  b«  T  «««»»on  uoior. 


■Samom  M  (Rcrtow  of  ObapMr  xm 
Find  the  H.C.P.  ud  L,C.M.  of 

t.    ••-l&r+Sfl,  »»-27,  ««-S»t_j,+  9. 
o«-6».  a*-Sa6+6*,  o»-6». 
»»-2«i  -  ia«,  «•  +  ,•_  Ux-24. 
4o»-12a«-o+3,  Sa*+a>-18a-0. 
»«-o«-6«+a6,  *«-6«-c«+6e. 
*•-«*•+ »»»-«.  *«+4««+,-e. 
•H3»»  +  3»«  +  8,_  12.  ,«-4»»-  !«,•+  |to+  ,2. 
aoHlfla«+39a«+40a+12.  2o«+»a»-2a«-30o- 18 

«*-«««»+lS,V-I2«V+4y«.x«+2»»y-arV-4«.  +  4«« 
U.    «H*V+y«.»«-2»V+3«V-2ay«+y. 

otii  t.:::"rti.  '"XT  ^rie^T  '^ '  '-^-  •  -"-- '~- 

14.    Find  the  H.C.P.  of  x*+a*  and  ««+««o«+a». 


7. 

''    s. 

t. 

10. 


IS. 

J 


If  the  H.C.P.  of  o  and  6  is  d.  show  that  the  L.C.M.  is  ?* 

d 


oft 


17.    For  what  common  value*  of  x  will 
both  vanish?      '•-3»*-«+3«d,«-4«.+  l2.-» 

«•    ^•'-•ll?^^^^^^  to  lowest  .«„. 


CHAITKR  XV 


PKACnoifl 

In   Chapter   IX.   frwtion«   wore   introduced   and   .imole 
example  of  operationi.  upon  fractioiw  ^ 

miL  t**^  ^'^'  *.?'  '^^^^  *■  "*«'^«J  wd  •pplloatJon. 
made  to  more  oompUoated  formn.  ' '  '"'•"°™ 

186.    ChMiM  la  th«  Pons  of  a  PrMtiea     Both  ♦«««.    # 
fnjotion  may  be  muItlpUed  or  divlri^t^hfleTuJt hJ 
without  altering  the  value  of  the  fraction.    TprevS 
^ted   the  only  exception  to  thi.  rule  ia.  that  the  q3 
by  which  we  multiply  or  divide  mu.t  not  be  wro  ^ 

The  rule  might  be  .tated  in  the  symbolic  form :' 
—  =,  ?!?  *-*•<*     a 

The  caae  in  which  the  term,  are  multipUed  or  divided 
by  - 1  deserves  special  attention.  "viaea 

From  the  rule  of  signs  for  divisioo  :;-  is  *»n  to  be  the 

same  as  -  ?  so  also  is  ^. 
6  6 


—a 


a 


Similarly, 


-b^'b       ■    b -6 

It  is  thus  «een,  that  the  value  of  a  fraction  is  not  i^h^^^ 

188 


FRACTtOS/f 


m 


!»^'"'*.!  ^H'.T'^ '"  "*«"• "'  **"*  *'^''  ""*'  *-  «i"«i  t"  »»»«• 

other  multiplied  by  —I. 
Hut  ia.  a<-fr--(6-ra)  Mi  b-a^-in-b). 

It  Wlowt  that  («-*H<i-rf)-(6-aKrf-e). 

*"  "*  — *•  M 

(*-«H«-if)     (»-6K»-«) "  (6-.Hr^  "  •*^- 
■xamoini  m  n-m,  onu) 


«T* 


•t 


•  ^. 


-3x-6 


10. 


8 
— m  * 

—axb 


"        1  —-^6 

Ezpna  with  the  numentor  a—b 

h-a 

"••=3- 

-»  -0  -  ■  x-y 

ExpfCM  with  the  denominator  c  — <{ : 
-5 


— e 


*••  -  — r  •        15. 


4 

■ 

la. 

16. 


17. 


d-c 


"•      d-c    '      ^*'-d~c 


ExiMtM  with  the  poiitire  tign  before  the  fnustion 


-3a 

—a 

—ax 
'  -hx' 

-a.-b' 

_b-a 

-3{e-d)' 

-m(x-y) 
d-c 


ai.  - 

26.  - 


7 

X 


"•-=7 


».    Wh*t  ia  the  relation  between 


27.  - 


a 
b' 
ar_2 

X-if' 


2*.  - 
28.  - 


a-b 

e 
e-d 
e+d* 


V"—  and 1 


a+6      .fc+o 
-—V  andj^ — I 

O— 0  0— 'O 


6— o      . o— 6 
~3«nd-3-t 


'**  ALOgBHA 

i%- M«.  e  Jut "  •'"'''^  "^  •'^  *^  »«*«- 

(.-»M*-.)(.-.).  (*-.Ke-»K.-0.  (-*Ke-»X.-«). 

J«T.  nnr^n  1  rrM«o«  ,•  uw,  T.r«..  Th.  formul. 
A^  =»  i  m«y  be  iu«|  to  i«luce  •  fnurtion  to  it.  l»»Mt  ^m,. 
by  dividing  both  term,  by  .11  the  oommon  factor.. 

Ex.  l.-R«IaM  ?!±*^*±a!* 
»*— A«-f-c«+2oc 

Ex.  8.-Reduo#  ^^'~»lx-f-28 

2x»-ftr«-f-7ar_60 

Compi^  ttSl^tiot*""   **"  ~*  *^  *"*«  »»«   d«H,mii«tor» 
Ex.  4.— Reduce  ^*-»ga?'-lftr^-6 

33««+33«-n  or  ll(Sx«+S*-  1) 
drawn  r    Co«p|  JthT^^4^    ^'^^  "•"'  ~''"*»^«-  ««  b« 


PMACTIONa 


Ml 


t. 


1. 


■UMnui  ■• 
IUd«M  tokwwi  tormi 


i.    ^1 


?.• 


11.    ? 


11. 


«. 


t. 


10. 


u. 


14. 


4-5f-By«* 

M««+t7«*-4Q>-ie' 
tH-4r»-t»«--lii 


m.  AiiWM  »|  •■NfMltoB.  In  .dding  or  «ibtnwtlng 
frMtion.  we  .hould  be  oveful  to  note  whether  any  of  the 
given  frMtiona  o«n  be  reduced  to  lower  tem».  When  the 
reeultib  obtained  we  ihoukl  examine  it  to  eee  if  it  can  be 
Nduoed. 

Ex.  l.-8implify  •-y+  j!L_*l'*+fV 
The  «xprMaion       -  ^LzJf  ^  JM 

«  '     m ^ 


■  *zJ'+_§!L__»!(»±f) 
•        m~n     m{m-yy(a^Y)' 


«(»-y)"«-y' 

The  form  of  the  ket  fnotion  in  the  given  expre«ion  thoald  promot 
the  pupa  to  exwnine  whether  it  ow  be  iwluoed.  promp» 
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1 


1 


Ex.  2.— Simplify     '     +    . 

The  oxprenion 


;r--«  +  , 


a>-2      (a»-lK»-2)      [x-3)(x-l) 

_  (*-Jl)(*-3)-f-«-3-2(»-2) 
(x-2K«-l)(«-3)  ' 

_  _    '•-8*+4 (x-4){x-l) 

(af-2)(«-  IMa-S)  ~  ("x-2Ki-  lj(x-3)  "  (x-2)(x:r3)  * 


x-4 


Simplify : 


■XBROira  M 


«. 

7. 
10. 

la. 

14. 
16. 
18. 
20. 


g— 4      g— 7 
0-2      g^' 

2j« 2~«_ 

x«_yi     x*+xy' 

1 


3. 

5. 

8. 
1 


1 


1 


*-!/     x+y 

2a*         2a 
o«-6»     o+fc" 

-?=*!- 4- _L 


8.  *+»    *-y 

x-y     x-iry' 


x«+9*+20     a;«+12x+36' 

»'— 3»— 10  _  ar*+2a;— 8 
««-8a;+16     a:»--3ar-f2* 

o«-aft+6«  _  o'-i-aft+fci 
g— 6  g+6 

g— 6    ,     g+A       g*+6« 


2(g+6)^2(g-6)     g«_6«' 

_L_.    2g+96      _1_ 
2g-36  "^  4g»-96»  "^2o+36 ' 


11. 

18. 

15. 

.17. 

19. 

4 


2x-y 
2x 


6. 


9. 


g— g*      l+g«' 

»*-4y«  _  x-2y 
x*+2xy        x 


x+y      x—y  "^  x«— y« 


ar— y  ,     2x 


y 

x+ 


x*+x*y 

x-y     x*y—y*' 

Axy        y—x 


x-y     x*-y*     x+y' 
3a!«-8        5a;+7     ,      2 


a;»_l      ar»+z+l'^x-l' 

J 2_._i_ 

«-l     «-2^x-3' 


;;«-3a:+2"^x»-7x+10     x»-6x+6' 

21.    (,g+AXft+cXc±o)  _  g+6  _  fe+c      c+g 
gAc  c  g  6    ' 


aa. 
as. 
a«. 

as. 
ae. 
a?. 


FHACriOii8 

a'-&«+26c-c«  _  e*+2oa+a*-6* 
6*—e'+2ac—a*     6*+26e  ^e*—a* ' 

oMft-e)«     6«-(c-o)»     c»-(o-6)« 
(o+c)»-6«     (6+o)»-c« "'"  (6-f-c)«-o» 


18S 


o«_2o 


3a 


Sa 


o»-o-2     6a-4     6a*+2a— 4 " 
-L--Land-i \ ?V_. 


1 


1 


2y 


4y« 


_1 1_    _     2x^ 

3-x     3-f-i     9+x«' 

;    2g     _o_   ,  ^^        2a«         4a«6« 
o-&''"o+6"^o»+6*     a«-6«* 


,  29. 


1 


4-4a;     4+4a;  "^  2+2a:»      1-i-z* 
X  15 


30.    Solve 


I  12  1      ,v    .,    , 

*»+&r+6  ^  z«+ftr+ 14  ~  iS+i^+gl  =  4  *    (Venfy.) 


139.    Speelal  Types  in  Addition  and  SubtneUon. 
We  have  already  seen  that 

6—0=  — (0—6)  and  0—6=— (6— a), 
or  (a— 6)-:-(6-o)=-l. 

When  0—6  and  h-a  occur  in  the  factored  denominators 
of  different  fractions,  which  are  to  be  combined,  it  is  not 
necessary  to  include  both  of  them  in  the  L.C.D. 

Ex.  1.— SimpUfy  -^  +  _*_  . 

Here  only  one  factor  ia  required  in  the  L.C.D.  and  we  may  use 
either  a— 6  or  6  —  0. 
II  we  decide  to  use  0-6,  then  it  is  better  to  change  the  second 
6 
"0-6* 
b  a  I 


fraction  into  the  form 


Then 


^     a    _  ^ a~b 

a—b  ^  6—0      a—b      0—6  ~  0—6 


=  1. 


IM 
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Ex.  2.-SimpUfy  -* L  4.  ^iJ  . 

X— 1      ar-j-l       1 — X*' 


«>1i*J^^°»T'"'!!!i  "'  ^^  '"*  '"^*'*'"  •'•°»'d  be  changed  to  z*-\ 
■o  u  to  be  the  product  of  x- 1  and  x+ 1.  »~  •«  «      1, 

The  expraaaion  -  -i-, ?_  _  ''~^ 

te-l      «+l      xi-i' 

_  4(«-f. I) - 3(a;- 1 ) - {x-S\  10 

(.'B-1KX+')       =(»-i)(x+r)- 

Ex.  8. — Simplify 

- \ -.-  2  3 

(X-  l)(ar-2)  ^  (x-2)(Z-x)  '  (i-3){l-:c) ' 
^  Here  there  are  only  three  factor,  x-1.  x-2.  x-3.  required  in  the 

ex J!^!r'°"  "'"'"**'  *"'  '^°""  ^^  *•*'"*  ''«"°'"  "°  *»>•*  ">«  given 

» 2  _    ^  3 

(*-!)(*- 2)      (ar-2Ma;-3)  "♦"  (i^SKi^Tr)  * 
Complete  the  aimpliucation. 

140.    QreUe  Order.    Suppose  we  wish  to  simplify 

(a-6)(a-c)  ^  (6-c)(6-a)  ^^  (c~a){c-b) ' 

rr.^tb^'\^  this  case  will  contain  three  factors  and  it 
might  be  written  in  diflFerent  forms  as 

{a-h)(b-c)(c-a),  (a~b)(a-c){b-c),  etc. 

The   pupil   is   advised   to  write  the  factors  m  what   is 
called  eyelie  order. 

If  we  arrange  the  letters  on  the  circumfer- 
ence of  a  circle,  as  in  the  diagram,  and  follow 
the  du^ction  of  the  arrows  we  see  that  a  is 
followed  by  b,  b  by  c,  and  c  by  a. 

ThuB,  if  we  write  a-b   as  the  first   factor,  then 

.ri-^i:^:^t^:^^r^^^  ^^^  .he 


FRACTlOSa 

The  given  oxproMion  then 

=  _  __*±<L_  _     _«+o 0+6 

(o-6Mo-a)      r6-cKV-6)  ~  {i^a)(b^)* 
_  -(<'4-cKfc-e)-fe4.o)(o-/,)-(a4.fe)(B_fc) 

(a-6;(5-cKc-o) 
=  -ft*+c«-c«-fo«— c*-^6« 


IM 


Ac 


CO 


Ex.— Simplify  ,      .- , .   ^ 

(a-6)(o-c)  ^  (6-c)(6-a)  ^  (c-aj(c:i6)  * 

Proceed  aa  in  the  preceding  example  and  you  should  get  the  result 
— 6%+6c«-  c«o4-oo«-oift-f-afet 


,  ah 


This  fraction  is  equal  to  unity,  (or  the  numerator  is  equal  to  the 
denonunator.     Prove  that  this  is  true.  •«  ««o 


Simplify ; 


1.* 
8. 
5. 
7. 
8. 
U. 


13. 


0*+0X        X*403!* 

g+3     x-3 
«-2     2-a!' 

2  3 

o»-o6     6»-^* 

_2 3^      a;«-3 

«-l      ar+1      l-x« 
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3 
4. 

6. 


y 


!/• 


*-y     a;+y     y«— a*' 

_J 1_      _6o 

6+3a      3o-6"^6»-i 


y. 


10. 


8a* 

12.     ^+^  _  3o-2a;  lftr« 

3a-2a;      3a+2x  "^  4z*-9a* 


_i 4 8_      .1r+7 

«-l      1-x      \+x'^  x*—l 


6 


3 


2a-36     36-2o" 

-^      4.-i__ 
«»-9y»     3y-x* 

x-\-a     x*—a* 
a— 5     o*^^* 


x-2      2+x^4-x» 


24 


«+4      T~4      16-x«' 


o2 


IM 


14. 
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e{a-b)     a{h-d) ' 

16.     J— 4.  > 

(a-6Xc-a)^(6-aXc-T 

'i  16  g  ,  b 


18. 


3— X       3+a;      1— Ifte 


1-3*     1+3*      teTIi* 
19         2  _      ,  2  4 

*«-ac+ iff  ■*■  iTiii+s + as^prj 


90. 
21. 

aa. 

38. 


J»+6        ,        o+e 


e+o 


111 


;  +  : 


(a-6Ka-c)  "^  (6-6X635)  +  (T=i)(^6)  * 
«•  6«  c« 


(a-6Ka-c)  +  /6-cX6-a)  +  \c-a)(c-K) ' 

g .  »  y 

(x-yX*-«)  ^  (y-«Xy-x)  "^  (l^ixiTy,  • 

ex— a6 


24         °*— fe  _te— eg  

(a-6Xa-c) -^  (6-cX5=5)  +  (^r^x^ 

28. 


(o«-6«Xa«-c«)  -^  (6i-c«X6«-o«)  +  (c«-o«Xc'-6T)' 
26.    _*?<i±^  .      «i(6-:-d)  a6(c+d) 

(a-6Xa-c)  ^  (6-cX6-a)  +  (7-oXc-6) ' 


o-:36 


46^ 


27.   — L_  _   »-:  ao    ;    *b' 

a-h     2(b+a)     2(5rf6S)  +  ftiZ^  • 

Vi^  "*"  i+6 j  ~  (^+3 + iZa) 

29     _! 8_        3  1 

0+4     o+3"^S+2~5+T'    (Check  when  a=l.) 

80.    -1-  +  J L         1         /n.    1.     L 

X— 3  ^  x+3      x^  ~  i+1  •    (^•c*  when  x= 2. ) 
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141.    MuHipllMtion  aod  Divtolon.     The    onlinary    canes  in 
multiplication  and  divWon  of  fractions  have  been  treated  in 

f^' J*',  ..^'"®  "P*®'*'  ^°'^^  *''*^*»  "PPcaf  are  illustrated 
in  tlie  following  examples. 

ox 


Ex.  1.— Multiply  a  +  ~      by  a  -    *" 

a—x     ■'  a+ 


Hera  the  mixed  expre«ions  should  be  reduced  to  the  fractional 
form  before  m  ,    'plying. 

The  product     -  °'~'"^°*  ^  ''_*+*«-J!?'  _  _a* 

a-x  a+x  o»-»«* 

Ex.  2.-Multiply  6"  +  ^  +  1   by  I  +  ^  -  1. 

Multiply  thi.  in  the  ordinary  way.  by  multiplying  each  term  of  the 
one  by  each  term  of  the  other. 

We  should  recognize  that  the  first  expression  is  the  sum  of  ?+  * 
and  I  and  the  second  is  the  difference.  **      " 

■^■"»^-°'-(6+a)*-'-p+*+,^:-i-g+i+,^:. 

Or,  we  might  proceed  as  in  Ex.  1,  thus : 

a«+6«+q6  ^  01+61-06  ^  {a^b*)*-aiib*  _  a*+a*f+b* 
ab  ab  aH>*  ai6i" —  * 

This  result  is  seen  to  be  the  same  as  g  +  1  +  ^j.  and  the  answer 
may  be  given  in  either  form. 


1 


Ex.  8.-Divide  -j  +  -  by  -,--4.t. 

The  dividend        =  "^f^',    the  divisor  =  g'-»y+»? 
:.  the  quotient     =  5!±^  x         '^*        =  ?±^ . 


xy 


x*-xy+y*         y 


Divide  in  the  ordinary  way  and  get  the  quotient  -  + 1. 

We  must  not  make  the  error  of  thinking  that  we  can  invert 
the    divisor,   or  take  the    reciprocal    of    it,   by  inverting 
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,  ";•  ~""°°"  ■"  a+i  "  •+».   but   .h.   ,«,p^   „, 
-  +  5  w  not  0+6. 

•p     1  ,   1      0+6  . 

o  "^6  =  -^^  *"*^  »*■  reciprocal  is  ^. 

0+6 


Multiply : 

•  1.*  ~~*~^^     **~2x~% 

»»+4r+4'  i»-7*+12' 

3.    *l+2«-lg    »«+7x-44 
*»+&c-33'  iS+9*+20' 

7.    ««+l  +  i..   x«-l  +  i,. 


■xiRoxra  0e 


b  +  ^,  1- 


a+a:'  la 


10. 


e. 

Divide : 

c«-o«-6i+2a6''y6-4:^Z5-. 

Simplify  : 
o+l 


a*-2a6+6»*  i«4^' 
8.    a«  +  2  +  4.  a«-2+2. 


a'-ft*    a+6    a*— 06+6* 
o»+6»'  a-b'  o«+5J+6« 

?!i:*!  bv  ?!±f* 


17.     ■."+^  X  °+2 


o«-4 


lA. 


o«-4  _^  o«+2o 


FRACTIONS 

«»-4jr+3      tti»+x-2  ~at«-7«_6* 
2cu; 
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1».      .       _  X 


(a+6)'-(e+<|)i  ^  (o-c)«-(rf-*)t 
(«+e)»-{6+d)«  •  (a-67H5^«' 


23. 


as. 


a*.    (J^-     2*    U/"   2a         26-a\ 
V5=eS     3a-26;  •  VS+26~2633S> 


whi!!l*.^r-*'\'T*'T      ^    "*^™P'«    fraction    L,    one 


a 


Thu..  -  i.  .  complex  fr«,tion  and  i..of  cou«e.  only  mother  w.y  o. 
d 

writing  ?  ^  J.    It  i,  .iroplifled  in  the  usual  way  by  changing  it  into 
6^0  ^^^^  equala  ^  . 

A  complex  fraction  may  sometimes  be  easily  simnUfied 
by  multiplying  both  terms  by  the  same  quantity!        ^ 


Thua, 


2-«o      8-3a 


a+2&  .  a 


~46~  °"  multiplying  each  term  by  4. 


-its L  =  *(?+26)+o(o+6)      o«+2o6+26» 

6  0-|-0 

Here  both  terms  were  multipUed  by  6(o+6). 


soo 


i 
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If  the  LCD.   b   not  the  Mine  for   both  terma   of  th» 
faction.  It  fa.  usually  better  to  .implify  the  Z^JIJ^ 
*4-I_x-|  '■ 

El.-*in,p.U,  £±|I|^. 

l-he  denominator  -  fc*>t*Z*)r-(»  +  ^K^t')  - 10» 

:.  UMfnwUoo      -  --  -*? ^  J*+2K»-3)        x-a 


Siroi^ify : 
da 


0. 


9. 


0-2- 


8. 


o'-gg 

a-3 


a  + 


0-3 


■xaaonas? 


6a 
12e 


8. 


J 

o— 


e. 


1    .    1 

XTX* 

a+6     a-b 


7. 


I_I 


9     («+3j,)»-(a._3y)i 
(3«+y)i_(3x_y)i- 


Ijil 


2  +  zy  +  ± 


12. 


^+c     c+o 


U. 


0  +  6- 


a  +  b-       -»•__ 
o»-a6+6« 


13. 


2ar  +  3- 


1- 


«+6 


i'hACTWA.s 
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u. 


&• 


?±^'-6^«*+**_a 


U. 


a+A 


a+b 


M.    find  the  Talue  of  -ZM  when  «  .  li*   «     ■-* 
*+lf  a-b''     i+b 

17.    Find  the  rdue  of  '  "J"  J*  when  a  -  ?Z*.  6  «  ('-Hi)' 

mxwmaum  m  {mmn»w  or  cnwptM>  xv) 


Simplify  I 

I 

•  04-6    rri  +  irpsv 


u     •     S 
0      e 


4. 


2 

'-i  ,_*  rrs 


10. 


1  1 I 

o»-o6     a6+6» 


^U.    ?!=£?     ?*±*V  ___?5^ 


12. 


o«-6« 


•»+6» 


a+b 


\ 


o-+aa6+6t  '^  in6i  ^  iii+MT^Jl  • 


18. 


o+a; 


a—x 


2*» 


^    14.    (1--)- {(!-«).- (a.- 1,^  (a +  ^U 

la.     .^^iZg,  ■■  _  c+a-b  _a±^-^ 

(a-bXa-c)  -^  (6-«x6-a)  "^  (TT^KiTF)  * 


I 

I' 
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U-lfM*-.)     (»  -.Mil-*)  -*■  (.-.K.'-r)' 


!•.     Kxiirnwi  th«  pruUuct  of 

M  •  frMtiuti  in  iu  lowaai  twiiM. 
It.    How  ow,  you  .how  iMntdly  that  3  ia  th»  aum  of 

ifl  +  JTi  +  .'o  •"•'  *-Ti  +  .-T5  +  4-c' 

ao.     Divide     ??-  -I-  JL ¥'      k-      «      .       • 

tl.    Divide  ?j-l*tl)'  y  'ifr.t^-J!)*  .     («-*-«)' 


».    Divide 


a*.    Ifa-„*,,6-    *     . «_  J       2 

2-6*       2-c'*'    2i:rf*""2i:^.  Pfoveo-* 

SS.    Find  the  product  of 

a«.    Subtract  J+--2  ''O'n  "  -nd  determine  which   fniotion  k  »h« 
gWNiter  if  a  i.  greater  than  *  and  il  both  a  and  6  are  poaitiye. 

a?.     Add<!-'-?*XL+«)  (I+6eMl+6o)  (I+oaXl+c6) 
(a-6Ma-c)'    (6-cK6-a)  •    (c-oKc-fc)    • 

28.     Show  that  J_-^  +  ,4*  h"  the  «un.  value  when  ,=«+6  «  H 

baa  when  x=*  ^~  . 
a+b 

mmdMHl^^L'^^  product  of  «.y  two  quantitic.  i.  equal  to  thai. 
Bum  dn  idod  by  tlie  iiuni  of  their  rvXiiproaala.  ^^ 


m-h 


i 


! 


•I.  II  .-;rjj.  ,.j-.  ......  ^^  ^^^ 

■i.    If  •  Md  ft  M«  positive,  whirh  b  th<.  KTMUr 

a  +  tt**  i^  » 
«.    Mfflpiify     '     _  ^    i  -4  a*  4fta 

•'-(•:-»)»•  ••-{y-,)r  iTr(,ri)i  • 

WhKn  «-g~,  find  the  vdue  of 


M. 


»T. 


CHAPTER  XVI 
riACnONAL  IQUATIom 

la     If  an  equation  involve*  f«ctlon..  th«  fnotiom  niM» 

ircri'\r '?'i"*  ''^^  ir™  ^^  *^  --Xs;' 

.tt^tiT' '"  ''^'  '^"^  "^'"^  ^  ««-•  '^-  n-cui 

Tbua,  If  J-Jandewh  ride  i.  muItipUaU  by  M  we  haw 

14*.  OiMi  aiMNiMtloo.  It  i«  thu.  Men  that  whm,  i^ 
6»ctlon.  a«  equal,  we  o«.  ««ov.  the  frJZ.  by  m u SSm!! 
the  numerator  of  each  fraction  by  the  denomLt^  of  t2 
€*her  and  equating  the  miulta.    Thi.  operation  k^j'i^S 


Ex.  1.— Solve 

CroM  multiply 


ar— 5     «-f3 

(*-«K»+»)-(»+8K«-7), 
8«.S4. 

Venfy  by  Kibttitution. 

Thi.  method  ia  applicable  only  when  a  ainoie    ft*«ii«n 
uppeani  on  each  dde  of  the  equafion  ^  *°" 

MM 


Bl  l.-49olv« 


4#  f  17      4«     !• 
Now  ««  „ulMply.  «.mp|H,  «,.  «^„„^  ^  ^.^^ 


Wvt  Mid  vwif,  , 

I.   *!^,'+lt 


i. 

7. 
t. 

U. 


I 


a- 1 
"IT 


-»-«t 


it!-?-!   »-i 

^     T — r- 

?±!-i    *+i 


a         If    "iH^ 


-a 


4. 
f. 
■. 
19. 
IS. 
14. 
14. 
14. 


*-4 


-a 
"    IS   • 


^7#-e    ,^| 
it-i    te-rf-<^ 


2f+7    a«-a    a, 4.9 

*+i  "^  «+2  "  X4.3  • 


»-3    ^^rs  +  »• 


21.  !r^4.^ 
1-6   ^VU 


^—i      2r-3 
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aa.    Solve  ^ri£±fi     4x«-ar+7  . 

ar-4  4x-a~   •'^  ^'  reducing  each  fractbn 

»o  »  in«ed  ezpmwion. 

24.    Divide  300  into  two  iMrfai  »i  ♦!.-♦  •« 

and  the  coffee  at  a  Bain  of  ST/       a     •     .  '°'*'  **'°  tea  at  a  loss  of  267 
did  the  tea  costp^rT?    ^'  ^^  «'""'^  •*2«)  on  the  whole.    Wul 

28.    I  sold  some  butter  at  25c  a  Ih     t*  t  u  j 
for  1  lb.  less,  I  would  have  tl^ed  t  ^'"^^""eived  6c.  more 

did  I  seU  T  ^*''^®*^  2c.  more  per  lb.    How  many  lb. 

•econdsIam3minutrUt;.'yo:tt*i:tTh1,tl!ni;"^  ^« 
1«.    FweflonswIthslmilMDenomliutors. 

11 


Ex.  l.-^SoIve 


?^=:i^  +  ??±3^16  .  ar+4 
3  4  3  "^"12"' 


fl«t.  to  the  same  side^f  theruaU^nT^r  *"  *''*'  '"«'"°"-  b"*  ">« 
oommon  denominator.  «l"*t'on.  as  they  are  easily  reduced  to  a 


H    ~       3 

11  12  ^ 


?5+3       16      3a:+4 
4      "^  3   +  -T2 


col^zs;t';:T  ""^"^'^  •-^  --p'«*«  »»>«  -lution. 


The 


FRACTIONAL  EQUATlONi 


Ex.  2.— Solve  ?f±3  ^  ^-f+^i      5a-+4 

2*+3_   Ax+ti  _Sa:+4 
thf  tr  *'"  '"'  ^'^^  '"«*'°-'  -">P««*«  the  «„utio„  and  verify 

Ex.  8.-Solve  """*    ^-2 


a?-4      ar-5      ^ 

x-2      a:-3      ar-S  +  x-G^^- 


fractions  on  each  sVde  the?«Wrf     *^\     .'^"''*'°"  "*"«*«  ^ave  two 
Solve  by  trangpo^i  thJ^T*   f  ^*'  "^ 

the«econd^.„,irranrcoL"irth/rr^^^^^  *•-  ''^  --^^"« 


Ex.  4. — Solve 
Adding  on  each  side, 

«'+7*+10      »»+ 7^+12 

.'.     (2ar+7)/- L__    _  1  \      „ 

U»+7x+10      x»  +  7ar+12J  =  ®' 


-J£±L     =       2x4-7 

**+7ar+10      P+7S+12* 

2x4-7 

=  0. 


(1) 


2*4-7  =  0  or  -i — * 

«'  +  7x+10      „    ,,^^., 

a;=-3i  or  x«4-7x4-10=x«4-7x4-l2, 


x*  +  Tx+T2 


(art.  101) 


Since    the    equation    x*4-7x4-10-3-«-t.7^_L  lo    • 
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to  zero,  and,  in  fact,  would  be  if  x=-Z\.    If  x=_3i  the 
equation  in  line  (I)  is  satisaed  as  each  aide  becomes  zero. 
Solve  the  equation  by  writing  it  in  the  form 

J-  _    i-  =   1  _     1 


1. 


s. 


ar-2 


Solve  and  verify  : 
2x+I      6x-\ 

fi  13    "ttz-rS 

«+3_3x+5      2x+\ 
7         ax+2""     14    ■ 
4      .        3 


BZBROXSa  100 

2x+3 


2. 


4. 


x-\ 


4 

&r+l 


Qx—% 
ar-1 


.5±? 

2 

2£-l 

'3x-2 


-a 


x-a      2x-16' 


29  2 

24"^3ar-24' 


6, 


7. 


8. 


A  J.  ^— g  _6x+7 
12      12*4-8  "~9x+6' 


18 


13J-10      4a!+9 
38      "^ 

3a;-4_  1 
«ir-9  12 
&C-17 


7x-14 


12 


23jr-88 
'  17X-60 


+ 


6a;-8 
8ar-12' 
2a;-ll      23 
42 


11. 


12. 


18. 


14. 


16. 


13-4*  '       14 

1_  Sar-7       4jr-3 
10 

1 


3y-7 
21 


10.     ±_J 


lOs:— 6     4r- 
1  1 


1 


x~\      x-2     z-3  j:_4' 

_1 !___!_  i_ 

*— 10      x—5   'x—7  x—2 

3a;+12^6a:+24      2*4-10 

3           6           8  1 
x—5 

*-8 


1 
*4-6' 


*— 7      7-*      6—** 

,  ^4  _  x—5     *— 7 

x-10      x-6     i-?"^*— 9 


*— o  ,  *— 7  .^ 
=  ^^  +  — 5  (tianspoee  termsX 
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16.  g;-^  .  ^-7_x-12  .at- 17 
x-n  "^x-8      x-13^   x-9  * 

17.  Solve  the  preceding  example  by  changing  ^~^  into  2  4- 

x-H  ^*-14 


1 


and  making  similar  changes  in  the  other  fractions. 
18. 


4ar-17      lOtr-13 
x-4    "^    2a-- 3    ' 


19. 


20. 


8ar-a«     &r-4 
2.r-7  ^^l' 

fa-64_2jf-ll  ^4j--66_a'-« 
x-13         «-6    ~  x-14       x-7' 

«+i^x-2^iz:T-^- 


21.    Solve^-f^-_*+5i:£_3 

,17?:  •  "«*-**=«.-<•'  «lo««  it  foUow  that  a  must  be  equal  to  6? 
What  18  the  alternative  conclusion  / 

146.  Utenl  Equations  with  one  Unknown.  Equations  often 
occur  m  which  the  known  quantities  are  represented  by 
letters  mstead  of  numbers. 

These  are  called  literal  equations. 

The  same  methods  are  used  in  solving  them  as  were  used 
in  solving  equations  with  numerical  coefficients. 


Ex.  1. — Solve  ax=bx+c. 

ax—bx—c, 
:.  a!(o-6)=c, 
e 


x= 


a-b 


Solve  8a;=3x+20. 

8a:-3a:=20, 
.'.   5ar=20, 


Here  the  letters  a,  h,  c  represent  some  known  numbers 
whose  values,  however,  are  not  stated,  while  x  represents 
the  unknown  whose  value  is  to  be  found  in  terms  of  a,  b  and  c 

Usually  the  earlier  letters  of  the  alphabet  are  used  to 
represent  known  quantities,  and  the  later  ones  x,  y,  z  to 
represent  unknown  ones. 

Compare  the  two  solutions  given.  They  are  practically 
Identical.  When  we  work  with  numerical  coefficients  the 
result  can  usually  be  expressed  in  c  simpler  form. 
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Note. — The  pupil  niiMt  not  mske  the  iiiistakn  of  Riving  «■  S^i"* 
OH  a  aolutioii  of  ax-=6*+c. 

Thw  at«t«tn«iit  is  true,  but  it  M  not  a  solution,  Hince  it  dooa  not 
givr  the  value  of  the  unknown  in  tcrnu)  of  known  quantities  only. 

Ex.  2.— Solve         a{x-2)-6=o-2x. 
Removing  brackets,  ax-2a~h=^a-2x. 
TranspoHing,  <u;-r2x  =  af2a  +  6, 

.-.  x(a  +  2)  =  3a  +  6, 
3a+6 


*= 


a  +  2 


The  result  should  be  verified  by  substitution,  but  this  will 
frequently  be  found  more  troublesome  than  the  solution. 
When  it  is  not  verified  in  the  usual  way,  the  pupil  should 
review  his  work  to  ensure  accuracy. 


Ex.  8.— Solve 


a—x 


x—a 
b—x 


Cross  multiply,  6a!— 6«— a;*4-6a;=cur-a«  — ar'+ox, 
.-.   2hx-2ca=b*-a*, 

b*  —  a*  _  h+a 
2{b-a)  "     2    ' 


x= 


Verify  by  substitution. 


■ZBROZSB  101 


Solve  for  x,  verify  1-12  : 


4. 

7. 

10. 


1.     mx-\-a=b. 

x+a 


X- 

a 


ax 


12.     '  _  •-  =  i  _ 


7 
I      3' 

b 

x—a+b. 

b  _dx 
a      e 

I      1      1 

X     X      b 


e 
d 


2      aa-=fex+2. 


5. 
8. 


x—a 

x+b 

x—a 


-b      x—a 


6. 
9. 


I  X 


x—c 

ar-fc 

x—a 


a-b 

a+6 

x-b 


2b 


2a 


=  1. 


11.    o(a;-o)-f6(x-6)=0. 
13.*  (a+xK6-|-a:)=(c+z)(rf+x). 


FRACTIONAL  EQUATIONS 
14.    (ajc-b)<bjtia)^a{bx*-a).       la.    ?ilzf^) _  *(*±f) ^ 
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19. 


10.     -5. *_  =  ?I1* 

x~a      x-b     x~c' 

17.  '(J?-a)+4x-6)^2(z-aXx-6). 

18.  {x-a)(x-b)=.{x~a-b)*. 

■r-o     x-2a     x-^3a      x-4a' 

21.  (a+x)(6+x)-a(6+c)  =  ?^  +  a;». 

22.  (a+x)(6-^)  ^x*=b{a+x)  -  *1*. 

23.  a«j;+6Ha6x=a»-A»x. 

cor^?-t,^L"?:^j:rc::^  - ''"  °-  >-  -v 

30.  Solve  (a-z){b-x)={c-xXd-x). 
Check  by  putting  o=l,  6=6,  c=2,  d=3. 

31.  If  «  =  I  (a+i)^  Boj^g  jjj^  ^  .  j^^  „  .  for  t 

"»  =  — j.solveforo;  fo^^•  forr. 


33.    If  »=o/+ii^«,  solve  for  a  ;  for  ^ 


p2 
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147.  Uttral  IqMttoM  with  two  Uaknowiu.  Eveiy  rimple 
equation  in  x  and  y  may  be  reduced  to  the  form  ax+by^e, 
where  a,  b,  and  c  represent  known  quantities. 

If  two  equations  in  x  and  1/  with  Uteral  coefficients  be  given, 
the  equations  may  be  so'.ved  by  the  same  methods  as  wen 
used  with  equations  with  nuraerftal  coefficient* 


Ex   1.— Solve 


Adding, 


ax+by=e, 
ax—by—d. 


Subtracting.  2by=e-d, 

Verify  in  the  uaiuU  way. 


Ex.  2.— Solve 


Multiply  (1)  by  n. 
Multiply  (2)  by  6, 
Subtracting, 


ax-\-by=e, 
fnx+ny=k. 

nate+nby=on, 

bmx+lmy=kb. 
x(na-bm)=en-kb, 
on  —  iA 
na—bm 


(1) 


X  = 


We  might  aubatitute  thia  value  of  x  in  either  of  the  given  equations 
to  find  y.  but  it  ia  aimpler  to  aolve  for  y  in  the  aame  way  as  we  did 
for  X. 


Eliminate  x  from  the  two  equationa  and  find  y 


em—ak       ak—em 


or 


bm—an       an— im' 


Ex.  8.— Solve 


a,ar+6,y=c„ 
a^+bjfsBC. 


i- 


Here  the  symbols  a,,  a,,  etc.,  are  used  to  represent  known  quan- 
tities They  are  read  "a  one,  a  two.  b  one,  etc."  There  is  no  relation 
in  value  between  a,  and  a,,  nor  a,  and  6,.  The  notation  ia  uaed  to 
obviate  the  necessity  of  employing  many  different  letter  forms. 

Solve  these  equations  as  in  the  preceding  example  and  obtain 
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urn 


Solve  for  x  uid  y,  verify  1  12 : 
1.    mx+ny^a,  2.    Lc+my^m. 

mx~ny=b.  mjc+ly=,l. 

4.    ax+kym,a*+b;      6.    ax+Ay=2o&, 

»+y=o-f6.  6jr-oy=6»-a» 

7.    (u-6y=-2a*.f36i, 

bx+ay—~ab. 

9.    a*x+b*y=a*-ab+b*, 
ax—by=a—b. 


'•    /«+W=r. 
*+y="0. 

«.       <M;+6y=2. 
a«x-6^=a— 6, 

8.        ax-by^2ab, 
2&H-2oy=.36»-a». 


a     b 


3. 


11. 


a      6 


+  J=2,       12.  a«r-&fy=o«+6». 


a*— 6//=.a»  -6». 


'      V     « 
-  -  :  -  2. 


18.*  o«x+6«y=a»_6«.      14.    a.x-f  6,y=c,.    Ifl.      ?.* 
' "  *     y 


te+oy=0. 


x+y-I. 


-J. 


M.    (a+6)x-(o-6)y=o«+6», 
X— y=o-6. 


18.    ar  +  J'y  =^  +  j,  =  ft 


X        y        ^ 


17. 


18 


+  ^  =  '',. 


y 
«      y     ^ 

*       y 

•^-•^=•26. 


I        y 

20.     If  ac+6y=c  and  x-y=l.  prove  that  ;E(c-a)=y(6+c). 
ai.    If  y=ox+6  and  x=py-q,  prove  that  y(g-6p)=x(o9-6). 
«.?«d".  **'^"^'^"^'^'^*''    ««+**=*=•    cy+&=ad.    aolve    for 

eo^«n^.t "  ****7*'"''  °'  "*•  ^  terms  of  a  and  6.  if  the  foUowing 
eqoationa  are  oonautent  ""uig 

aa;+36y=a»+36», 

3ar+y-3a+6, 
4x-3y=TO  T 


»4 


AUmURA 


mxwMoim  lot  (B«tn«w  of  ohaptw  xvd 

Solve  and  verify  I  -24  : 

t.    l(7-*)-|(ll-«)-H»-«). 


'•     2+3"»    3+2 


6 

fl. 


«      ar-2      z(  17 
•     2j:     3      jj+io"*- 


8.     ??~'4-'*lz2      fl*»-2ftr-4 
«-4        «-8  ■'*»-I2xf32' 


2*^7       ftr-8 
'  7  U 


11 


A      *+> 


3      X      5-x 


7.    2!!zi_2(4*+l)  ,  /te-2      .,.  ^  3,_7 

7                 3        +-2-=«l?-  «.  -^o--(*-20A)»l. 

ft.     »±a»_4«-7       l&r-27      a;+.1  Ojr-I       a,     7 

«     '3  -  2,  -  J  to.  ;;:,?+^;J-.2. 

11.    «(*-«)-6(x-6)  =  («|.6)(x-o-6)  la.  axi-b^bx+a. 
18. 


»«+«      ftr  -3      4x     3 


id 


7*+2 


19.    aa;+5y  =  2o6,  oy-6ir=a»-6». 


14. 

16. 


4     *       2  4  4x 
13  7      = 

n*  f  A  _  ex_^-_d 
ax—b  ~  ex— d' 


=  8-*. 


18      —      -  '  a.     2x 


ai. 

23. 


ao. 
aa. 


a!+3      x+i"  x+6      x+T' 

?i4_;zL?     *-8  ,  »-7 

*^      x-4~^ir6  +  i--8=0-    24. 


85.*  (3a-x)(o-6)  +  2oar=4A(o+*). 

a« 


a;+6-a  x4-6— e 


;  + 


«+10"^  x-10      «— 2' 

»+l        1         ar-3 
3a;-4'°S+  18a:-20* 


"  c 


»  4     ^  ''      2 3~  =  2*1  -  *y- 


28. 


+  ^Lz3f  =  8  ^'^-^y 


6 


-x=  11. 


4       3 


ao. 

81. 


A 


3 
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Wh«t  vsliw  of  y  will  m«kp 


5f%  «f '«,«.... .£^U»..'i, 


34.  If  ax  +  6=cx  +  «/.  give  the  .rgmncnt  which  le«l.  to  the  con. 
clu-ion  that  .  -J.  indicating  .t  wh.t  ,H>i„t  it  i«  «,un,ed  t.»t  a 
•ltd  c  are  tincqiml. 

M.  Tako  any  two  |.r..,,or  fw-tionH  who«»  Mum  \»  i.nitv  a.*^ 
unity  to  the  difference  ..etween  tJuMr  «,uar«,.  Sho^  ha  h.  JH 
«  alway.  twice  the  greater  fraction.  *'  ^*'*  "*"** 

the  Er     iJ      '^    r"'""  '"""*  '"-•""*'  '™'"  »»»«  '«'"«"•  than  from 
the  latter.     How  much  ■■  mvested  at  each  rate  ? 

37.     The  aum  of  three  numbers  a    b    e   U  tntu .   -   •     .l 

M.     If  a  =  J(2o+nd-d).  solve  for  a  ;  for  d. 
a  "d  ft"  '''-*^  =  '''  +  **'  -y=2*  and  ,.+j,.  =  c.  find  c  in  term,  of 

fni'?'     '"  '^^i  ''**"  *''*  '"'*'  population  of  a  city  increased  11'/      Th. 

lw':L,d'?h''*'T  "'"'  T"  °"^""^y  -  ''^  *^«  totar?ecriiKi  by 
1160  and  the  native  population  increased  bv   12V      Pi„H   hTT  f^ 

population  at  the  end  of  the  period.^^^  ^       '^'        "**  *''*  *°*»' 


CHAPTER  XVTT 
IXTIACTION  OP  ROOTS 

thi*^l,  "'"^  "••^  ^  iMPtellon.  In  art.  Art  we  hare  *e«n 
that  the  iiquaro  root  of  any  trinomial,  which  ia  a  nerfeet 
•quare.  may  be  written  down  by  inupcction. 

We  Ijvc  aim,  Hccn  that  every  quantity  hao  two  Muare 
root*  differing  only  in  iiign.  -4»»"» 

ThuH,  the  square  root  of  a«+2aA  +  6«  in   ±(a4.h) 
•"**"'  a*-2nh+h*in  ±(a-6) 

*(a+A)=a+6  or  -a~b  ;    ±(a~h)-^a-b  or  A-o. 

*."jl*r*.*''^***"  a«-2oA4-6«  in   it«  eiuivalent    form 
6«-2a6+o«.   It  la  .eon   that  b-a   ia   a   root. 

aIlj^iA.^"^r"r/"^  *"  "^  *»»•*  *»»«  ^l"*"*  root  of 
o  +2o6+6«  iB  a+b  and  of  a«-2ai+fe»  is  a^b  wb-a. 

S*.#^  .w  .     ■WmOlSB  lot  (Oral) 

State  the  aquare  of: 

1.     -abe.  a.  ar+l. 

4.    2a-3A.  8.  a»+l. 

7.    0+64-C.  «.  a+b-1. 

State  the  square  root  of : 

10.     lftr«y«.  11.  ^tf,, 

18.  a«-2a+l.  14.    4a«-12a6+96.    u,     ftr«-30«yV25«« 
iO.  x«+.+J.               17.    a*+2a*+aK         18.     lfe«-48xi+3«. 

19.  a:»+y*+«»+2j;y+2xz+2y2. 

20.  a*+b*+c*-2ab-2ae+2bc. 

21.  4a«+96»+H-l2aA-4a-6A. 
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8.     -x-l. 
«.    *»-*. 
».    2a+b-e. 

12.    ar»+2ox+a». 


KXTRACTION  OF  ROOTS  „, 

.,11  !!T^i  "'"^   ^f^»*iH  Hun  R-l.    When  the 
ruLTl.  n?  «P«-'"",;>'  mor.  than  thrt*  term,  ta 

Thun.  to  And  tho  nquarr  root  of 

3*  .  and  that  the  la«t  t^rm  i.  either    f  I  or  -I    but  it  I. 
evident  that  then,  mu.t  \^  another  tern.  «.  well 

wh^h  TaJ^'i:*"?'"  ''*  "^""^  "'  ^'''^  ''"*''"•••  «^*- 
Jt^of^'a"*  *T  "'  th-,'-l"«re  root  u«  «.  which  i«  the  H.,uaro 
ZLnL  ,^^"«•"•"'  •""•  «'  the  square  root.  A.  may  he 
or  fJr  h"  »*?f  fferent  wayn.  either  from  the  la.t  term%y 
or  from  the  middle  term.  2ah. 

Let  XM  now  nee  how  we  could  obtain  the  second  term  in  th. 
jquar^root  from  the  middle  term  2ab.  -^^  term7a  twl^ 
the  product  of  a  which  i,  ali^dy  found,  and  of  The  Jt  te^ 
of  the  square  root  which  in  Htill  to  be  found 

cAnVn'^iTK^'l''  ^'^"''^  "'  "  *"''  **>*  '»"*  ♦«•'•'»  i«  2aA.  then  we 
canflnd  the  hu,t  term  of  the  root  by  dividing  2ab  by  2«  Xh 

The  quantity  2o  which  we  u«e  to  find  the  second  term  in 
the  square  root  is  called  the  trhU  dlvltor 

Jlvh»r  u,  2a+6.  that  is.  the  trial  divisor  with  the  secondTm 
in  the  square  root  added  to  it. 


The  steps  in  the  process  are  : 

(1)  The  square  root  of  a«  is  o  The 
j|quare  of  a  is  «ibtnM,ted  from  the  expression 
leaving  2oA-f  6*. 

(2)  The  trial  divisor  for  obtaining   the 

•econd    term    in    the   square  root    is    2a.  

When  2a  u.  divided  into  2a,  the  quotient  is  6.  the  «.ond  t.rm  in  the 

(3)  The  complete  divisor  i.  2«  +  6,  «.d  when  this  is  multiplied  by  & 


a*  

^■\-h\  +2nh  +  h* 
2o64  h* 


ThU.  h«w.vw.  b  n»t  ihK  oorr^i  rmull      Why  J  "'••••  «»»orf. 

W«  can  now  extmnd  tlie  mi-thwi  to  Hiiii  the  mumn  H»i  „# 
•  quantity  of  mow  than  thr«.  t«rm«.  ^         "*'  "* 


»»•     I2.»(  lite>    *«+l|a;^_t^| 


«••    «* 


4>f  I 


««• 


AfMr  llndinR  thn  flnt  two  tomia  in  iKa  rtKii    .-  i„  .k- 

tH^  divi.,r  i.  twierai.    T7r^*l^"'     '•"~'*'*^  •*"'  »*»•  "~«"^ 
Th«  tqiMrn  rtHJt  w  3*«     lr+  |, 

180.    Vtrtfyiof  Squan  Root.    We  might  vorifv  the  rtH...i» 


Bzmoua  loe 

7.    aH2a»-3a«-4«+4.  ,.    4.4+4^^ft,.+o,^i 


14.    4f*-»r»f  J,i,,^|, 


IT.    «• 


•¥■  I. 


4aAfftMf4«t     Itfeifte* 

*".     ir  in*  imuan  root  trf  H-a>s  !«>•.. 

«i.    Uito,  f«,toni,  .,nd  tho  ^u.„  ^^t  of 

(x»  fan  »X*»  f&r  f  «)(xi  f  4*^-3). 

M.    W»»«'-I0.thenumlw44.»44n,.yb.writte,. 

*Jf*+4*»+9ar«f4r+4. 

Ex.  1.— Find  the  oquare  root  of 

x«-4jf»-j-iar»-12x+9. 
The  flr»t  term  is  «»  and  the  iMt  i.  +3  or  -3 


th 


or  ~u. 


the  aqiMre  root  u  x*~2x+i  or  «»-2«- 


2»-8. 


f 


no 


ALGEBRA 


oonUlning  x  will  b«  +  12x  ^^"  **-2»-3.  the  term 

Check  thia  by  putting  *=  1. 

Ex.  2.— Find  the  square  root  of 

4x«+20ar»+13x«-30a:+9 

What  i.  the  «,u.re  root  T    (vtjTyVur  l^terT^         »-»  *«™  b.  t 
Ex.  8.— Find  the  square  root  of 

-3a'+V-4-a«-i6a+?|a«. 

Write  the  expr««ion  in  descending  powers  of  o. 

o«-3o»+f|o«-6a  +  V. 
The  first  term  in  the  root  is  o»      THa  fn.i  a-  • 
the  «K!ond  tenn  is  ~3a*~2a"or  l|i  '*"'       ^*'  *''««»'o" 

•'•  **»«  "'ot  «  a'-fa  +  J  orot-jo-jt 
Which  is  it  T     (Verify  by  «,uaring.) 

Ex.  4.— Find  the  square  root  of 

4a«-4a  +  9-*  +  i. 

Here  the  terms  are  already  arranged  in  descending  power,  of  a, 
the  term  +  9  coming  between  o  and  1. 

Jh.fl«t  term  in  the  root  i.  2a.  thelondi.-4a^,„  „_,.„,,,. 
a 
Complete  and  verify.  . 

It    is    advi^Weto^  teZ.^  '?T'  "^^^^  '"   ^"»- 
possible.  ***   contracted  method  whenever 
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Mzmnmam  loe 
-^  "^  ""^  "»'•  "^  •"  """""d  you  ^„.  v^,  ,t, 

18.    a«-fa.+  „_6       1  far*      4r3      ar,      2;, 

16.  ^-3ar«  +  y^._2x+j.      ■   le.    ^+^,74a*4a^^ 

17.  «+i-^-2.+x. 


'  18.  *-;-??+3-^, y 


20.    x*(x-SaXx-a)+a*(3x-a)*-3a*x*. 
ai.    («-*)»Ka-6)«-2(o«+6«)}+2(o«+6«). 
22.    (a+6)«-2(a«+6«Ka+6)«+2(a«+6«). 

tf  a*;    ''  '*+^'+^''+-+l  i-  a  perfect  «,ua..  what  is  the  value 

'  ^fe,  i^  ti:  :^rJ:u,T^:lr'  *^° -"-»«-  mtege™  be 
square.  "*  ««  »'  t^eir  product,  prove  that  the  result  wUl  1«  » 

^      26.    "^Hl2^V4-feV+e^3^,.  Is  a  perfect  square,  find,. 
^     27.    «m  =  a:-^  and  n  =  y-1.3how  that 

^  M.    Find  the  square  reot  of  4.H8.»+8,«+2+,.     Check  when 


*  I 


II 


It  i 
s  I 

I 


AWEBRA 

152.  Cube  of  .  MoBomiiU.  When  three  equal  factom  are 
multiplied  together,  the  product  is  called  the  eub*  of  each  of 
the  factors. 

Thiw,  the  cube  of  2o  or  (2tt)»  =  2o  .  2a  .  2a  =  8a* 
the  cube  of  a»  or  (a«)»  =a«.a».o«  =  a«    ' 

and  the  cube  of  3a'  or  (3a»)»     =  3a» .  3a» ,  3a»  =  27o». 

The  cube  of  a  monomial  is  found  by  writing  down  the  cube  of 
each  factor  of  it.  •' 

Thus,  the  cube  of  6ab*x  u  126a»6*a;». 


a*  +  2ab-\-b* 
a  +6 

a»  +  2o»6+  ab* 
+  a*b  +  2ab*+b* 


168.    Cube   of  a  Binomial.     Find    the 
cube  of  a+6  by  multiplying  its  Square  by 
a+b.    Find  also  the  cube  of  a—b. 
('«+6)'=a»+3r|26+3r/6«+63. 

<"-*)'=«'-8""ft  +  8«&»-ft».  a.  +  3a.6+3a6.+6^ 

Note  that  in  each  case  the  cube  contains  four  terms    in 

descending  powers  of  a  and  ascending  powers  of  6.  and  the 

numencal  coefficients  are  1,  3,  3,  1. 
The  cube  of  a-b  is  the  same  as  the  cube  of  a+b,  except 

that  the  signs  are  alternately  plus  and  minus. 
From  the  forms  of  these  two  cubes,  the  cubes  of  other 

expressions  may  be  written  down. 

(x  +  2y)*^x*  +  3xH2y)  +  3x{2y)*+{2y): 
==-x*  +  6x^+l2xy*  +  Sy>. 

(at-2i^)>  =  (3x)»-3(3x)»(2y)  +  3(3x)(2v)»-(2y)», 
=  27x»  -  64x«y  +  36xy*  -  8y». 

(a+6+c)»=(5T6+c)», 

=(a+6)»+3(a  +  6)«c+3{a+6)c»+c», 
=o»  +  3a«6+3a6«+6»+3a«c+6a6c  +  36«c  +  3ac«+36c«+c«. 
'=a*+b»+c*+3(a*b+ab*+b»c+bc»  +  c*a+ca*)  +  fiabe. 


Ex.  1. 


Ex.  2. 


Ex.  3. 
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Find  the  cube  of 
1.     -J.  ». 

6.     x+y. 
0.    ar-l-1. 

13.    x+3. 

17.    0-46. 


■XntOIBB  107  (I  12.  OnU) 


-2a. 

6.    x-y. 

10.    x-1. 

14.     2x-y. 

18.     I -a*. 


7.  m-fn. 

11.  a»+6. 

1ft.  2a  f  3A. 

19.  a+b-c. 


4.     -xV*. 
8.     p-q. 
12.     l-rt«. 
I     2i. 
a  —  b—e. 


1«. 
20. 


21.*  Simplify  {a+b)*+{a-b)»  and  (a+6)»-(o-6)», 

22.  Show   that   {T+y)*=z>+y»  +  3xy{x+y)   and    write    a   simUar 
form  for  (x—y)'. 

23.  Simplify  (a+b+e)*+{a+b-cy. 

24.  Show  that  (a-6)»+(6-c)»+(c-a)*=3(a-6K6-cKc-a). 

2fi.  Show  that  the  difference  of  the  cubes  of  any  two  conuecutive 
mtegers  u  greater  than  three  times  their  product  by  unity 

26.  When  a;=y+z,  show  that  x*-y*-z'=3xyt. 

27.  Two  numbers  differ  by  3.  By  how  much  does  the  difference 
of  their  cubes  exceed  nine  times  their  product  T 

M.  Three  consecutive  integers  are  multiplied  together  and  the 
middle  mteger  is  added  to  the  product.  Show  that  the  result  must 
be  the  cube  of  this  middle  integer.     What  is  the  cube  root  of 

241x242x243+242? 
164.    Cube  Root  of  a  MonomUU.    The  cube  root  of  any 
quantity   is   one   of    the   three   equal    factors    which    were 
multiplied  to  produce  that  quantity. 

27JiMst2,«""'^  "'°*  °^  *  '"  ^*  °'  "*  '*  "•  °'  ***  "  ^'  °'  "•  "  "'•  °' 

The  cube  root  of  any  power  of  a  letter  is  obtained  by  dividing 
the  index  of  the  power  by  Z.  "  -» 

The  symbol  indicating  cube  root  is  ^  ~ 

Thus.  -^126  =  5.     f^=«».     f^8i^.  =  2a:»y. 


I\ 


V 

1 1 


^  ALQBBRA 

156.    Cub«  Root  of  •  Compound  BiproMion. 

The  cube  root  of  <i"+8a«6+3«A«+ft»  b  a^b 
and  of  «»-3a«6+8a6»-ft»  i.  a-b. 

Therefore  when  an  exprewion  of  four  terms  «  known  to  be 
by  hnding  the  cube  roots  of  ita  first  and  last  terras. 

Ex.  1.— The  cube  root  of  x»-8a;«v+iari/»-«ii»  J.  -     o 
cube  root  of  x«  i.  x  and  of   -  gy*  i,  - 2y.  '^  '^^    "  *" 2*.  -"ce  the 

Ex.  a.-The  cube  root  of  a«-2«i6  + ,06.-^6.  i.  evidently  «-|6. 

In  the  cube  of  a+b  the  second  term  is  3a»6.  After  finding 
the  first  term  a  of  the  cube  root,  we  raight  have  found  thf 
second  term  of  the  root  by  dividing  3a  Ay  3a..  that t  b^ 
three  times  the  square  of  the  term  already  found. 

Thiw,  the  second  term  of  the  cube  root  in  Ex.  1  13 
..     „      „  -8**»-=-3x»or -2«, 

•nd  in  Ex.  2  i.  -  2a«6  -  3a«  or  - 16. 

Here  three  times  the  square  of  the  first  term  of  the  root  is  the 

th":'sqtr;ooT""^"'"«  *"  '"^^  '""^'^  '^-  -  «"^ 

Ex.  8.— Find  the  cube  root  of 

8x«+  12z»-30a;«-35ar»+45a;»-f  27X-27. 
The  first  term  in  the  root  is  2x»  and  the  last  is  -  3 
^^The^tnal  divisor  for  finding  the  second  term  of  the  root  is  .3(2x«)- 

.•.   the  second  term  of  the  root  is  12x*—  12x«  or  x 
.'.   the  cube  root  is  2x»  +  x— 3. 

Jl  'I  ^^^a"^  *^**  **  '"  ^^'  *^  ^"'^  ^""^  ^*  by  inspection 

lhi^>        yr  "^''r  ^  ^"*^«  «"^  r«ot  therTTs  no 
ambiguity  as  to  the  sign  of  the  last  term  in  the  root. 

Jt^L  ^T'  ^^^    ^'^'""'  ^*'>'=^*'  ^«  ™*y  fi"'*  the  fourth 
tTr^ult     ^"^  '**"'"*  '^^  """^  ^^'^^  *^^  ^"*"  ~°t  °* 
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Also,  since  (x*)*^x*  and  (x»)»=x«  we  o*n  fi„^  ^u  •  . 
root  by  takinff  the  iu,.mr«  JT*  Txu'  .  "  ^"**  ^^'>  ««*!' 
root  ofVj^lL  Jt        ^'  °'  ^'^^  ''"^  '^*'  °'  *»»«  -be 


■XBROISB  Joe  (I -IB,  Oral) 
State  the  cube  root  of : 

1.-64.  2.    27a». 

».    a;'+3a;'4-ar-f-l. 

7.    a»+6o»-H2o+8. 

11.     125a:»-75a;«+15x-l. 


13.    'i_3**   .  3a: 

15.    m»-9TO  +  *^_27 


3.     -128«%».       4.     -^a-h)^ 

10.    W«»-144a'+l08a-27, 
la.     27*»-27.r»y+9.ry«-y». 

27"^   3   ■*"^  +  ®- 


16. 


|i-&j:«+12a:V-8y«. 


H 


the  trial  divuK,r  for  M^^t^^J^'j]    WW  ^T  '  ^'"'*  " 
Check  by  substituting  x=l.  ^    ^''**  "  *•»"  ^"»'«  «»t  ? 

Find  the  cube  root  and  check  : 

18.     l-fe+21x»-44a:»+63x«-54x»+27x«. 

18      27     27 


19.    ^---  +  9,-7x^®      27     27 


N   20.    27a«-108a»+171a«-136a'+67a*-12a+I. 

21.  (l+3x»)«-a;«(3-f.a;i)«. 

22.  For  what  value  of  x  wiU  x3+3cx.+2c».+6c»  be  a  perfect  cube  T 

23.  Find  the  fourth  root  of  x*-ix3+^2_^j^ , 

Q 


^  AU3KBRA 

M.    Find  th«  fourth  root  of  o«-l2a»+54a»-l(|««4.8|. 
«».    Find  the  Bizth  root  of 


; 


■ZBRoua  100  (B.T1.W  or  oh.pt*,  xvn, 

Find  the  iquare  root  of  ; 

!.•  ftt«-24ar«y-f  2to»y«- I««y»  +  4y«. 
2.     »*+4«»-2««-|ftr»+I3,i-e«+I. 
8.    «'»+««••+««• -&e«.fi«,4_  8,,^^ 

*.  ***-!«•+ V**-|a:+ 1. 

8.  12o»»-26o»*i  +  2&r«+»a«-20at». 

e.  4»«(7+«i  +  3o)  +  (3o  +  7)».. 

7.  (»*+««  +  6)(x»+7«+12)(««  +  aie+g). 

8.  (2*«-a!-3)(«»-4a,_6)(2xi_i3a,^,gj 

».     <*«  -  2(te«  +  33«»  -  32*  +  34  _  '2  ^  ^ 
What  is  the  cube  root  of  :  •       «•  * 

10.  27-13«a:+228*«-12Sa:». 

11.  8»*-12«»+18»«-13»»  +  ftei-3«+l. 

12.  (o-A)»+36(a-6)»+36»(o-6)+6«. 
18.     Find  to  three  temu,  the  aquare  roots  of  s 

1-2*.   l_o,  4+ar. 
14.     Find  the  value  of  y  for  which  «•     9/«    ..v    ■    •  < 

17.  Jind  the  square  root  of  a«4-4a»4.flnij.^  .  i       j    .    . 
•quare  root  of  14,641.  +8a»  +  4a+l  and  deduce  the 

18.  By  finding  the  cube  root,  simplify 

(«+6)«+3(a+6).(a-6)  +  3(a+6)(a-6).+(a_6).. 

19.  If  o  =  6+l,  show  that  a»-6»-l  =  3aft. 


Vj 
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from  No.  18  r  "^       *  "^"^-     **'"'  «%»>»  the  result  be  deduced 

W.     By 'Mpwtlon.  find  the  vdue.  of 

»m  S»  «™.  „,  .i^ '^:S' ''  »""^  -o  •"».  from  U,. 

ae.    Show  th.t  the  .un.  of  the  cubT  7L  "^"^  ' 

Jw.    JTind  the  oube  root  of  •"••«». 

INote  th.t  it  i.  of  the  form  -+6.+3a6(a+*,.j 
■quwe.  find  the  remaning  three  t^  °"  t«m.  of  «  «»rt 


Q  2 


CHAPTRR  XVIII 
QUADRATIC  SURDS 

and  we  call  V^  aTuH  "  ""'"""^  ""^  '^^  "^""^0'  ^^2 

If  no  8urd  appears  in  any  quantity   it  i.  naii-^ 
quantity.  "^  4"»"iiiy,  it  u  called  a  ntlooal 

but  it.  exact  value  c.n  Lt  betuncT""  """"*'  ""--  -  -  P'^-^! 

W.  0«>  find  goometricaHy  a  line  ^hZTn^ il'vTuZ"^ ^  'k 
Then,  from  geometry,  we  know  that 

.-.    i?Ot=li+ii  =  2, 
.'.    BD  =  V2. 

MatL?^     "  "'"■^'y  "  y°»  «*"  the  value  of  ^2 
Make  a  diagram  like  thi.  to  .how  how  to  IX^nt 

g^ph^ally  line.  who.e  length,  are  v-ij.    VS,   ZTT^ 

hly^uofte'::'*""*'  ';neh  in  length,    'what  ^ 
a^  e  you  of  the  accuracy  of  your  drawing  ? 

188.    Quadratle  Surd.    A  surd  Iik«  \/i)  .„     u-  l  ..^ 
rt>ot  is  to  be  found  is  called  a  ,uii«tlcfurt      I^"tK*'''n.'^""~ 
quadratic  surds  only  are  conJdJml  ^"  ^'^^  ^^P*^*" 


Qf^AliRATIC  aUHM 
W.    "MlllpllMMon  of  simpl.  Surd. 

Similarly  wemi^h*  ""*°  2x3=6. 

""J'-  ^®  ""ght  exjHHJt  that  v/2x  ^1     ^/«     n^ 
«  true  may  be  shown  by  finding  ..^''''  ^3=^^-     That  Xhln 

^^2x  V3).=  V2X  V3X  V^x  v/  .rr  '^'  ''''^' 

-V2xV2xV3xV3'^         '•<'^^'=-*-M 
=2x3=6.  • 

•••     V2xV3=a/6 
Therefore,  the  product  ot  tk.  ^ 

V«=V2/!xv'2=5V2.   wiSr.      /- 

^-ver-eiy.  «V3.  v^r«x  v/5.  v^^. 

aV^=Vo»xA/f=VJi5 

180.    Mixed  and  Entire  Sunb.    Wi.« 
^he  product  of  a  rational  q,m^titrJnH   *   '""^   '^"^ntity   i, 
«1»«0  turd.      If  there  w  7  *"^'y  a"d  a  surd,  it  is  caller!  . 
•»U«.„rt.  '^^'^  '^  "°  rational  factor  it  is  eal?e!ri„ 

Thua,  SVs.  ay/l    (a-hW 

V«*-+6  are  entire  a'urds.  ~^  ""  ™*^  ^^  and    V3.    Vao 


*^  ALOBBHA 

A  Nurd  ia  mM  to  be  in  it«  ■imnlM.t  #«««  -k^  .•. 

under  the  nulid  dgn  L  InZS  'T  ^  ****  '•"^"'^ 
factor.  tntegral  uul  oontAiiu  no  iquAre 

ThiMi,  Um  ■implwt  rorm  of  v^Sd  k  a  Vi 

■*■*<»■■  no  (IM.  Orii 
'ind  the  product  of : 

«.    V»,V3.  t.  V'i.v/J. 

*•    »V^7.2Vt.  «.  v'i.Va.v/J, 

^-    v7.Vf.Vj.        ,.  (V-Ac). 

E>P(«*>  M  antifto  lurdf : 

••    «>^3.  10.  3v^|. 


if  If! 


1».    SVo^IIlS. 

SlmpUfy.  by  remoTfag  the  iqaue  factor  7 

».    Vioo^.  «.    ,va         ar.    V(inp.    a..    IvaTj, 

».     Solve  x»=2 ;    ar«=27  ;    J*»=,9. 
30.    Show  by  iquaring  that 

V3XV7-V/2T  «Kl  V«x  v/ixv/^-V^. 

81.    Show  that  v/g-2\/2    hv  •»4..«*i 
-uid  2  to  th«e  decimal  pSoi    ^  Mtr^Jting   the  «,„«  ,oot.  of   8 

.«^  l«i..?t*v 'Jo's:;:?"  ««*..  kow  »„H  yoa  tod  .  tt^ 


9VADKATIC  aVIlM 


f»cU>r,  they  a,;  calle<|  Mfa  IJ^'  '"''"'  ^^^^  '^'  "*'"•  -"^ 
they  are  aim.  .^Ji,^'  "**  "'*•  "'  ««»'l*r  aurda.  otherwlae 


ThiM. 


•nd 


'^'^^•^^^'Wfi»if>  unlike  uuH,. 


the  form  of  «  ,urd.      ''"^**^'  '*•«  """'^  being  exprt«ed  in 
Thu..  av':^  f3v/2-8V2.  iu.t  a.  Sa  +  fa-fa. 

v/Tfl-2VS.aVJ--2V3-3v'S 
^»«+^>/32-Vrg.5V2  +  4V2-3v^2..V^S 

Show  that  V2+  v^J=  v'^r.  ^  *  ™»y  **  '"«»nd  and  added, 
of  2.  3  and  «  aachto  twrdeci.^  *'"•'  "'  ^'^^  »»-  "O"-  root, 
latttnia  that  V44-v/»=v'i3  f 

■xntoisa  in  n^  onx) 

E*P««"  aa  a  single  rani : 


AI/IKRRA 

^  !•.   i\  In  i  ;iv  h   av't 

U.     iOV44    4\/tW. 


».    Vli-v/l. 
A  •••  V7ft  »  V  l«  t  3v  $. 

I».    4v'lJif4vau~Svl«St.     . 

w.    V4i)f  vlu    vuof  y/\m. 

i«.    VTj+vwi-v'itt-v'Sji-Vao. 

two  dMim»l  ptAOM.  luing  tb«  aquara  root  table  : 

«•.    Vl47-j>/ii    »i.    y/m~Vm.     aa.    V86+V7af^/». 

Solve,  finding  x  (o  three  decimd  pUcw : 
M.    x«-37.  24.     3Lr'+6  ~flO.  aa,     |x«_4«l9. 

M.    3|x«.|32.  ar.     |(ar«-||)^.u    t».     ix«=i^i-47. 

».    The  anw  of  •  drcie  b  176  aquan  inchee.    Find  ita  ndiu. 
SouAiiie  RooTM  or  KmaitM  rROM  I  to  fla 


V, 


1-0000 


ai  '  4S826 


11  3  3166 

1-4142     la  3  4641 

1-7321     la  3  0UM 

20000     14  3  7417 

,  2-23«|     IS  38730 

6  2-44»a     16  4  0000 

7  2-64A8  I  17  4  1231  „  _.  „  ._. 
H  l'^  "  *  2426  as  fl  2915 
»    3  0000     19  4  3889     »    flSWa 


at 


aa  4  6004  I  aa 

as    4-7968 
34    4-M90 

as  ft-0000 

ao    S0990 
37    fil962 


v^ 


S-M78 

6-6069 

ff-7446 

S4  I  6  8310 

8A  I  5-9161 


41 


•5 


6-4091 


«a  6-4807 

48  6-5574 

44  6-6332 

45  6-7062 


ae  6-0000  46  6-7823 

87  \  60628  47  6-8557 

M,  6  1644!  48  6-0282 

8»'6-24«)  46  7-0000 


10,31623    ao   44721     Sfl-im  IS    l^lZ    ]'^i 


168.    llultiyltefttioo  of  Sitrdt. 

3  v'2  X  4  V3=3  X  ^2  X  4  X  ^3, 
-3x4xV2xV3, 
=  12v  0. 


•iM> 


It.  therefo,,..  follow-  that  /Ai-  ,W«rt  „/  fu^  /,/.,  -,^^  ^^ 
aiuvjft  a  raiumai  quantity.  "'  *""*  ** 

Kx.  I.— M.'Mpiy  Vrto  by  V:n. 

Ex.  1— Multiply 

2  12V3  by  3-V^. 
H«.  th«  inuJti,,liMiion  i.  pTform«d  in  • 
mM»uT  •imil.r  to  th«  multiplication  of  a  f  ft 


Slav's 


« f  «v  .1 


-2\^i-iVi 


6  +  «v/S-JV*-2v6. 
164.    CoaJuf.to  Sttrtb.    If  we  wish  to  multiply 
5\/3+2V2  by  tiy/i~2V2, 

a+r.ncf  n     '        "'*'■•  •'^  -^n  to  be  of  the  -.me  form  „ 

8imil«rty.  (3  +  \/2MS-Vi).9-2-7. 

•nd  (2-V^iOK2+Vl6)-.4-lO fl. 

Such  wrd  quantities  as  these  which  differ  only  in  the  sin, 

n«^  W.  ^"^  ^-^  '^  ^"^  -"^  -  -'-y*  - 


984 


AWKBRA 


■ZBSOm  lit  (1-lt,  Oral) 


Find  the  product  of : 

1.    2v/3,3v^6.  2. 

4.    3^2.  VS,  Vs.       ft. 

7.    V3+V«,  y/2. 

•.    V3+V2,  V3-V2. 
11.    \/x-Vy,  Vi+Vy. 
18.*  3v/6,  4^2, 
1».    (V3+V2)». 
/  17.    {3\/2+2V3)«. 
1».    4+3v/2,5-3v^ 

ZVl-Wi,  2v/6+3v/2 


ai. 

38. 
24. 
28. 


5v/2.  6>/3.  8.    oV6,6V5. 

(2>/3)«,  (V2)«.       6.    V2+1.V2. 
8.    Vo+VS-I,  Ve. 
10.    ^10-3.  ViO+3. 
12.    2^2+^3,  2  V2-\/5. 
14.    3^2,  4V/7.  iVi. 
16.    {2V'6-V7)«. 
,18.    (Vi+vJ)*. 
•   20.    3^2+2^3,6^2-3^?. 
22.    3^5-2^8,2^0-3^6 


V8+^/3+V2,  V6+V3-V2. 
V7+2V2-V3,  a/7-2 V2-f-v^. 

^5+6-3.^^+6+2.         26.    Vi+V5=:T,  V5_V53T. 

27.    (V3+V2+l)«.  28.    (V6+2V2-V3)«. 

28.  (Vi+J+Va^)'.  ao.  (3v'i:::i-2V«+»)* 

Simplify : 

81.  (6-2\/3K6+2V'3)-(6-V2K«+V2). 

82.  (v'S-V2+^«+(V3+V2-l)«. 
88.    (\/60-Vi8+V72+Va)xiv/3. 

84.    2(4V3+3V2X3V3-2V2)+(aV2-'3V3K4V2+2V3). 

86.  (V3+>/2X2V3-v'2KV3-2V2KV3-3V2). 

88.    By  ■qowing  Vr6+ V6  and  V8+ V7,  find  which  ia  the  graater. 

87.  The  product  of  6^3+3^7  and  3V^-V7  liea  between  what 
two  conaeoutive  integera  T 

88.  Findthe»»aofarectan(^whoee8id«ea»6+V'2aiidlO-2V5 


QUADRATIC  SURDS  236 

to  8V3+2^/2  inohet.     Find  the  ««.  to  two  decimal  pUo«. 
166.    DivWon  of  Sards. 

Since    VaxVS=v^.  ...  ViA^Vi^J^=Vb 

'  a 

Similarly, 

••"^  3Vl6^2\/5=.»\/3. 

Ex.  1.— Find  the  numerical  value  of  a/5-:-\/2  or  ^. 
r-iiirJLSn!  '"'  *'"  ■^"""'  ~°^  °'  «  »"'»  ^  and  perfo™  th. 

(f)  V«H-V2=Vf  =  V2^=  1.581. 

t«)    a5  =  V8x  Va  _  VlO      3  162 


v2      V2 X  ^2  ^    2    ^  "T~  "^  '■**'• 
I.  (3)  w.  ch^  ^^  tato  ^»,  th..  fa,  .e  n»d.  th. 

Ex.  2.— Find  the  value  of  -1=,  if  ^2=  1-4142. 

Hwe,  iiutead    of  dividing  1    by    I.4142    w«  «,.♦  -*•      .• 
denominator.  ^^  *      *  °"*  rationaliao  th* 

Then  -L  ^  JJi^        V2      14142 

V2      V2  X  V2      "2    ="  ^2—  "  -'O'l- 

Ex.  8.— Divide  6\/8  by  10^27. 

-^  -  «  ^llv/S  ^  2 V^2      2  X  V'2  X  Vg      2 V6      2  x  2.44M 


236 


ALGEBRA 


Kx.  4.~Rtttioiiali/o  tho  .letiomlnator  of  ^+^. 
:.    ''Ltyjj^dtym^Vi)     i  +  v/a     i  +  Vi 

3+VS      (3+v^a)(3-V«j'""9^^  """4 

Ex.  6.— Divide  5+2v/3  by  7-W3. 

Write  the  quotient  in  the  fractional  form  *  +  2v/3 
j„„  7    ^,/o'  '»t'onaii»e  the 

denominator  and  .implify.  T~W3  ">" 


Divide  : 

1.    3v'27-^V3. 
3.     a/72  ^3  a/8. 
».     Vl8  +  Vi2byV3. 
Rationalize  the  denominator  of : 


■XSROUB  11^  (i-ia.  Oral) 
2.     ^12-5-^3. 


4. 


Vabe-^Va. 
Vab+VaebyVa. 


7. 


V3 


"•"^^ 


18.» 


16. 


7-4v'3  ■ 

Va+Vb' 


8. 


li. 


14. 


9.    Z2 


la. 


I 


17. 


fiVa-aVa 


w.   X^ 


18. 


\/S--v/2' 

V7-H/2 
9+2VI4 ' 


Fimi  the  value  to  three  decimal  places,  uning  the  Uble 
M.    -7^ ^-.  o,  17  Vi-Vs 


23. 


3V7+2V3  ■ 
26.     2V^^3VS5. 


34 


Vi+Vs' 

27.     1^(7+4V3). 


QUADHATW  SVHUa  ^ 

88.    art(y'3_,j^2(>/3+I). 


3a.    Simplify 


2f  V'lO 
4\/2+v20-v/|8-v'5" 


X'     1.  var+v*-0=6.  are  surd  equation*. 
Ex.  1. — Solve  Vx—3=2 

Square  both  gides. 

Verification  : 

Ex.  2.— Solve  V5x^-2Vx-f3=o. 

&e-l  =  ia;-f-12. 

Verification:      VMZrT_2V^2v's4-2Vr6^g-g^o 
.  di:; -1  r'S^"'*  '^'^  "-«  '••^-  *»>«  Po^tive  «,u««  ^oot  only. 


ar-3  =  4, 

.•.     x=7. 


Transpose  2v'x+3, 
Squaring, 


fSoIve  and  verify : 
1.    2v'x=6. 
4.     v'x+2--=4. 
7.    m+V'x=n, 

13.      3r»!-V/T-Fo«..&j-o. 


"MHOIS*  114  (1-8.  OnU) 


2.     ^.^-5=4.  8.    8-Vi=l. 

ft.   4Vi=v'ao.         6.    Vi-6=o. 
8.     7-V'^4==3. 
^10.     Vx^+U£+3=x+6. 
^  12.    2r-v'4t«-T0»+4==4. 
14.  V(x-a)*+2ab+b*=r-a+b 


If 
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3.     »V'3f3v'27-v'48. 
A.     («V^«-«,wev'8+B). 
7.     (%/8f  V'2-2)«. 


4.  (4V^«f  \/rt)(4v/«-v/|8). 

«.  (v'8+v^2+2KV8-v'J-»). 

■•  (VS-2v'J-I)t. 

10.  (v/«-2)-;-(V«4-2). 


>"•     (V«-2)-r-(V«4-2). 
11.    (Vr28+v/48,W,-Jo.    it,.    (»WSK«-V3,.,v^T3-v'i,. 
M.     Multiply  3V/8  +  2 V3-  V2  by  2v/i-  V3+4v/2. 
^  14.     By  how  «uch  do«  th.  .^.^  of  Vj  +    «    „^  ^  ^^ 

wiuch  of  th«M  I.  the  do«»  .pproxim«tion  to  Vs  ? 

16.  Which  i.  the  greater.  ViJ  +  VS  or  Vft+Vlot 

17.  The  product  of  3Vi-2v^3  Mid  2^8-^/1  H--  w 

two  oonaeoutive  integera  r  »  •"«»  -« V  a-  V2  Ue.  betwaeo  wlui» 

M.    R^ion^iM  the  denominator,  of! 

Vi'   2VS'  W,'    ^3-15.    ^-?^-2_. 


Solve  and  verify  i 
19.     Vi+S-i. 
».     ■•«•-«+ 1=» 

as.    Vis-fa:pn^^^2 

28.    Ueinar  the  table,  aolve :    *•= 


ao.    Va«^-2v'iri 
aa.    Vat+7-aVi. 
a4.    Vinrg.i., 


■7«. 


«»-63,   J««-4»,  «Vi-v^ 


>\ae.    Find  to  three  dechnalptaoee  the  value. 


of; 


-?=.'.   -J aVfd-v^g     3VI-2 

V^«     V^     V2+1       VfCHTv^g'  4VITI" 
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27.     Find  the  value  of 


ao, 


Simplify  )^*-J  _  y«T3  .„^    V5+  V2 

V5-2      V5+3"«*V'3--V2-^V^.VJ- 


Find  the  value  to  two  decimal  place,  of 

•-jf  +  i+y.  '«'h»n«=2+v^3.  y  =  2-v^S. 

81.  Multiply  2VS6~3V6  +  liy/3  by  v/3  +  2Vj-v/6. 

82.  MulUply  V7+Tv76  by  vT-r^j. 


.  o-i^  / 1 1 


J 


L' 


CHAPTER  XIX 
QOADRATIC  IQgATIOn 

Let  the  number,  be  *  »nd  *+ 1, 

*(*+!)  =  462. 

. .   *+  IO=the  number  of  feet  in  the  length. 
*(*+10)  =  87«, 
•■•     «»+ 10*- 878=0. 

i^et 

aj=one  part, 

20  -  ar  ^  the  other  port, 

••■  *»  +  (20-,)«^2x(20-x)  +  36. 

4t«- 803- J  384^0. 
X*     2ttr^-01=rO. 

8W 


QfUDRATIC  EQUATIONS 


Ml 


mxm»onm  lu 

foUowing.  '         "  *"•"''  "»»*  t*  ■olvod  in  Mch  of  the 

!.•  The  .urn  of.  number  and  It.  «,u«,i,  132     ii..„^  .. 

«.    The  sum  of  the  MuaiM  a*  .i.-^  "Su-re. 

Find  the  middle  number  *"*"  «»^"t«ve  numben,  in  149. 

112*-  FSTtKutb:;.  •  """'*'  "^  '•-  »-»-  -.««„  by  6  .. 

T1.*.Jl;•iz,^u:L^rT!:d^^^^^^^^^ 
than*\he'];:rbn?;:^'"'?i:°tr  ^r?  p^  of .  book ,. « mo« 

the  number  of  page..^^"    ^*  *°*^  "»»«»' of  word*  i,  woo.     rJJ 
i.  3j-inei::  *1?n3't;eT:::tr  "  ^  «»"-  ^»-  and  the  perimeter 

168.    StendMd    Form    at   th^   n 
quadratic  equation  n,ay  be  i^ucJ5t?he  fo^"*"""*     ^''^ 
...  ax'+bx+e^o^ 

oantfbT'zer'  ^  *"  *"^  '^"-"  -»»-".  except  that  a 

them  to  7e  HtanVrTS^"  and'S''^  ."^"'^*'°"«  **^  ^^'^^^ 
quadratic  equations.  '  determine  if  they  an 

(•P+l)(2x+3)-4x«-22, 

2*»  +  Sar + 3 = Cr«  -  22 
.-.    -2x«+6x  +  26=0. 
2«»_8ar_2a=o. 

'^'o'^-3.^^^^^  ^^  -««-t  of ..  1. 2. 


Ex.  1. 


Mt 

ALOSBHA 

Kx.  t. 

.-.   7*«f4<,.7)-4., 

!!«••«.  1, 

&• 

-0.e-. 

-4. 

Ex.  a. 

x  +  5.0. 
tli«  coeffloient  of  «»  b  lero. 


not  •  qiwdnitio,  line* 


■xamoiaa  m 

1.*  ar>»x+S2. 
8.     lftr-I5-8x*. 

7.    8-.x=£". 
4 

x-2       x+S* 

*+«         X— 1 


t.    SSfr=Ar*4-21. 
4.    2=1Iz-12k*. 

•.    .+  »  =  » 
'     2 

8.    (ar-5K2«-«)«zi-|.jj._8. 


10. 


12. 


x-l      »+2 

2j!   _   x-3 
«— 3        X 


3 


1. 


169.    Solution  by  Fketorlag 


Ex.  I.-Solve 

Verily  both  rooto. 
Ex.  8.— Solve 


QUADRATIC  EQVATIOSa 

.'.   s-Oor  &V-3  »0, 
.'.   «-0or  |. 


iu;*-ffrxaO. 

•»Oora«  4-6-0, 
«-iOor  -*. 


Ex.— Solve 


OrthiM. 


3ar«-27«0. 


3(«-3K*f3)  =  0. 
*-3  =  Oor*  +  3=.o, 
»-.±3. 

3*«-27  =  0, 
.•.    *»-», 
*-±3. 


given,  the  «,lutio„  irl^e«ii7Jfr:i:il.  ™*'*^°^  P^^--'^ 
Ex.  l.-Solve  3x«-llx=.U. 

.-.  («+iKa*-ii)-.o, 

•.r    ..  «=  ^  I  or  V. 

Venfy  both  of  thew  root*. 

Ex.  l.--Soive      x«-m;r+„x-mn=0. 

*(«-m)+fi(»_M»)«o. 
.-.  («-mK*+»)=0, 
.*.     xasm  or  — », 

BS 


u* 


AUmtiHA 


l-W.    tiolve  the  Mitutioite  in  ik.  —.^^i 

(Verify  th.  «,mu,T  "^  ^  ***  •*"*  ""^^  »«  ^  Ch.ptor 

Solve  by  feotoring  Mid  rerify . 

IT.    »«-ii»-(jr-«x6+e). 


whose 


170.    Coniiider  the  prohletn  •     Pin^   ♦ 

Let 

x=one  numher, 

ar(100-jr)- 2491, 
/.  •'•-I00ur+249l«0. 

of  *  and  a.         ^    '  ™  ""»'»'«  *«nn  being  /«nce  the  product 
If  the  fim  two  term,  of  .  «,„«*  are  x«+2««  we  knn«,  *•,  * 
r— —      't  must  be  the  «,ua«  of  :r;a   ;n7  th«L   ** 
«•    must   be    added   to   x«+ij  t  mt?    "*• 
complete  «qiiare  ^   '"*'^®    » 

the'^tl*?^"*'^'''^*'^*^  portion  in 

•re  the  fl™t  two  t«m.  rth^^^'J"*  r***  f  or  4.    Ai«,.  .._i 
muet  be  wJded.  *'"*"  "'  *-*•  •«<«.  therefore.  4«  or  Ifl 


u  cue  tiiBt  twc 
f ^      it 

*~hTJ      ooe 

LIXJ      > 


Ul'AhHATIV  kVVATInSS 


••'f  flwf  »  -10, 


Ex.  •.—Factor 


-(»+Sf7K«f3 
-(*+10K*-4). 


7). 


^•+ajr-806. 


Add(„.orvto,.,a.toco„.p,et«th« 


Then 


wiiMra. 


"•(»+3IK*-M). 


Ex.  8 — Solve 

Add  so*  w  2000  to  complete  the 


100tr+249J 
■qiure, 


=0. 


lOOrf  2800 -2500+2491^0, 

••-lOttrf  2«00-0  =  0.' 

(«-aO)t~3i.O, 

•■•   (*-M  +  3K«-ftO-3)-0, 

(*-47M«-»3)  =  0, 


»-47a.O 


or  ar- 83-0. 


a;«47or53. 

«ao±8, 


•  • 


-M  or  47. 


AUtKHHA 

Here  Um  .olMtkifi  i„^^u  upon  tho  Mm.  n^.   i  i.    . 
•MoaiM  «  aimpler  form.  ^  pHw  Iple.  but 

It  is  thua  Mm  that  w»  tfftti  Ikt  mJuii^    i 
2-J^    h,  finding  and  ^S.^  imI  ^IZJ  '  '''^"^^ 

Ex.  «.~«olve  t««^.,«|o. 

ttvW.  by  J  to  ^k.  ih.  flm  trrm  •  «,uw., 

T*»»eh.«,u«,ra.H       .•  '^•^'♦^•y-V  +  A-W. 
V^fy  both  of  th««  «««^  '-tV-l-lor-l 

The  ttops  in  thk  method  are  : 

I.  /Muee  Ike  equation  to  tkm  siamdamA  t 

'»f^^f  term  lo  Oe  right.  '^"*'«' /«^  «-rf  rtmovt  IA« 

2  ^Virf.  6y  tke  coejieient  of  x*  if  nd  unity. 

0/  *«//  <A«  eotffieient  <^  x.  -^  «•«  «7tiar« 

*    ^«*e  <*«  •ynor*  root  of  each  tide 
S.  *>/^  Oe  f««A.-,j,  ^^j^  equatiome. 


^  WUt  „„H  be  ««ed  to  e^b  C  th.  roUowio,  to  a»k.  .  «,„pwe. 
F«tor.  by  majuag  the  dilfcnmo.  of  «,««.,  «^  ^^  ' 


tif 


QVAhHATIv  nUATlOHH  ^ 

^•nly  1^.  root. ,  ~'"»**'^  '*-  -!««•  »«  «<ir.  ifc.  fo^^^  .^ 

14.    r*^U~9.  ,«.    ,,    ^^, 


IT. 


».  *«f7#fio.a 

W.     tr*fx«|(|§|. 


tTt.     I^MtioM  Willi  ImtidaAl  ■••I.      r       1.    . 
eqM.tion«  w«  have  mAyTT.  ?      .    I"  *"  ***"  qu-dr.ihc 
compter  the  ^lul^ol  tk.  ui/  "7    '^*  *'"""    ^»    »"^» 

right  WM  «u,  .^^^ '*",!;';  ^'*  r'*^  /»r  'j-^^^'^y «« the 

■Hiwre.     rhto  would  not  aJwayi  be  the  oMe 
Ex.  l.-«olve  *«-ftr~|-o. 

*•-«•- 1. 

Th«  two  root,  .wi  3  f  V't^  ^  3_  ^, 

Th«  two  roota  would  Umd  bo 

3tS|ll-.A.|eor  -it, 
"  w.  ■ub.titut.  wthOT  of  th«.  value- fo,  .  .       .    - 

3  .•.but  the  SfifJi  <r:;wti'i3?i.''«r"/'*  *-  •"•»  "-^ 

wUl  bo  vory  .nuUI.  """"^n  «  •nd  tho  volu.  fouuU  fur  «•-«,_ | 

•■•    ••+*•+ A -II. 

flw  two  rooto  wv   -l  +  i*/r>        a     i   /.* 


AUJSBHA 
«>'"tion.  of  the  pr^bil."'^"""  *'"  '""^'^  two«,«S 

-ife'^Ar/;:!^'^^::;^ ^^  ""  t  "^ »-"  «„« 

'"  U  hour.  Ie«.     What  wm^i  ;;;;«;o'»plet«l  the  journey 

I^»hi-r.tab«,„,i,e.p.rhour. 

*"»•  time  taken  to  w.lk  2«  mij,,  ^  2«  ^^ 

A»M«.«.ppo»d«f  hi.time       =    *2«    ^ 

Simplifying, 
Solving, 

Therefore  hi,  «te  w-  4  «,i         "°*  "  ~*^ 

•olution  which  i.  UMlarti..^*"  *"'  '"'"'•  ^"^  'tiH*  ««t  giving  . 


»=4or  -6. 


■znozra  uo 

Solve,  findina  the  •««♦. 
u^tbeublef  "*^  •PP«'xu„.te,y  to  th«e  d«,i„.,  p. 


iii 


QVAhHATir  KQUATIOSS 


t40 

1*.    The  differemo  betwern  thi«  m,\».  ^t  ... 

•od  the  armt  i.  imi       "^"''^"  ">«  »««lM  of  «  rccUiig  o   ia    13   inchM 
•natliearwi.300«,u.n.inch«i.     Find  the  wd.^  «■    u  mcliM 

i7.    A  merchant  bought  Milk  for  KM     Ti.„         l 

WhM  ,„  u»  priS  p»  to"  I  !«»  for  the  „me  „oo,y. 

W.    A  mui  bought  a  number  o(  article.  I™  asm.     u    t    ■  .      . 

1^^^  ™"  ""  »l««.  8«ming  82  „„  ..ch.     Ho.  „,a„,  ju  h. 


fflk) 


AWKBRA 


**•     How  much  must  bo  mAi\m,i  ♦«  .u    • 

(2M(.io-io,i».4.eo_,3.woa 

8*.    The    denominator   of   m.   t^^ti 
,^»ui      M^       numerator  by  3.     If  4  L  IiJL"*"  "'*«^  »»>« 

do  It  alone.  "^  "*"  ^-    *""  t***  tinie  in  which  ^  ooiUd 

1 


*•     *''''«/     +^-3. 


1 


1 


••     "'•^"•^-'  =  »-''-»-th.va,u«.of^, 
».     Are  «=4  and  a!i_|i,  „   .     .  * 

the  «„,o  roof  r     "•"'-'«  equivalent  equation-,  that  i,,  h,ve  the, 

7.    Solve  *» -ay +y.^39,,^^^^^ 


QVAURATW  KQUATIOSS 


■.    Divide   U  into  two  pvta  ao  that   th«  ...m     r  .1 
».y  b.  g«.f  r  th«  twice  theTTro^uoTfy  4  "'"  ""^ 

t.     If  (*  -  2Kx  -  3)  ^  7(*  -  3).  doe.  it  follow  tliat  x  -  2  =  7  r     Wh.t 
ia  the  proper  conduwon  T  .-.  *     ^  _  /  7     what 

10.  The   diaUnce    (.)    i„    feet    that    a    body   fall,    from    r«.t    i.. 

1  qjt."  r«"«'rj.'7  '°^  -  ""•■ «°-  ■»-  -  "-" 

11.  SolvM  3x*-4x— 1^0. 

nui^^/^lv!!!!^  •  ""?**"'  '■    2*   «^*«'   than  the  Houaro  of  the 
number.     Doe.  th»  condition  determine  the  numbor  do!u.i.dy  ? 


IS.    Solve 


i-+2 

x-i 


7       4_, 
■3   ^-2.- 


14.  Find  two  con«»utive  odd  number.  who«,  product  i.  309. 

15.  8olve(2x  +  3)«-2(2x  +  3)-35. 

.x-t-io     10     II      7         la 


17.     Solve 


*-a 


x-3      3 


It.    «<>l»°(>'-IK!l»-e)-(IU-12K«-6).(,_21(2^-3) 
ai.     If4*«-3x»-f.yi=|4.  flndj,ify^^^3 

fK?*!-*'^  H"*  *®  ^"*'*''"  '°"«  "  •*''''•****    "»t"  two    parte,  .uch  that 
n|o«  than  the  «,u«e  on  the  .horter  part.     Find  the  lel^^thTof  th" 
25.     Solve  ««+y»=9,  when  y  =.3-x. 

o.*  ,o':s-'t;s  I'j::"""'  " "  "»• "-  •*■■  •^■■"•'  •*  >•  * 


AUIBBRA 

8r«»U,r.     Find  the  .id«,  "^  P«nnM,ter.  iu  «J  would  bo  J, 

SO.     If  Sa- 


il 


*•  ''•"'  '  »«  »»•«*  decimal  p|.oe,. 


«iuLvr™::^H:X'^rr:r  ?^r '  ^'"^' -  -  b.  divided 

■«d  the«,by  the  oo.t  £^h  o   "h^oth'''*^  ^  "'"'"''"^  ^thZ^ 
How  m.„y  ^  ^.^  ^^^^;'  of  the  othem  w«.  i„e„,.^  ../^J;"^' 

8*      A  can  do  m  pieoe  of  work  in  in  ^ 

"■  i!.'Y''""''""''"""'"<"»'«-o,.. 


CHAPTER  XX 
«ATIO  AND  PHOPORTIO' 


174.    Method*  of  Compwlnf  MamUudes.    When  wo  wi«h  m 
compare  two  inaffnitude*    thnm  «».  ♦  .  "  *** 

-„_       •  ""»«»"'"ueH,  inerc  are  two  wavH  in  whinti  fk. 

comparwon  may  be  made  *'** 

Neither  method  of  comparison  can   be  iMed    ..ni«-.  ♦!, 
magnitudes    comnareH   -r«\.#   ♦!.  .^^'   ""'*"  *•>• 

Thu«,  we  oui  compare  3  lb.  and  lOlb  •  2vrf    i  #♦         i  .w 
but  we  o«,  not  compare  6  lb.  and  4  ft        ^  ^  *"''  ^  '*'  ^  •"• ' 

176.    Ratio.    When  two  maffnitudmi    nt   tu^  • .    . 

The  ratio  of  3  to  4  is  written  3  :  4, 


Similarly, 


3:4=3^4=1. 


■.b=a^b 


a 


ni 


itu 


ALGSBHA 
't  will  thuH  tw*  Heoii  thaf  .11 

<7«.    Compftrtaon  of  Aaua*     t 
•imply   c«,„|«iro    the   ftuvlU^nJ?   ""u'^T"'    **"   '•t'*    *• 
equivalent.  '"''*'""*   *«    *hich    thc«,    r.ti«,    «« 

Z    '\T^^'"''  '"  ''••'  «^»-'-  ™tio.  3  r  4  or  7  •  0  f 

Ex.  t.— Which  IB  irm  er  n  . «  1  o 

KTtv   er,  o.a+2oro+l  :  a+3 


a  t  2 

Of  3 


What  ia  the  conduwon  r 

177.     Ttrng  of  •  Pmiia       i     *L 

the  to «.  of  the  r^Ta  i.  .i^':^^;*.*'  "*"*'*'"'  «•"«« 
theooittoqwat.    The  ai^tec^ '"?  ***  •"loo.iont  and  6 

f    the   equivalent    f^'l'^'Th'""'*  *" '''^  *»"">•«*<>' 
denominator.  "«"on.    and    the    oon^quent   to  the 

dividend 
diviaor 


ThlM, 


.  •!lt«?dent         numerator 
con«x,uent  =  denominator 


^^.,t»utnMor       diviK>r 
178.      Bqoal  PatU«       fi:_ 

which  we  have  uaed  w  tTfL?*'°  "  *  '"^*'*»"'  *"  the  Jaws 
ratio*.  "^  '^'***  '"»<'tion«  may  aJao  be  uoed  wilh 

Thus,  since  ~~*^    .*  ,  „ 

„      '     "**  6  -^'  't  follows  that  a:6=«a:m6 

Henco  both  terms  of  a  ratio  mnu  k.        .  • 
Ay  M.  same  guantUy  'zero  eX^  JLT*?'^  '^  ''••^ 
o/  /Ae  m/jo.  ««ce/w««)  without  changing  the  valve 

Thu..6..9=2:3,i:,-.3,2  ' 


'  a 


■■  a* :  b: 


HATIO  ASh  PmpOHTION 


■*■««■■  lit  (1  IS.  oml) 


1.  10:15. 
4.  IS :  10. 

f.  2  ft.  :3yil. 

10.  24a :  8a. 


a.  21:  A. 

a.  92:  to. 

«.  2  dayd  :  12  hr. 

11.  AaA:  lOQi. 


».  4rt:63. 

«.  S2  «) :  110. 

«».  2ft.3in.:.1ft..lin 


12.  flf&:a»-6». 


_i      1 

*j3,  s.-a.  II;  i«,  13.  i^ 


A  U]  HUH  A 


Mini.  ••"  *'^  •»  »«  ««i»W«nn  the  r4ll„  2  !  7.    Mn.1  ih« 

lano  r"^*"*  "'""•*'  "''^'~'*^  "om^h  term  „|  7  :  ,0  wlU  p^^ 


II. 


Wh*t  b  the  conclu«lon  when  e    4  ? 
».     "'"••P«»ive„„.„berwhk.hl.,he,«.eerr.Uo. 


»  '  fa         I  t-Sa 

S*.     Divkle  a  line  a  inrhe*  lonir  inty. .-        ..       . 
ti>er.tk>6:r.  '"^  *"**'**»  !*«•»»>«»  length,  w.  « 

ineon«  doe.  H  «ve  r  "^  '""  "^'"*'  »»»»  P"  <*"»   of  hi. 

divWon  b  .  inch.  ««,  the  tength  .i^j^"^**  '^^'^  ^^^  !»««-  «« 

an.    Two  number.  ««,  in  the  mtio  of  3  :  5    but  If   in  K.  .  l      ^ 
the  greater  »„d  added   to  the  .malW    »^'     »     !  *••"*  '"" 

the  numbew.  ""'•  ***  ™*'*»  ^  revened.      Find 

JuLt  I^°   "^   •"   "'°^'"«   •"*■   "-i'orm   rate-.     The   fl«»    «^ 

Thu..  3   4-IS;ao.  gincef=i|. 
J^^  3J^    SO  j«  »  p^p^rti^,,  „,  3  ,    , 
wua«,Dettpf,pgrtl«B,ortheyare«»«l  to  !«•  pwpoftloiMUfc 


HAT  to  AMD  PmPf}ltTioy 


thm 


W«.  *.  e.d^ro  in  proportion  or  •:  6-e ;  ^^ 

•      e 

'n  th«  proportion  a.fr>.cd    «  «wi  ^ 

ThMi.  if  th.  fourlh  pr«portion.|  to  10.  i».  |i|  i,  ,, 

10      IS 


10;  It- 10  ;«  or 
•.      lOr- 12x18. 

JC-li. 


19 


typa- Of  equation,  in  x  and  /the  v^!? /k       .^^  ^'^'^ 
may  be  found.  "^  '**  °'  ****  "*"«  «'  *  •  * 

Ex.  l.-If  a»=ey,  find  the  raUo  of  X  11 

fe-fly. 
•••     •-!». 
■      ?-• 
tb.»tlool  .:i;»Jor6:/l 

El.  a.-If  ax+4y==%-.7x.  and  f. 

y 

?        • 
»'  "  16" 

"»"  b  .  ^  J^^l.'  Ji"^. "  »"  "°«  •-  found  if 

w     iw,  wie  value  of  x  :  y  omi  not  be  found. 


'  i 


■i  AWMBMA 

Kx.  ».-If  lr«-7*f-^flf«-0.  find  «:y. 
rMtorlng.        (•-%K««-%)-0. 

.'.    a-llr-Oorla-  Sy«0, 

H«(n»  th«m  mn  two  valuaa  of  *.     If  w  divid*  Mch  Imnn  of  th«  givni 
•quAliuii  by  y*,  w«  g«t 


<;)'-<■)..-. 


In  thk  form  w«  ne  Uw(  Um  •qiMtion  is  •  quMimtk)  in  '.  Mid  w« 
mlghl  iMtunlly  «xp«ot  to  find  two  valuw  for  th*  r«iuir«d  ratio. 

find  the  ratioii  of  x,  y,  t. 

II  w«  oUminat*  <  in  the  laiud  w«y,  w«  g«t 


If  w*  alimiiiAt*  y  w«  g«t 


•      8 


8      7 


8 


m 

i 


W«  OM  oombiiM  Umw  rwults  in  th«  convenient  form 


8      7      19" 


Find  the  value  of  x  in  the  proportioni  t 


1. 
4. 
7. 


2  4 

3  X 

X     S 
«"4* 

a     c 


a. 


A. 


3     9 

7"i' 

3        6 


8. 

8. 


2     X 


ft      X 
10.    3:7=:>l2:x. 


a     a     z 
6      e 

11.    2:3-»:9. 


5 
4 

X 


-J. 

s 
16* 


13.    z:6»7:ia 


HAT  It  I  A  NO  PHOHtkTIoS 


Kind  the  \»,\m  «•!  *  i  f. 
It.    4r«-4„.  „.    4,.  „^, 


W  J -^  •how  that" 


•  J.  mm!     «-  " 
*  a     « 


•I.  (*-»»K'-^)-a 


«.  3.  In  I    a,  _7,  _|0j 


1  ^'i^*^/  '""*'•   Proportiofwl   tor 

^••nda  tnortter  th«to  +  3:a  +  I«-3t4 


«T. 


nSth^r'.S:'""  ""'"*'"•     "^•^•^•«oth.«tiowM3:4. 
to  twoXimiU  puil    ■        "  '''*'  ''"*'^  "  '»  *"«'»«.  «nd  the  .ide 

the^JTtTt'hit'e'' r^'^Tf ;:°  t'--;^*  •:?"«'• '» «^''«- 

•ug  me*  Me  In  the  ume  ratio,  ao  that 

AD :  ^i?-/Jir .  J9f  ,.4f .  ^c. 'C 

^i^l^T^Z::'''  '"'"'  "''"•'  ""^  *'•*'  '^'**''-  ^'^' »»-  other 

1/  AD^»  «d"  i-STJ^  .t  ^ Tli"?  ^^  oormponding  .idee. 
734  ^"'  «'«*»»«'  "^^  <rf  ^/>^  if  the  .«.  of  ABC  i. 
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A  WE  BR  A 


83.    Tho  side  of  the  square  ABCP  m  10  inches  and  EF  is  para] 

^  ^      f°    !u-  .  ^l  *'"'  '''"«*''  •'*  ''*'  •-  ^  in^hw*.  find   t 

length  of  FC  to  three  decimals. 

84.     If  the  bases  of  two  triangles  are  in  the  ral 
^____^       3j  f  and  their  heights  in  ratio  8  :  9,  find  tho  ratio 
D  c       *"*"■  areas. 

Sa.    From  these  equations  find  x:y, 

I3x+5y=^9x+l3y ;    ax+by=:cx+dyi 
mx~ny=nx+my ;    px+qy=0. 
88.     Find  two  values  of  a; :  y  when 

(ix*-l3xy+6y*=0;    x*=4xyi.!iyt. 

37.    If  5a-36+2c=0  .^id  a+6+c=0,  find  tho  ratios 
ol  a:h,  a:e,  a-.b:c. 

88.  Find  the  lengths  of  all  the  other  lines  in  this 
tigtire. 

89.  If  a  pole  10  feet  high  casts  a  shadow  171  feet 
ong.  what  will  be  the  length   of  the   shadow   cast,    at    the  sair 

time,  by  a  monument  84  feet  high  ? 

40.    Write  the  equation   3x*-lOxy+3y*=0  in  a  form  showing 
as  the  unknown,  and  find  x  i  y. 

,  "L,  t  ""'"'^'•.o*  t^o  digits  bears  tho  ratio  7 :  4  to  the  numbe 
finTttem^  "'''*"'"*  *''"  ^^^'     "  *'*'  '"™  °'  ^'^^  °"'°'«"  »  «« 

•   f  ■*  Ju*  •'?**^  of  a  room  is  to  the  width  as  6 :  5,  and  the  lengtl 

"nSTd^Zlr '  '■    "  "■'  '-  °'  '''  ""'  ^  ■"»  •'-"  ^' 

43.  If  4  men  and  3  women  earn  as  much  as  16  boys,  and  6  mer 
and  5  boys  earn  as  much  as  10  women,  find  the  ratio  of  the  camin« 
of  a  man,  woman  and  boy.  ** 

44.    If  Sab+2b^:2a^-ab=9:5,  find  a:b. 
When  the  angle  A  is  bisected, 
AB:AC=BD.DC. 

(1)  If  ^B=10,  AC^8,  BC=12,  find  BD  and  DC. 

(2)  If  .4B=c,  AC=b,  BC^a,  find  BD  and  DC. 


45. 


HATIO  AX  I)   PROPORTION  jg, 

47.     The  8i<Je8  of  a  triangle  are  7    10  and  19     ti 
similar  triangle  u.  721.    What  are  itH  ZeT^    ^^    ^'''  '•"""'«^'  °'  » 


43.    If£±»=2£-3y_x+2y+52  „  , 

0  7      ~        9        •  find  X :  y :  J. 


repeated.     The  threTZlM  '"''^'"^  ""''**^'  '«  *«  »>e 

Proportlo..andth:'rddo"o™?r«  Sed'hol^  ^"  """-- 
between  the  other  two.  "*"°  l»wP«rt'on«I 

If  ^  «  a  mean  proportional  between  3  and  27. 

i-27'         •■•     **  =  81.         .-.     a;=±9. 
•■•    *''®  '"^*"  proportionals  between  3  and  27  are  ±9. 

.._y       Mini       ~      — 

results. 
Similarly,  if  .  i,  the  mean  proportional  between  a  and  6.  then 


Since  ^  =   »   ond  A  _      -    .,   . 

9      27  _9  -  "27-  »t  18  seen  that  these  are  the  correct 


a       a; 
x~  b' 


:.     x=  ±  Vib. 


183.    Third    ProportJoiial.     If    «    a   ^   „„    • 
proportion,  c  is  called  the  th.nl  pro,o'rt,ol5  to TanS  r"'""^' 

Thus,  if  X  is  the  third  proportional  to  6  and  15. 

1  _  15  '  ' 

15-  x'        •■•     6a;=225,         .-.     1=37}. 


262 


AW  EUR  A 


f  ■) 


B^ 


BXBROISB  184 

A  ,\'     ^'H''.."  '"^''"  proportional   iHJtwcen  4  and   16;    2a  and  « 
4o6»  and  lVi'6;   (a-fc)'  und  («  \-h)K  -;«  ana  e 

2.     Find  a  third  proportional  to  2  and  4;  3  and  .JO;   Tw  and  1ft 

«„  *'  ,  J'"^^  """''e'^   are   in    continued    proportion.     The   raidi 
one  .8  12  and  the  sum  of  the  other  two  i.  51.    'piij  the  number.. 

ft.     What  number  must  be  added  to  each  of  the  numb^n.  -i   7 
•o  that  the  results  will  be  in  continued  proportion?  '    ' 

«.♦  In   the    figure,    the  angle   BAC  being  in 
semicircle   is   a   right  angle.     When  AD  is  drav 
IC      perpendicular  to  the  hypotenuse  it  is  proven 
"  geometry  that 

^Z>  is  a  meon  proportional  between  BD  and  DC, 

AB  between  Bt)  and  BC,  and  AC  between  CD  and  BC. 

(1)  IfflZ)=  A,DC=  9,  find  ^A 

(2)  If  fi/>=  5.  AB=  8.  find  DC. 

(3)  If  B6'  =  13.  ^C=12,  find  DC,  AB,  AD. 

(4)  If  AB^  3,  AC=  4.  find  i?C.  .4  A  BD. 
7.     How  would  you  use  the  preceding  to  find 

(1)  A  line  whose  lertgth  is  Vd  inches? 

(2)  The  side  of  a  square  whose  area  is  12  square  inches  T 

fl,p!.'jo^'°'^^*ru°  1"'"^"  '"''*•  *•'»*  **>«  ™«an  proportional  betwee. 
them  IS  4  and  the  third  proportional  to  them  is  32     '^     °"'"  '^*''**' 

9.    Divide  a  line  21  inches  long  into  three  parts  such  that  the 
longest  ,s  four  times   the  shortest  and   the  midX  on«  i«  J 
proportional  between  the  other  two.  *  "**' 

m.    The  following  examples  will  illustrate  a  method  which 
has  many  appphcations  to  problems  with  ratios  or  fractio!^ 


ose  sum  is 


RATIO  AM)  PROPORTION 
Ex.  l.-If  I  =  «  prove  tnat  ??-'+2*'  ^  3«'+2d» 


263 


Sii.co  ^  -=  ^.  let  lutl,  frttctioii  -  k. 


Then 


=  k;  :.  a  =  6i-, 


o«-56»        c»-W» 


=  *.  .•.  c=d*. 


b  a      ■  ■■  

^^Sul«tituta  these  value,  of  „  and  c  in  each  side  of  the  identity  to  be 

?«-i±  2'/*  ^  */«*»  +  2rf«      d.(3A.  +  2)       3t«  4-  2 

■       3aM:^6«^3c»  +  2rf« 
a»-66«        c»-M«  ' 

Ex.  2.-If  ^  =  I  =  ^  prove  ^-^l^'^+i**  _  (=c+y+z)> 
of^ht^rltnrisVurrt  *'"""*"**'  ^  '^^^^'^  -''  ""-  ^-at  e«,b 


185. 


»      a  a-b     c~d 


Prove  this  by  letting  a  =  6*  and  c=.*.  as  in  the  preceding  examples. 
Here  the  fraction  «+*  was  obtained  by  adding  and  sub- 
tracting the  terms  of  the  fraction  ?  and  ^-±-^  was  obtained 

in  a  similar  way  from  - . 
d 

This  principle  is  sometimes  useful  in  simplifying  equations. 
Ex.  l.-Solve  1^±3  _  3a-f-46 

Adding  and  subtracting, 


4x-3      3a-46 

8*60 

0       86' 

646ar  =  36o, 


166' 
Solve  also,  in  the  usual  way.  by  cross  multiplication. 


1" 


204 


lii 


A  WE  BRA 


Kx.  2.— If  '*'^A+*!+^^?t*T^-<' 
a~b-c+d     a~b+e-d' 


Adding  wid  nubtwctuiii.  r^-t^'   .  2a     2d 
"'  26  +  &   ■  2b^2c 


prove 


d 

c 


»  +  2c 

26 -2c 

a  f  rf 
6+0 

a~d 
"b-c' 

o  +  d 

_6+c 

Adding  and  aubtncting, 


-d      b-c 

2a      2b 
2d      &• 

a      b 

a      d 
6=c* 


azaRoisa  las 

*•    ''  I  ==  I'  prove  that       "      -      " 

«•     '^  2a+36     2c+3d" 

a.     If  a  :  6=c  :  rf,  show  that 

ma+nb:ma-iU»=mc+nd:tne-nd. 
8.     If  a  :  6=c :  d.  prove  a*bd+b*e+bc=abh+abd+ad. 

4.-  "  ^  =  |.  find  the  value  of  ^-+^ . 
y     *  &cy+y« 

(Here  x=|y,  subsUtute  for  z  and  simplify.) 

».    If  I  =  I  find  the  value  of  <^+^y)(^+2y) 
^      3  (5x-3y)(3a;-ay)' 

«.    If  ~  =  3  and  ?  =  ?.  find  the  value  of  ^^M-fty 

^'    "  a  "^  6  ^^  c'  P™""®  *'"**  ®*^*'  fracUon  is  equal  to  ^^.  tha( 
is,  to    s"*"  of^numeratore^  o+6+c 

Bum  of  denominators ' 


8.     If  JL,  =  J-=  J_ 


b—c     c—a 


V  prove  a:(6+c)+y(c+a)+j(a+6)=o. 


RATIO  AND  PH(W( tunas 


2IM 

i«.  If   "     -A      " 

II.    If  o  :  6^6 :  e.  «how  that  a  :  c  =«« ..  6». 

B-^  o_c_rf :  e  .-,/,  prove  „  .-  A  ^r  :  rf. 


13.    If  "+-*+«+«/ ^a-6+r-,/ 


.  show  that 


e 
d' 


a+b-c~d     a~b-ci7r 

14.    Solve  5iti*  ^  *Lt3A 
^~4b      fin     .%  ■ 

16.  If    «-*+!  ^  6-r  f  3       c-a-^S 

equals}.    (U"^'^^'  7.;-"-^-*  ^"^  «~=^«  *  "'"^   ''"'  '"''"'   '™'''- 

17.  Solve  «'+*+£  ^  fcg+c+o 

<w-6+c    "fcr+c-a" 

"•    "  i  "  6  =  a  •  "''o^'  that  each  fraction  equals  ''«-3y+2.- 
al»o  equals  »»*±»»-F.  &-36+2C'  ""^ 

*na+nb—pc  ' 

are^'ro^rttirt^ ""2!"  ""'*'  **"**  *''*^  'um.  difference  and  product 

fin?;hel";*C"  """""""  ""'^•^"'  -^  « ''«-*'  ••  6'-a'=41  :  39. 

i«'ided''t:iTth:it'r  oflrr"?  ^™  r  ^ = ^'  -^  ^^  ^  ^-^ 

the  dimensions.  '  *'**  "°°'" "  to  the  old  aa  35  :  27.  Find 

23.  If  a :  b=c :  d,  prove  a :  a+b=a+c  :  a+b+c+d 

24.  If?0l±6_12a+6  ,^     a      <; 

loc+d  -  i2r+d'  "''"'^  *'"'t  ? = I . 


25.    If  a  :  6=6 :  c,  then  a'+ab :  b*=b*+bc  :  c'-. 


'MO 


AUiUBHA 


4. 
7. 


c         a 


I 


«.     "•+»  +  „,  ro-l  + 


1 


■XBROISa  188  *IUyl«w  of  OhapUr  XX) 

Write  M  fr.icti„n»  in  tl.oir  «i.„,,|.,t  Umnn  : 

*  *  Ha  "• 
I  ^               I 

•.     Divi.lo  144  into  thrro  part-  proportional  to  3.  4    1 1 
to  e";  7  T""'  "'""  '"  '*'•'"''  '"  -•""  •-"'  «'  ^  "  to  m.ke  it  eq, 
It.     Write  aa  a  proportion  in  two  wayii  • 

a.  «=-'.«;  2.5.:Lc:  ao-crf;       • 
(«f6)(a-ft)..3.4f  o«~iV,-f6..«i^flaM. 

oth";  oxLt/r""  ""  '  ""'  '^^  •""  """  ♦'•^^--  '-  3.  what  i.  ti 
13.     Find  a  fourth  proportional  to:  7,  16,  35  . 

^^J^'^mT  """'""•  •"  *»•«  """  »  =  «• »"«  J'«-"-  of  who. 

ZZV  '"'"  '™'"  **"'  «''"'^*"'  ^'-  ™'-  ••  »4  =  •«•    Find  ti 

di  ".nc?o'f  rhr.ru':;:.  tt  r ' = ^  ^  ^'^•^*  ^'^^^^  --  ^-  -  ^^^ 

fin";*  "  ""^  ""°  ""''  •■  *-*  '"  ^"«'  *"  tho  Bquare  of  tho  ratio  a  :  h 

18.  "2x  +  3y:3*-Sy  =  9:ll.flndx:y. 

19.  lH5x--l,j)(2x~2y)  =  ^Ax~6y)(x-y),  find  x  :  y. 

20.  If  4x~6y  =  2x-{-2y,  find  3x  +  2y  :  2a;  +  3y. 
-21.  If6x«+15y'=19xy.  findxry. 

22.  "^•+:r+l:fl2(x+l)=x.-x+l:63(x-l).flndx. 

23.  "2x+y-2.  =  0and7x+6y-9*  =  0.fi„dx:y.c:^andx:»:,. 


2*.     "  ^  =  ?.  find  the  value  of   ^"^^  . 
y       *♦  3x+lly 


38. 

X  toy. 

a7. 
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Find  a  meiin  r>roporlion«l  to  *«        '  ,„j  „,        I 

"  "'  '  ''•*  =  *'  ^''.'/     0  :  1 1    n,„|   „  :  6  „  3  .  .,    ,.    .   ,. 

•»  ■  -.  niiti  tho  riitjo  of 

"  I  ->;.  .how  that  o«..h  of  th«o  fr«..,i.„.,  j,  ^,„.,  ^^ 


mh~nd  -pj ' 

pm,wrtional  toT.  i!"'!.'^''   *''°*'  """•  *'""«'""'«*  •nH   product  are 
».     If  a  i6-c:d., how  that" -."  +  *.    2a«~3A»       2p»     .'fc/» 


«       efrf'    2a«<-3A«      &«  +  3</i» 

30.     If        *        ^       J/        _       , 

b+e-a      c+a~b  ~  a+&T^  •  P">ve  that 

*(>>-e)+]f{e-a)  +  x(a-b)^0 
cori«H,uent..  "  *'"'  •"»«"«ient8  to  the  gum  of  all  the 


the  ^.gmei'j  ^i'r  bL:":;:':  Th':  s^i  '  r  ^'^^  *'-' « *»•  «"^ 

drawn.  •""  '''""  *''•  bi«ector  of  the  vertical  angle  is 

37.    If  y-«±f  _«-y+«     ^ 

*~x+y      x~+y+z'  '"°^  that  xt»2;i4.yi 

«.     *^"»d  three  values  of  the  ratio  :r  :  y  if 

3{**-4.V+fixy.-2y.,  =  2(..-2.V-2xj,.  +  3y«,. 


>! 


'( 
k 


CHAPTRR  XXI 
THE  GENERAL  QUADRATIC  EQUATION 
«e.    Typt«rth«o«atnUQ«»«nii..    The  equation 

ibl.    Solution    of    Ultral    QnadntiM       ti.-         ^l    .      , 
Ex.  l.-Solvo  x»+2mx=n. 

Complete  the  «,u«re  by  .dding  m*  to  each  dde. 

T.ke  the  «,uare  root.  ,+«     tv^n+^jpt. 

;■■     *=  -«±  Vn+mf. 
The  two  roou  are  -m+  Vm^S*.  -m-  ViT+Hfl. 

Ex.  a.— Solve  x«+px^  g=0. 

Transpose  the  absolute  term.  x*+px=  -g. 

Add  '^    toeachwde.  a:»  +  px  +  ^'=  _,4.£?^P!:i4y 
Take  the  square  root. 


It 


hx.  8.-lto|vo         ar«+A*^,^o, 
WvMo  b,  a  to  mmk^  tin,  am  i*rm  . 


SOU 


TrMIMpoM, 


O  O 


Add 


Take  th«  *,u«n,  root.         ,  +  A  ^  +  ^^"4;^ 

*B       *        IT" —  • 


_  _   6       v'«»     4;,^ 


So 


:ea 


TI-  n>oti  Of  th*  wBtnU  quiMlmUe  •,u.,te.  „, 


X: 


Z**y^«-4ar 


2f{ 


••••f(-^)'-'',^)-o. 


*  +  o^+  — -r^=Oorx-,.   *  _   ^^l__-«;      „ 


2o 


2o       ~~2i^ 


M   ' 
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AUiUhHA 


! 


«olv.  ».v  rlthrr  »f ,»,..  ,»tHTdin«  mHh«|,  , 
Kx.  1.— Solve  0j-»-7x+2-O 

HiToa -.8,  6-  -7,  c«j_ 

Subatituto  th«*c.  vhIh«,  in  *-  ~**  v'fc*  IS 

2a       ~  • 

12 

_'±1        8  «       2        I 

"    12    -12*"  12      3"' 2- 
Verify  by  mibstitiition. 

Kx.  2.-Solvo  a*«+ar-i-o. 

Here  a-5,  A_6,  c--l. 

.-.     ,  .  -  0±  y^«  ~  ( -  20)  fl^  vl« 


10 

_  -8±2Vl4       -3±\/l4 
10        -        a-     • 


lu 


In  thin  OMc  th<<  room  aiv   irrational    hnt    if  » 
■ub,tituto  for  v/r4  iu  annro.i      "     ",  '   ''"*•   ''  n«'«««ry.   w«   may 
V  U  -U  approximate  valuo  3-742.  when  the  root,  become 
-3±3  742      .742         -6-742 


5  =   T    *>'        5 


=  -148  or  -1-348, 


.isvrnrpjrj,r„i:°„.XT'"'  °' "» ■*- "-» 


K«.  l.-^Mvo  ir«,.V  f  6-0. 

••-«.  A-      ft.  e-U, 

merely  anoth.r  «av  of  ..jru    h  ,    ,     *    "^'■^-     T>''«  « 

which  Win  M.,,, ;,..  :;^Z:'^  «;-;;  -  -«,  ....„.u.r 

formula.  ""«"^«'««ful.  then  Hub«tituto  in  the  «c.,K.ral 

An  the  gPucrnl  formiiU  will  »«  ii«wl  .  „      * 

*'-.utciy  e-aentia.  that  It  JU::;:;i;:7:e':';;"''^''  '*  '• 

2a 


.Solve,  uiiiiig  the  formula  : 
!.•  3jr»-/ij- f  2=0. 

T".     247jr«  (  Tw^  I2. 
7.     39lr«  Mr  -.-W. 

11.     ftr»-*_|==o. 


2.  24jr»-4«r-f2|=o. 

4.  2.*'    Ar-l=o. 

«.  2^'     l.Vflo.0. 

««.  ar» -25J- ^77=0. 

12.  l8OQr»_fiir_|_0 


it 
r 


I  I 


:,     s 


H 
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Solve  by  any  method.     Verify  13-18 : 

13.    27^i-24x=lfl.     ,4.     i5x«  +  7x-2=0.     Jfl      I2x.    x    fl    n 

10.    9jr+4=ar».  ao.     ac«+2=9x. 


22.    4x»-4x=79. 

26.     x--?_=o. 

a;+2 


23.      |-3,=yl. 


28.     (x-4)»-3(x-0)  =  i5 
30.     2ax«+a:(o-2)=l. 


2  ^2     3y- 


21.     2ar»-ar=.|. 

24.      lx?=2 
3^9     «• 


27.    x*-lx 
12 


1 


32.     ar(x-2)=a»-2. 


34. 


*■+  " 


12 


2».    {X-2KX+3)  .ar(5*-9)-2. 

31.    ac+*=*fc» 
a      X 

2+x-3+i' 
SfJ.    (ar+2)»+(«+3)«=(x+6)«. 


«+!      ar+2      a;+3" 
30.     x«-xy-3i^»=-12.     Ify=2.findx. 
87.     a:»-4xi,+x3+y.+5=0.     I£x=-3,findy. 

^-     ^'  i+T  =  ^aT '  ''"'^  ^  *°  **•«»  decimal  places. 
89.     Find  the  sum  of  the  roots  of  a;«-3a;^20 

44.    Find  two  numbere  whose  difference  is  3  and  the  Rum  «*  »k 
squares  is  317.  vc  w  o  ana  ine  sum  of  whose 

Si.  '^^z  ix-  ^°r.,s^  -xr.^ "  °~  ■* 


THE  GENERAL  QUADRATIC  EQUATION  273 

*8.    Three  times  the  annaM  «#  _ 

..».';.  J?.!.^xr„r  »irjt "-  -"■  ■«»• '» •-»  y- 

*9.    One  lOot  of  x*—hx^d~n  .-..  a      »•    .    . 
other  root.  *^^~°  '"  ®-     *^'nd  the  value  of  d  an<l  the 

^M.    Divide  ,  inu,  ■.„  p«.  „  .^.  .^.  .„^  ^,  ^^^^  _^^  ^^ 

.!»"•  b-?r.A  »r:lrt^»' »•*;  -^  -"  '"  «••'  •«  »' 
I  buy?  *  °°^«n  more  than  they  cost.     How  many  did 

length  of  ^c  to  two  decimals :     ""'""°"*    ^"^-  '"  eMk  c«»,  the 
•(1MC..2BC..  •  ,2,^c..2^B.«,. 

k«"«ht,„„„,„i„i ;f-- ^= -_^»»h.  ^  i»™ 

M.    Solve  ?±2?_  23^,  l&r-x»      1 

2-x     2+x  "^  x«::r=3' 

Verify  the  roots  obtained. 

T 
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Ex.  1.— Solve 


ALGEBRA 
x*-l0tt:«-f-9=s0. 


Thi.  i.  .n  equation  of  the  fourth  degree,  but  we  might  write  it 
the  form  of  a  quadratic,  thua :  * 

{*•)•- 10(»«)-f  9=0. 
or  if  we  write  y  for  x«  it  taices  the  form 

»»-I0y  +  9  =  0, 

.".   (»-o)(y-i)  =  o, 

»  =  9orl. 

But  V~**.  •  >■      n  . 

"    *  '  ..  a!»=9  or  1, 

a:=±3or±l. 
We  aee  that  thia  equation  haa  four  root..     This  is  what  we  m.»l, 
expect  a.  it  is  an  equation  6f  the  fourth  degree  in  '  ^^ 

Verify  each  of  the  four  roots. 

Ex.  2.— Solve  (a;«-5a:)«+4(x»-5a:)-12=0. 

bJlZr  """""'  *'-"'  "  *'*  ""'^'*""'  -hose  value  should  flrs, 

^  ««-8x=y, 

.'.      »»+4y-12  =  0. 

.'•    {y+8)(y-2)=o, 

y=-6or2. 


««-6ir=-6, 
a:»-8ir+6=0, 
(x-3)(x-2)=0, 

x=S  or  2. 


or 


«»-Sa;=2, 
X*— 6*— 2=0, 

._6±V28+8 
2  • 


X  = 


X  =  •  -^ 


atVaa 


other  L??;!;ron!r  '""  "°*"'  *"°  °'  -^'''»'  ^^  ^^^^^^  ««»  »»>• 
Verify  the  rational  roots. 

Ex.  8.— Solve  (2a;»+3x-l)(2xa+3x-2)=66. 

^*  2x*+Zx=y. 

The  result  is  x  =  ?   -3,  nltV^B 
*  4 


THU  a,«^»AL  gVADHATW  mAT,0„ 


Ex.  4.-S0IV0       ?'+^ 

I 

Let  5!±2* 

3"     ' 


270 


+ 


■c'+ar 


26 
5 


3 


1 


X*  +  2x~y' 


Complete  Ex..3«„H4a„dven,ylra.o„..  root. 

Ex.  6.-,Solve  ^a_,^o 

.'.     »-l=0orxt4.ar-f  1=0, 

e^jon  can  6«  completely  solZ       ^"""^  *^  •^"^^'V.  ^Ae 

Ihw  equation  might  be  written  ^3     i       j 
rootH  when  cubed  Lst^vetStv    wH-'k    T'^  °'  *^«  *^ 
hM  three  cube  roots.     TkL  1 S' J*"'^  .'^°^«  t^^t  unity 

aa  we  have  already  seen  that  u^^trhrf  '"^"^  ^'P^*«^' 
+  1  and  -1.  "''  ^^^y  nas  two  square  roots 

■xanoisa  las 
Solve  and  verify  the  rational  roots  : 
1.    a;«-8a;«+4=0. 
3.    9y«+i2=31y«. 


».    (**+5r+6)(a:2-9x+14)=0. 


2.    x<-iar»+36=0. 

4-    Sx«-6aar»+8=0. 

6.     ^*+'fl  ,       26         „ 
25     ^x«4-lfl  =  2. 


**  +  «+!  = 


7.     («*-4a:+5Kx»-4r+2)= 2.        8. 

10.    a:»-4a;»_4c+i6=o. 

"•  ''('+i)"-'»('+i)+«.=a 

12.    (l+a:+a:«)(x+;r.)==,5e. 


J2_ 


T  2 


i    ! 

(I 


fl 
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^.   14.    ir(*-lXx-2K*-3):«3eo. 

".    Find  the  three  cube  «k,U  of  8  by  «,lving  the  equation  x.-8=( 
x.-,-«J2"'   ""'  ''"'  """*"   "~**  °'   ••  '>y  -'ving  the  equatio 

17.  Solve  x.-19.+30=0  being  given  that  3  i.  one  of  the  «oti 

18.  Solve  12x»-29x.+23.-6=0  (u«.  the  f«,tor  theo«n,). 

1».    It  »•  evident  that  4  IK  a  root  of  the  equation 

^'-»W*-2)=4.3.2. 
Find  the  other  t>.  -    jota.     ' 

ao.    Find  the  six  roots  of  ar«-217x»+27=0. 

21.  Solve  (^»-x)t_8{*«-x)+ 12=0. 

22.  Solve*»  +  i- -i-,4.  ^_^      /ajj   ,       .      1 

^x«^''  +  i  =  '*-     (Add  to  x«+i,   the  quantity 

required  to  make  it  the  square  of  x  +  i .) 


naiiczsa  lao  (Barlaw  Of  Ohaptar  XXI) 

111  \     E«P'«'"  the  different  methods  of  solv'      nn«Hr«H«  ^     .- 
lUu-trate  the.n.  by  solving  in  fuU  the  eqV  7^  1^  "  S"*n  T 

each  method.  ^  J?  -4x— 18=0,  by 

2.  Solve  323x»+2x=l. 

3.  The  difference  of  two  numhAni  ■'■  a  ^^a  *i.  .   . 

i-  104.     Find  the  numbers.  "''**''*"^°'«"'^«q««~ 

4.  If  x  =  2(  1  +  i).  find  x  to  two  decimal  places. 

5.  What  is   the  price  of    mnnt   rv»  ik     •«  .       . 

;n_^.  ^  .^  „L  J  ^^  L.-wo^'r^  'LS, 

6.  Solve  10x"-19x- 9=0. 

Whl;ar?the^1des1  '  '^*'*"*"^  ^'^^^  •"  «'  -^0  «d  a+10. 


9!—   I  -  . 


Solve  ^Hl  4.  ?IL« 


-4. 


10.     8olve6S7«it»-ioar„| 

!.";«?•  'Ta^r  r/S-Lr  '•  "  '^'  --  »^-  ^^-  -.eh. 

W.     Wh.t  mu«  be  the  vdue.  of  „  i„  ord*  th.t   '*'  +  2«'  „ 
•qu«l  I  when  o  =  ,\,  T  "*•*  lOn  f  21o  "••' 

M.  soiv..o<,7«..+.,^j;;^""°'*""-'*^'i»"<* 

18.     By  solving  lx-2Mx~'i\~.i^     «w 

16.     Solve  a:.-2:r.-89*+90  =  0.      '""'"'"' "'••^«'"« '*«  value. 

eo  travel  the  di.J^ee.     FfnTtrte^^,"^^-  *  "  "-^ 


18.     8olve?i+2       ar+l 

*+l   +a:«  +  2  =  ^*- 

1».    Solve-^  4.*i+l       109 
«»+l+     «      =30' 


*0.     I  sell  a   horae  tnr  ttut       j 
co«t  in  dollar..     What  w«*he  c^^t  T"  "  """"  %    -  «>«   ho«. 
ai.     Solve  (x.-3a.-8).+  8(^._3^_5,^,^^ 

By  divi^reL";rrh;^KhrxtTr  "^^-^^^^^ 

diaJT/r-Vi:'/, -at:;*-!"  field  are  .+  ,7  and  .-n.    The 
24.    Solve,.+x+^-'2^=,8. 
2«.*  Solve («.-„.;.tl(^.^„.,^^._^,^ 

26.  Solve  (a:-2)(._  1,(^+2,(^^3,^^ 

27.  F'ndaU  the  roots  of  the  equation  ..=  125. 
«.     Since  ««_ 8*4. 12  =  fa,_2w,    ».   , 

^re«ion  x.-8»+,2  be  equal  to";!  U^**  '^'^"*  °'  '  '^  the 
be  negative  ♦  ^^  "^  '««>'  *nd  for  what  values  wiU  it 
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at.    8olv« 


80.  Solve  ad»~aex*--hex-bd. 

81.  The  area  of  •  aquara  i«  trebled  by  addinff  10  inohM  to  «n 
•Ide  and  12  inohe.  to  the  other.     Find  the'^ide  of  ?he  ^l;!  " 

82.  Solve  ««(o»-c«)-a(o6  +  3Ac)-26»-0. 

83.  Solve  (*«  +  ftr  +  8)«  f  ar(ar»  +  ftt+8)-0. 

84.  A  man  bought  a  number  of  acre*  for  $300.    If  he  had  oaic 

the  nZClTX'  "'""'^'  "'  ^-^  ^°^'  '-^-  •-"  '  '^     ^ 
1  111 


8a.    Solve 


x+a-fi 


■i-i 


86. 


Solve  ^  +  *-* 
o  a 


•lon^oJlT^ifJn!"'*.*''"  '^'  "'  "«''*  •"«'-■    ^  ■»•'*•  •»  noon 
wong  w^  at  3  miles  per  hour.     B  aUrta  at  2  o'clock  alons  O  K  at  4  mil*. 

per  hour.    Find  to  the  neareat  minute  when  they  wi! t Iso  mit  aji  " 
88.     Solvea'a:«-2o»«  +  a*— 1=0. 


88. 


Solve  ax*-      *  =ex-bxK 
a+o 


u  ^\   ^  ?™^*'  P***"  ^  y*"*"  '^•<*«  ••  n>»de  round  a  aauare  field  »nH 

of  thlTlV'**  ''  *"""  "P  ''^  *"  '••«  "~  °'  the  Jeld-^Frd  the^^ 
of  the  field  m  aquare  yarda.  ^^ 

41.     Solve  «=!'(+ 16/*  for  ^ 

i.  I!f^    ^^hat  positive  integer  is  that,  the  aurn  of  whoae  square  and  cub* 
ta  nmo  timea  the  next  higher  integer  T 

48.     Solve  (a;«  +  x_2)»-4(*«+ar-2)  +  3  =  0. 

side,  the  verticea  of  an  inscribed  aquare  muat   be  placed  so  th^t  it 
may  have  an  area  of  676  square  inches.  P  "toea  so  that  it 

4ft.     Write  the  equation  «r«+6xy+cy«  =  0  as  a  quadratic  in?.    What 

are  the  values  of  -  and  of  -  T 
y  X 

46.     What  positive  integral  value  of  x  wiU  make  «t+10x  moat 
nearly  equal  to  1000  T  *  -f  lux  most 


CHAPTER  XXII 
MHULTAWOUS  QUADRATICS 

anil  ^l^!^-  ,f  e  ..    n..  „„„^„  ,  ,^ 
j^  -»  "»  '«.    i«ind  the  numben. 

«-one  of  the  numbw., 
'.'      .  '*-*-«»•  other, 

8olveth..eq«tion«.dflndx=7or5. 

. .  the  numbew  are  6  and  7. 
Here  we  have  hoaH  «~i 
•o'ved  by  u«„g';j^„°„twr  ""'"^^-     ^«  -i«ht  have 

I*t«»ndy  be  the  number., 
and  ••     '+»=I2, 

How  can  we  obtain  fmn,  ♦!.  *  "^**=°'*- 
«  the  p^eding  aot^io^^  *'""  ''^^  •^-'-"'  the  ongu^  «,^,,^ 

IW.    Type  I. 

«+3y=:10, 

»=10-3y 

3»»-2«y+48=,o. 
(y-3)(3j,- 16)^0, 
^  »=3  or  JW. 


Ex-  1 — Solve 

From  (1), 
Subatjtute  in  (2), 


(1) 


■A 
I 

!  i 


iJ 


Sio 

8utMtitut« 


AUiSBRA 


»-  >  in  (3)  and* -I. 

*"V ,--«.  , 

Thw*  am  th«rafortt  two  aolutiuiw. 

•  -I.  |f  =  3or»,_6,  y-flj. 
»-l  or  -8, 
y-3or  A). 

.-X^.r""' ""  '■'• '-'  -"*- »«» ~i-«'«"  "d  I 

not  differ  from  tht    similar  method  employed  in  .T  uS 
when  both  equation,  wen,  of  the  first  d^^  '"^-  '^ 


Ex.  2.-floIve 


(1) 
<2) 


rrom(I).y  =  3,_a.     .-.    *«+lr(3x-5)-15, 

.'.  lOr»-iaa!-18_o, 

2x"-3*-3=0, 

.      ,_3±V^33      3±8-74« 

..     x-        -^-_  =  — 4        -  21M  or  -  -eSA 

.'.    y  =  aF-8-  ~"*3^53      ,  „„ 

sr      oir      o« -^     _    >=  IMS  or -7088. 

Here  the  root,  are  IrratioiuU  wd  it  i.  ouBtomwy  to  leave  th.™  i« 
that  form.  unle.  the  decimal  form  ia  aaked  for.  ^ 


aiMVLTASKOVa  QVADRATICa 


Wtb  •nd  verify  I.9, 


■UMJXSB  lU 


1.    «+j^-.7. 


a.  *-y-«, 

«.    2r+3y  =  l2. 
'•fy*="l3. 


*•-*»-!«. 
•.    ar-.4y-i2, 

11.     ar»-ary+|Vr-y_,7 

1«.     i4  i«  10  years  ol(I«r  than  «      Pi„i.» 

•qu««.  of  the  number.  fep^TntL  thS  i!!"  ^  "•"  '""'  °'  »»» 
>gM.  Prewnting  their  ages  waa  148.     Find  their 

i.10:    ?lV!rat?"^'""«""''«>-    Thediffe^nceoftheaide. 

17.    Solve  3x+5y=2.ar«-lV-;ry +28=0. 

intar«h«,jed*the  riluJUn^'n^Sn    2^:^'-  w"^"^"  **'''  '''«^»'  "^ 
the  original  number.    Pbd  thr„umi;.''^"  """"  '^  **""  ^"^^  °' 

!•.     The  sum  of  the  areaa  ni  ♦-,-» 
-W.  of  the  smaller  i«  10 Th^  1^°  tZ"^  "  ''  '^"'"'  '"'"'«'•     ^h* 
••'K.r.    Find  their  -idea  ^Th-lr  dt imat"  """  *'''  ''''*'  *"  *"• 

20.    SoIveLV«?.,4.^_,^^ 


Mi 


AUIMHHA 


Solve 


■factoring  (I), 


W.  .f.  now  rwiuJrwl  to  tolv. , 
SutMtituting  thi*  v«JtM»  of  *.' 

.'•     (J'-»(«7y  +  S»)-o, 
••     »-lor-if, 

/.    x-i4or-VV*' 


(I) 


Her»  thwe  sro  four  aolutiona : 

«-4or-  «jyof 


_  -stViil 

4 


4 


»-l  or  -fjor  -'±V^5iT 
<»«w  of  Type  I.  equation,  thus  giving  two 


Solve  and  verify  1-6  j 
1.  «*-y«-0, 


I 


*«|r+l-0. 


^IMlJLTANKoVa  UVAhHATIrs 


y"+Sjry-IO. 


(I) 
(2) 


Muitipiy(i)bya,„d,j,)bva.„^     u  ^^^ 

«*•->«*»- V-0. 

Thta  «qtution  (3)  m  «#  .u.  .  '*' 

»-»|ror-iy. 

»-±«. 
H«noe  the  four  •olutioiw  are  : 


8ubrtHut4,,»3yl„(„ 


'?•    or    * 


-S. 


or 


-1. 


y»«. 


or 


*-l. 
»--«. 


M  wl^h!!f''  °'  *'"*  '""'  P*'"  o'  root. 
ShiXlnrKf  >  ^'^^  ^^>'  ^'^  -'-  would  Have  been  the  ^^ 

geneouB.  that  fa.  every  t^«  "f  L      '*'*  f^  ^^^^^  i»  homo- 


fT 


method.  ^  '**•  *«"^  '^     *Wv  it   by   It 


I 


I.    if*    V-M.       ». 


l«. 


*•    3#»    4. 


*'-*y-.»4. 

*»-»•- IS. 

3V     tfyfll, 


try    V^3. 
ft.     .rifxy^at.  t. 

*•-#•-.  1 1. 
■.     Af*     &ryfV«i4,    t. 

•1-  PKduot  1.  40.     FW  ,h;*"J"J""'''"'')"»-<'l"oo.h.rt,lrt 

<*■•    ilMUIItiMi. 


Kx.  1. — Solvf) 

HquMing(l). 
From  (2). 
Subtntoting, 


*+y=ll, 

*»»-72. 
s*-S>y+yt„49, 

.■.    •->-*7. 


(I) 

CD 


If 


"IMVLTASMiWa  QVAIiHATIra 


Wvldin,  (I,  b,  „j 
NqlMril^:  (1). 

iobtrMtln,  (4)  f,om  (a). 


*-torf. 

»-tor». 

a*y.|g. 
Complrt.th.Mutio„MMo«,."     '■'"*'• 

»ubtr«,un,(3)from(2).  j^^. 

'wm  th*.  four  Mutton.  .«  obUined  : 


Of 


»+jf-._4. 


*-3.  -S.I.  _,. 
lf-1.  -1.8.  -3. 


or    '-±3or±|, 
y-HortS. 


(i) 
(2) 
(3) 


(4) 


(I) 
(2) 

(t) 

(«) 

(•) 
(•) 
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Ex.  5.-Solve       (*+y)«-5(.r+y)-6=o, 

ary=8. 
Factoring  (1).  (x4  y-6)(*+y+ I)  =  0. 

•"•     «+y  =  6  or  -1. 
Now  solve  r-i.„-n 


(I 

(2 


axKioua  184 

Solve,  by  finding  ar+y  and  x-y.  and  verify : 

8.    a;»-aiy+y«=79^ 


.iilH 


ay  =15. 
a;+y=ll. 
x+y=5. 

a;+y=l. 
11.    x«-7ay+j,  =_ioi, 

ary=30. 
18.     ar»-y3=i9, 

«-y=l. 

1».     a;»-ary+ya==39, 

*'+y'=3.';i. 

17.    a:*+a:V+y«=133. 

10.     (a:+i^)«-3(x+y)-28=0,  x-y=3 

20.  (a;-y)«-7(aj-y)+l2=0,«y=l2. 

21.  X V-27ay+ 180=0,  a;+y=8. 


a;+y=13. 
10.    x»+y«=89, 
a!y=40. 

12.     2a;«+3ay+2y»=8, 

a^y=-6. 
14.     ar'+y»=1064, 
a;-!-y=14. 

16.*  X*+xh,*+y*=2\, 

^*+aiy+y«=7. 
18.    x«_a:y+y4^i3^ 


simjLTAysovs  quadratics  ^ 

-  ^2.5.  ^i^^V.ZlT''"  '  '^  -^  ^"^  -™  of  the.  «,„.^ 

'••  ??••    JidZ  ::rb:r'"'--  ^  '«  -'^  '^^  -">  of  the.  ^.p^., 
27.    Solve  (x-l)(y+2>=9.2..y^,5. 
2«.    ^  and  B  are  two  squares       Ti. 

Sth""?'  '*"'   *''«  P«^'"e^r  of  ;riV'-\" ''''''"'"' ^°''" 
find  the  8ide  of  each.  "^  oi  a  w  12  .nches  more  than  A 

the  number.  **■"-*'«««  than  the  number.    Find 

*'*•     The  sum  of  a,  mimK       * 

""•niqi  U»  digit.  ialsT    tJI  "■L"'""  •"•'  "»  "™l»'  f.™.,!  bv 
number.  *     "'"■    ™"  P""""' «'*«  digit,  i.  28.    ™„j,tj 

«?  otb,r  poi„,  i.  50  rod,  r  "  *■■'  l"""'  ^  'f  bomiduy  tl 


1; 

•e.   , 

j 

;  i 

»     : 

■  T 

:|''- 

'  i 

rMn 

•| 
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39.  The  sum  of  the  radii  of  two  circled  is  8  inches  and  the  sum  of 
their  areas  is  |  of  the  area  of  a  circle  whose  radius  is  0  inches.  What 
are  their  radii  t 

40.  What  must  be  the  length  of  a  rectangular  field  that  contains 
a  square  rods  and  which  can  be  enclosed  by  a  fence  b  rodo  long. 

199.  Graphical  Methods.  What  in  the  distance  of  the 
point  P{4,  3)  from  the  origin  O  ? 

Since  OP*=OM^+MP\ 

:.    OP«-4»+32=26, 
.-.     OP  =5. 

If  any  point  (x,y)  ia  the  same 
distance  from  the  origin  that  P  ia, 
then  the  point  {x,y)  must  lie  on 
a  circle  whose  radius  is  5  and 
whose  centre  is  0.  But  the 
square  of  the  distance  of  the  point 
(x,y)  from  the  origin  is  x*+y*, 

.-.     x*+y^=25. 

It  is  thus  seen  that  the  eqtialimt  x*+y*=25  reprenenla  a 
circle  whose  radius  ia  5  and  whose  centre  is  the  origin. 

Similarly.  ««+y»=16,  x*  +  y»=lOO,  a:i+j,i=i8,  represent  circles 
with  the  origin  as  centres  and  whose  radii  respectively  are  4,  10,  VlS. 

It  is  seen  that  it  is  a  simple  matter  to  draw  the  graph  of 
the  equation  of  the  circle  in  the  form  x*+y*=r^.  All  we 
require  to  do  is  to  describe  with  the  compasses  a  circle  whose 
centre  is  the  origin  and  whose  radius  is  r. 

When  tie  radius  is  a  surd  as  in  x'+y^=lS,  it  is  simpler 
to  find  a  pair  of  values  of  x  and  y  which  satisfy  the  equation. 
Here  x=3,  y=3  satisfies  the  equation,  and  the  circle  is  then 
described  through  the  point  (3,  3). 


SIMULTANEOUa  QUADRATICS 


800.    OraphiMd  Solution  of  Slmultanoous  EquaUoni 
Solve         x»+y*=2ri.  (I) 

a?-y=l.  (2) 

(1)  repregents  a  circle  whose  radius  ia  8. 

(2)  represents     a    straight     lir-,     two 
points  on  which  are  (I,  0)  and  (o,  -  1). 

The  graphs  of  (1)  and  (2)  are  shown  in 
the  diagram. 

The   line  cuts    tho  circle  at  the  points 
(4,  3)  and  (     3,  -  4). 

.'.   the  roots  of  the  given  equations  are 
x=4  or  -3, 
y  =  3  or  -4. 

201.    Equal  and  Imaginary  Roots. 


Solve. 


fl)  x»fy«=18,  x-y=0. 

(2)  z«+ya=18,  x+y==6. 

(3)  x«+y»=18,  x+y=8. 


-    of  (2)  are 


The  diagram  shows   that  the 
roots  of  (1)  are 

x=3  or  —3, 
y=3  or  -3  ; 
x=3  or  3, 
y=3  or  3. 

The  roots  of  (2)  are  equal,  as 
the  line  x+y=Q  touches  the  circle 
at  the  point  (3,3).    We  might  say 
.,  ,  *hat^  in  this  case  the  line  meets 

the  circle  at  two  points  which  happen  to  be  coincident. 

The  diagram  shows  that  the  line  x+y=8  does  not  meet 
the  circle  at  all,  and  there  are  no  real  values  of  x  and  y  which 
will  satisfy  (3).     The  roots  in  this  case  are  imaginary 

Solve  these  equations  by  the  usual  methods  and  see  if  the 
results  agree  with  the  diagram. 

U 


no 


AWKBRA 


.      : 


ncntona  ibb 

1 .    On  the  aame  sheet  draw  the  graphs  of  the  circles  whose  equations 
are  ar«+y*=4,  ar«+y«=9.  x»+y»=13,  *»+y»^34. 
K   2.    Solve  graphically  x*+y»=13,  *-»=!. 

8.  Find  graphically  the  positive  integral  roots  of  x«+v»=25 
and  ar+3y=18;  x«+y»=10  and  2x-i/=5.  Approximate  to  the 
other  roots. 

.  «  lu"  """"  °'  **°  numbers  is  8  and  the  sum  of  their  squares 
is  25.  Show,  graphically,  that  this  is  impossible.  Js  it  impossible 
II  the  sum  of  the  numbers  is  7  instead  of  8  ? 


1. 

a. 

3. 

is  58. 


■XIROUa  186  (lUvlaw  of  Ohaptar  XXO) 

Solve  *+y  =  28,  *»-{/»=: 336. 
Solve  5a;-2y=12,  26««-4y»  =  9«. 

The  sum  of  two  numbers  is  10  and  the  sum  of  their  Suosrea 
l"  md  the  numbers. 

4.     Solve  2* -3y  =  4.  «•  +  «/»  =  29, 

6.  Solve  3a;  -  4y  =  4.  2a;«  +  3a:»  =  56. 

•    .*■  J^f  f"""  *•'  **"  numbers  is  5  and  the  sum  of  thoir  reciprocals 
IS  |.     rmd  the  numbers. 

7.  Solve  a!»+a:»  +  2y»-2a;-7y  +  5  =  0.*  +  iy  =  3. 

8.  Solve  x»+«»-6y»  =  0,ar«  +  ary-j,«  =  36. 

0.     A  field  whose  length  is  to  its  breadth  as  3  to  2  contains  664 
square  rods  more  than  one  whose  length  is  to  its  breadth  as  2  to  1 
The  difference  of  their  perimeters  is  60  rods.     Find  the  dimensions  of 
each  field. 

10.  Solvex'-f  2«y  =  66,  ay+2y«  =  33. 

11.  Solve  2x»+3ay  =  8,  y»-2a;j^=20. 

12.  The  area  of  a  rectangle  is  300  square  feet.  If  the  length  is 
decreased  by  2  feet  and  the  width  by  3  feet,  the  area  would  be 
216  square  feet.     Find  the  dimensions. 

13.  Solve  x(x+y)=\ 60.  y(x + y)  =  76. 

14.  Solvea-(x-y)=15,  j/(a;+y)=14. 

16.  Sodding  a  lawn  at  9  cents  a  square  rod  costs  «108.  if  it  had 
been  10  yards  longer  and  6  yards  wider  the  cost  would  have  been 
hrif  as  much  again.     Find  the  dimoiisions. 


a»i 


SIMULTANEOUS  QUADRATICS 
1«.     Solve  x*-y»^i26,x*+xy^y*^2l. 
17.     aoW,>x*  +  3xy~liy^  +  2^~y^l2,^+y^^ 

aO.     Solves-     y»  =  280.  2xfy=io. 
ai.    Solvey=.^  f-v^  .ji  ^^,  ^, 

as.    Solve  2^  -f.  **  =  ,0  ?*  ^  , 


34.     If  12x«-41a^  +  3a».  =  0.  find  the  v.luen  of 


y 


ae.    Solve5|  +  5  =  6.  a!-y=4. 

37.     Solve  {x+yXx+2y)  =  300,  ?  -|.  ^  =  3. 

-l^^^^:l:zifz:' "''  "^^  ■"  '"""^^  '"*» »-  -o^ 

is  the  number  on  a  , id?  of  Z^r"  °"  "  ''^*  *'''"  *''''  °^"-     What 


89.     Solve  ?  +  ? 


=  ^'i»+y»  =  40. 


30.     Solve  i-l  =  l      1,6        6 
33.     Solve  a:«.f.3v»=37.a^=  10. 


33. 


Solve  «+*  =  4-,_3 

y        '  *'      x~^- 


u  2 
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Solve  1  +  1-1.    '  4.»->. 


86.     Solve  (« -f-y)i_a-_y- 20,  *y-8. 

88.  Solve*«-xV4-»«»«-28.  a!»  +  ary  +  4y«=14. 

89.  Solve  *«  +  y  =  y«-f.xs,B3. 

40.     The  diagonal  of  a  rectangle  i.  d,  and  the  diflferenoe  of  the  side. 

M  ■  j!"^  aZ  u"  '''"*^*'"  "'  **•*  •'*'••  ^  Apply  t''"  'ormula  thu. 
obtained  to  find  tho  mde.  of  a  rectangle  who«,  diagonal  i.  13  inches 
and  one  aide  is  7  inches  longer  than  the  other. 

41  Solve  9*«|tf«-2l(fktfy)fi28  =  0.  xy^4.  (Make  the  first 
equation  a  quadratic  in  3x  f  y.  by  adding  to  9»»+y«  what  is  nece.«wy 
to  make  a  complete  square.)  ■->«■— 17 

42.     Solve  a:«  +  4y«-18x-36y+l  12  =  0,  xy=8. 
48.     Solve  «»+y»=.|2«,a!«y  +  a:yi  =  30. 


!i'l 


m 


M 


>      S 


Hi 
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INDICES 

■ZBROISa  187  (OnU) 
i.    What  are  the  value*  of  3».  2»,  M,  po,  o*  ? 
a.    SimpUfy  3x2»;   3xlO»;   8x0«;   0»-i-4. 
8.    When  a:=  10.  what  are  the  values  of : 

x».  ftr«,  200^x.  800^x«,  fe'^^c*  T 
4.    0ivethevalue8of(-l).,(_i,,.(_,j«  (_,,„_  (_„h 
».    What  are  the  values  of  (-2)«,  (_2)»,  (-2)«  T 
e.    Pbid  the  difference  between  2»  and  3».  2»  and  5«. 

7.    What  does  X*  mean  T    How  many  factor,  are  there  in  x»xx.t 
».    Exprees  in  the  simplest  form  a»xa»xo«. 

i.  it  qJltLrr  '"**'"  ""'  """"^  ''»'''"  ''  •'  ^-^'^J  »>y  -•  ^    What 

10.  What  are  the  values  of :  x*^x*,  x^'^x* 

11.  What  does  (a.)3  mean  T    Read  its  value  without  the  brackets. 
".    State  the  value  in  the  simplest  form  of : 

(*')*.  {y»)».  (y')>,  (a»)«,  (a«)to. 

13.    What    does    (a6,.   mean  T    What    do«.  (?)'  n,ean .    Read 
their  values  without  brackets.  *^ 

10*"'lof  ""^  "  '"''*"'  °'  '*" '   '^'  ^««>'  ^0.000.  lOx  100.  lO'x  10., 


■  I 


*f  f  !■' 


*•*  ALOKBHA 

U.    Simplify  (-l)«x(-I).x(-|)«,   (-«).x(-,).x(-.), 
t«.    Wh»t  U  th«  vaIim  of  X  if 

IO'-IOOO.J'«|fl,  ft*     l2rt..V,8lT 
".     Exprw.  32.7»M  in  dawending  powcn.  of  10. 

a08.    Dtmutloiif  of  a-.    A.  a»i- the  product  of  three  factor, 
each  equal  to  a.  «,  ««  i.  the  product  of  m  factor.  Z"^*^ 

a'"-o.o.a  ...  to  m  factor.. 
Here  it  b  under.tood  that  m  i.  a  positive  integer. 

808.    The  iBdM  Uwf.    We  have  already  wen  that  : 


i 


(1)    o»xo«=a«*«=o». 


-a«=o»-«» 


(2)  a' 

(3)  (o«)»=o«'<»=o«. 

(4)  (ab)*^a*by 
(a\*     a" 


(5) 


.etlr^'I^Zol^TinS.r*^^'"^"^  ^  «^"^"^  '--'  -^ 

(1)  a"*xa'«=a"»+* 

(2)  a'"-^a"=:a"»-» 

(3)  (a"')-=am» 

(4)  (a6)'"=a"'6-». 


(5) 


\6/       6« 


These  are  called  the  Index  lawi.  The  letter,  m  and  n 
t^an  r  t^^  Po«t|ve  integers,  and  in  (2)  m>n  (m  i.  greate^ 
than  n).  to  make  the  division  possible.  The  laws  as  itet«l 
m  the  general  form,  may  be  proved  as  in  particullr'c^ 


INDICSa  jgj 

*>♦.    Uwl.    Uwlwuuiupuauon.    o-.x«"^«— . 

By  (ii>fliiUion, 

«-  -O.I.  o...  torn  fiictow. 
o-  -«•«».«...  low  fm-ton.. 

**'     '"''*""1"';  "•  •^""*'*^*"'-><'' •-••••  to  nhoto^,. 
"0.«.o...  to(mf»)f«ctoni, 
-o-*--,  byd«anition. 
KUn,    a"'xo"xo»».o'"+"xo<' 

806.    Uwll.    Uw  for  WvWoii.    n-^a-.^.^,, 

*?  _  a  r  o  •  «  .  .  .  to  m  fsoton 
«"      a.  a.  a...  ton  fiMstoW 

-o  .  o  .  a  . . .  to  (w-«)  fiMjtor..  if  m^n, 

when  m>n, 
and  when  n>'m. 


o"*  -i.  an 


■  a"*-", 
1 


806.    UwIII.    UwolFow«r».    {a-*)*=.w^. 
(a-)- -o-.o-.o-...    ton  factors. 

-(^.-...to  m  factor.)(a.o...to  m  f«,to«) . . 

brackete  being  repeated  n  times, 
=•0  .  o  .  o  ...  to  mn  factors, 
^o- ". 

Also,  ;(a-)«}i'=,(a-«)#.=o»«^. 

207.    UwIV.    Powwof.Produet    (a6)-=a«6« 

(o6)-^o6.a6.a6...to„pai,.offaoto«, 

-(a^«.o...tonfactoni)(6.6.6...tonfactor.). 
Alao,  (ofcc)"  =  (ab)-  .  c» =o-6"c». 


th« 


a- 


^  AUIBBKA 

m    U»v.    P»wtrol.9iiolto«t    C!) 

/•y      n    n    a 

\*/    "   6  ■  *  •  6  •  •  •  *•"•  itifUttm, 

>».     We  have  giren  five  index  lawn.    Thev  «m  ««♦  .li 


(1)  WhMi  m>»i. 

(t) 
SimiUriy, 


*"-*"■"  xo«  by  Uwl. 
•'•    •"'-i-o"-o'— ,  which  it  Uw  II. 
Of  xo«-o«>--ot«.  hy  Uw  I. 
o*  V  a"»  X  o* -o**'">"«  -  a»~, 
■  to  n  ttoion^a"*'**-  ■  • .  to  »  tortM^gim 
(o-)"-a-.  which  i.  Uw  III. 


ft.JSL'.«,s:rs,:'" ""' "" "  "^"-""^  ""^  «■• 


Simplify  : 
1.    a*xa*xa*. 
4.    (aV)i. 
7.    (aA)»-.i-a«6. 

13.    jCxx^xx: 
18.    a-»**^a!*-». 


■*■*<«■■  !■•  (1-1*  OnU) 


2.      X«X«»^,T. 

».    (3»)«. 

11        <-»'. 


«.     (3»)«-r(3»)'. 

•.    ((-2)«)». 


la. 


(a&)» 


"••©•KD'^a)* 


14.    a'.a'.a'o.      w.  ;r"-»x*i«  +  ». 
17.     (ei%M)..  18.    *•*».;«»>.. :>»♦. 


ao.    a;*»*»xx»*'xx««*»-«. 


•'•  «)"•  0"  cr 


fsmms 


(**)• 


M. 


(f)* 
r"^' 


*«.    r"".^' 


•■^'"fC-*".^.*-)*. 


«•.     Divkte  a7»  by  »»  by  «p«^ing  e«,h  ••  .  power  ol  3. 

ar.  Simplify  ?2il!^xa»»-xs.-. 

_  4,  ana       , .      . 

{  « -z       •  »»^   "-IW'^  2'.4'.8'«.|6«'-« 


811.    MMBinf  of  a  PfMttoiul  indM. 

Since  x"xz"=«»»+»    thnn   ;«  „,„ 


"■  AWKHItA 

Thai  ihta  ta  «  r««MMi«l>|ti  v*liw  lo  aUasIi  i..  .♦  —»_«.. 

mmm  but  iMtiir*!  UmI  jr*  ,|,„uia  \m  m{UiU  tu  v^j. 
•imiUrly.  m^am^k  ,^  ,,*♦**  4.. 
M  -  f  jr  (Ihn  riitid  nwt  i>|  «), 

AU...  *'  -  ^,  (the  fourth  root  of  *). 
1 
•nd       *-  ^  r*  (tl»  «.h  root  of  ,).  wh-n,  n  k  .  po«»jv.  i„t,^. 

By  Uw  III, 


HimiUriy, 


.«/««/«  the  root  to  be  taken  and  the  numerator  t^ j!oU 


ByL«wIIi.  a'^lx*/   -(,-,», 


if 


So  that  x>  me.nH  that  the  p-  power  of  the  a*  root  i.  to 
be  taken,  or  the  ,-  root  of  the  p"-  power. 


INDICga  ^ 


SimiUriy, 


1 


a'i>-. 


a* 


ioun^y d^vMbyihemm  ^mUy  io ,He corresponding  pcS 

I       I 
■41 


TbiM, 


27«      (f27)i     9 

expert  »•  to  b««qu^  to?     Wh.rJI.!i7''  *'*"'''  y°"  n.turdly 

•--  o.«iu«toT     What  would  you  Mp«ot*-«  to  b««,u«J  tor 

•I*.    Sinoo  o"**  =  —  and  a*  =    *       u    «  n 

oi'      "  **^     o-,'   "    folJows    that    any 

o/a  A«:|.an.  or  vice  ver^,  ty  changing  ike  sign  o/iU^ 


,■  ^ 


■*  ■  'i 
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TIlllM, 

Ex. 


.  0' 

,a  Hi 


ALGEBRA 


6  •• 


;    4a;  »a» 


4a« 


'   \16A-V    • 


i?'8«x  VlO'^s-^x  16^  =  (2').f  x(2V  =  2«x2»^32. 

27a«6» 


/  9o«  \  t      9*.  a*         16* 
\I66  '^     '.III =  -£ 


■XBR0I8B  lae  (1-82.  Oi«l) 
What  is  the  meaning  of:      , 

2.    xK 


1.     J. 


3. 


J. 


6.     xK 
9.    X-*. 
What  ia  the  value  of: 


«.    a*. 
10.    y-». 


i-» 


11.    m 


■i 


13.  9^ 

17.  4^. 

21.  10- ». 

25.  S'i 

2».  (J)-'. 


14.   lei. 

18.    27^ 


22.    4 


-4 


26.    {aO)-». 

30.    (-2)-*.      31.    3«.4«». 


18.     126'1 

23.     8*. 
27.     (-25)^ 


Write  with  positive  indices : 
33,     «»6-3.  3^     2a-3, 


37.  °:*^'. 


38. 


1 


a;-»j/ 


Write  without  a  denominator: 


41. 


2xy 


42.     ^'. 
6» 


36. 


39. 


43. 


6-3' 

2x2> 
3y-«' 


3a; 


4.    oif. 
8.    x-K 
12.    lif. 

16.  10,000^. 

20.  6-». 

24.  (-6)« 

28.  (16)^ 

32.  2».2-«. 


36.     ^1'. 
cd-* 

40.      *;!l£'. 
3-«.y-» 


a*{c+dy 


INDIVES 


Simplify : 


jOI 


46. 


32 


:jj-  47.     (04)- «.      48.     (027)- 9. 


4».     2a»».        '       00     (     ar<        ..       V   - 


03. 


2-1 
2-»-2-» 

3    »-2   » 


\98/ 


50. 


(.y 


02.     IfliM 


07. 


(#       ".(-•)"' 


3    «-2    «■ 
09.    Solve  jri=4.  x*=32,  j;^=27.  ^4^3,  ^-;]_g 

216.    Operations  with  Practioiul  and  Negative  Indices     Th« 

apS'JTe''"  will  illustrate  how  th/Jl d^x  ifirma JL 
applied  to   the  multiplicat  on,   division    Pfn     «*  I-., 

mvolving  fractional  .n'd  negative  ^0^.        '  "'  '"''"""™ 

Ex.  1.— Multiply  2.ri+3-a;  4  by  3x4-2-6a:-i. 
Ex.  2.— Divide  a-6  by  o*-6*. 


(1) 


2*^  +  3 
3a:*-2 


5x 


r-4 

.-4 


a*-6*)a 

0-0^63 


(2) 


-6(a^+o*6*+68 


ftc  -i-9x*-   3 

-    '   *-   6+  2*-* 
-10-  15a;-4+6a:-i 

ftr  +5x^-19     13a;"i+fix-i 


oM-6 
aM-6 


k\i  ; 


^^  ALOEBRA 

Ex.  8.--Find  the  square  root  of  9x-12xi+10-4ar*+«-i. 

fl«!z:_2  I -12x4+10 

-12x4  f   4 

ft^*-«+x-4|  6-4x-4+x-> 
fl-4x"i+x-« 


Multiply : 


■ZBROZBa  140 


!.♦  xi-f3,.pi_2. 


3.    ar-'-x+x^— 1,  x^+l. 

7.    a;+5x^+6xixi-l_x4. 

».    a;+xM+y.  x-xM+y. 
Divide  and  verify : 

11.  a+5aM+66  by  ai+26^. 

12.  ^='-x»+x-2-2x-»_2x-3byx»+2+2x-« 

13.  *^+xM+y^byx^+xy+yl 

14.  I-^^-xbyl-x!+3xla8fara«fourtem». 
Find  the  square  root  and  verify: 

18.    o+6a^+9and25x»-10+x-». 

16.  «*+4o-'+6o+4o^+i, 

17.  4a;;j-20x*+37x-30a:^+9a:i. 


2.    x+a;i+l,a;}_i. 

4.    3*-2tti+8,  x-2*i 
6.    (a-o^+i)«. 

10.    (oi-l)3. 
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INDICES 

18.  4»-3ar^-24ar-S+2&r^lte-.^. 

19.  Show  that  «^i*[+LL(„*a.,J,... 
-H».     Divide  x?-z-5  by  ri-x"*. 

ai.    Divide     10a»--32a'"-27a»''+l4by2a'"-7. 

22.  Simplify  (xi-x^--\-Vr  \(x~x^+\)z, 

23.  Simplify  (v/«  f  l)(v^a-I)-(v'3«+ v^2KV'35- V2). 

24.  Find  the  nquaro  root  of  ^-4av .r+10x-12v'^  + j, 

Ex.  1      Multiply  ar+:ci-4  by  x-\-x^-^A. 
If  a:+x4  be  considered  as  a  single  term,  the  product 

=  {x+x4).-4».        [(a  +  6)(„_6)=a«-6«.l 
=««  +  2a;*  +  a;_16. 
Ex.  2.— Divide  a+6  by  o*+A4. 

Since  a  is  the  cube  of  o*  and  6  of  A.*    ♦►.      •      • 
«'+y»  by  x+i,.  and  6  of  6^  this  w  similar  to  dividing 

Since  (-'+3/*)-(x  +  ^,)..a_^+j,., 

Ex.  8.— What  is  the  cube  root  of 

.".    the  cube  root  is  2ar*_3«i    if  thn  ™i 
cube.     Check  when  x=y=i         '  «"'*°  expression  is  a  perfect 

Using  the  method    of   nrt     !'?'>    +i  u 


304 


ALOKBRA 


liU 


permitted  to  Me  fr«,tion.l  „r  negative  mdice.,  many  ex- 

Ex.  1      a-b  may  be  written  u  the  difference  of  two  «,uare..  thi« 
(a«)«-(fc4)i. 

/.     a-b     (ai  I  fc^Kai-fti). 

Ex.2.     ar-l_2*-.    may    be    factored    by    crosa    multiplication. 
The  factors  are  (ax-  f  2x'*)(a;4_ar  *). 

Ex.  3.     x*  +  xy  j-y*  is  an  incomplete  square. 

It  may  be  written  (x+y)»-(*4yi)«. 

.-.  the  factors  are  {xi-x^y^ +y)(x  ~x^y^+y). 

■XBROISa  141 

Use  contracted  methods  in  the  following : 

1.*  Multiply  x^-2  by  x*+2 ;    J-b^  by  o3+6i 
2.    Multiply  ai  - 1  +a'  i  by  a^ + 1  -f-o"  i 
8.    Find  the  square  of  z-x^-i  and  of  2o-2-o-». 
4.    Write  down  the  cube  of  0^+ 1  and  of  1  -xi 
8.     ^aitiplyx+x^yi+y,x-x^yi+y,x*-xy+yK 

6.  Divide  x+y  by  x'—x^y^+yK 

7.  Divide  a+2ai6^+6-c  by  o*+6^_ci 

8.  Find  three  factors  of  x*—y*. 

9.  Find  a  common  factor  of  a+ahi—2b,  a—b. 
10.  Simplify    ^+^'-6.      «-&       a*+ab+b^ 


x-5x^+(i     «M_6'.     a-j-^afc  f-6 


INDICES 
It.     What  in  the  cube  root  of  x2-&r  f-  l2j:*-8, 

12.    WhHt   w    the   «quare   iwt    of   4^   «  f  12^   3  .  a_-, 

•«»-f-4jr+2-4c-'|-j;-«? 
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and   of 


axBRouB  14a  (B.T1.W  or  ohapur  xxm. 

1.     state  the  index  laws. 
^^2.^  ^Explain    how   ^eanin^  ,„    ^.^„^    ^^  ^^^^   ^^^^^.^.^   ^ 

3.*  When  x=  16.  y  =  9.  find  the  values  of: 

*.    Find  the  numerical  values  of : 

8*.  9-J,  i^mi,  32.,  16-.-.,  .25-1,  (_„,-§ 
5.    Show  that  i^8»  X  ■^8r»=  108. 
e.    Simplify  32-t^(^,)J  and  8:2»-^(,V)-|f. 

7.  Find,  to  two  decimals,  the  value  of  lo-  when  :r=l.  ^,  j.  j. 

8.  Simplify  2.+  lo.-44-(j)-i  +  o«  +  (V^)-.. 

».  Find,  to  three  decimals,  the  value  of  (3J»)-i»  x  -^2?. 

10.  Simplify  16*+16»-,6-i-,6-i  and  32l-32»  +  32-2  +  32-> 

11.  SimpHfy  5i  X  6*  X  5«  X  IG^V x  ie«'* x  IG'"''. 

12.  Solve  a;*  =  8,  2'  .  4'=  64. 

13.  Simplify  4*  X  6-*  X  f^3  and  (8«  +  4?)  x  16-«. 


3.2»-4.2''-» 


14.     Simplify  l^'  X  j^l  and  ^,-  _ 

**  15  »  5.2»-3.2»-> 

18.     Reduce  to  lowest  terms : 

£±8Va±l_6     3ar4+6ai+2     o»+o6 


■i 


o  +l+a'''  by  o*  )-l+o"*. 


JOe  ALORtHA 

1«.  Multiply  x^u''  ~2*y  +  4a!V'  by  **  f  2»*. 

17.  Multiply  x^if'^+  1  f  X  lyi  by  *'v"i-  l+*'*v*. 

18.  Divide  *«-y-'  by  z^+x^y'^  ,  y'^ 
•nd 

19.  Divile  o-"  — 6*"  by  o"  — 6". 

20.  The  dividend  is  »'+£:»•     3y-2.  the  quotient  ia  y*_yi_l, 
the  remainder  ia  3y^—l.     Find  the  divisor. 

21.  Find  the  square  root  of  {x  +  x  ')'-4(x— a?"';. 

Ti,     What  is  the  cube  root  of  io**— io»«6'-f-§o'6«*-,",6»»  T 

23.  If  «=o«+l  and  »=o-«+  1,  show  that  '^+''-y  =  a*. 

xy-x+y 

24.  Simplify    008*.    1-7288.   2-25>»,   •062a' ^. 

25.  If  x+y=a^  and  x-y^a'^,  and  the  values  of  xy  and  a!»4-»* 
in  terros  of  a. 

26.  If  2a  =  2'+2-'  and  26=.2'-2-',  End  a*-b*. 

27.  Find  the  square  root  o*  («»— e-')»+4  and  of 

x*-4a!  V+ lto»y- 14«V  +  13*j/«  -  OxV+y*. 

28.  Simplify  — r-  x  j—  -. 

c*  5"*  c 

29.  Factor   x»-y,   x-6!r*-6,  »-!,   4a-6«    and 

x*-4x+ 10-  12x-«  +  9«-». 

30.  If  10"'"  =  2,    find  the  value  of  10"«««  and   l(("»"». 

31.  If  7«'»"  =  50  and  7»"»»=66,  find  the  value  of  7«»"» 

32.  Simplify  ^2V^x<-^^. 


iSDicsa 

Sa.  Solve  a'+«  +  2»-3a,  »'  +  2'+«-4i. 

84.  Divide  «-ax*-,-A,  +  2,,l_,-|)_,.,  ^^  ^j_^.j^ 

sa.  Show  tl,.t  ^-.-(arVi)-  1.  «»ti.aed  by  ,-2^. 

86.  Find  the  aquan  root  of 
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CHAPTER  XXIV 
SURDS  AND  SURD  BQUATIOITS 

218.  In  Chapter  XVIII.  we  have  already  dealt  with 
elementary  quadratic  nurds.  It  was  there  shown  by  squaring 
that  VaxV6=Vab. 

We  might  now  deduce  it  from  the  index  laws. 

From  Law  IV  (a6)"Esa*6». 

^*'»-4.  .'.     (oA)*=oM. 

'       1  • 
Similariy,  (o6)"=a"6", 

219.  Orden  of  Surds.  We  have  already  defined  a  quadratic 
surd  as  one  in  which  the  square  root  is  to  be  taken.  A  cubic 
surd  is  one  in  which  the  cube  root  is  to  be  taken.      When 


higher  roots  are  to  be  taken  as  the  fourth,  fifth 
are  called  surds  of  the  fourth,  fifth  .  .  .  n*"  orders. 


^  they 


220.  ChanfiDf  the  Order  of  a  Surd.  A  surd  of  any  order 
may  be  expressed  as  an  equivalent  surd  of  any  order  which  is 
a  multiple  of  the  given  order. 


Thus, 


Similarly, 


4       1"" 
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4* 


<"•+">'•  St; -vm.-„.. 


/iVRIta  ASU  SVMD  KQUATIOSP  ^ 

compaj^         ""  """*■  °'  **>•  -«»•  ««*•'  ""^a  their  value. 
Thu^  to  compare  the  v»\»^  „f  ^  '^  .„j  ^  j^ 

It  i«  thus  Men  that  *  3  i.  gre.t«r  than  VJ. 

222.    CbtDCN  in  the  Porm  of  Surrii.    Anv  mj.^ 
be  expressed  oh  an  entire  ™rd  ^  """^  """*  °*" 

Con venely.      i'2fl«  =  MB  x  <^2  =  a^2. 

_^-  ^m  -  i  ,17y  f  Too.  1  f  135. 
^-8'='^~27x'^3--3^3. 

■XBROXSB  1«8 

Express  m  mixed  surds  : 

Express  as  entire  suids  : 
4.    2V3,  10V2.  3v/«.  aVB.  abVb.  (o-ft) Va-^S. 

>  «+<>  V  m«-n«'  *+yV  i^^ 


V 


^'"  AUJKBHA 

••    Whkh  i.  thufFwitorj 
M„w:>.  .v^.^VJ,  ^/.icMs,  ,.„„^,,  ^,„^^, 

IUduo0  to  lik«  rarda  and  timpUfy 

11.    3V32+5v/fl0-iv^,28.         „.    f^|8_^,2,  ,^  ^^ 
18.    ^«-2f-l2+^Si.         14.     ^3n^,fl2,(/,te5. 
18.     ^1^-W\i^&Vm-^2VA»-lx\Vi+W^, 

17.  EipTM.  a.  equlwlent  surd,  of  a  lower  order 

18.  If  ^i=  1  %  .pproximteiy.  find  the  ridue.  of : 
18.    Show  thftt  8  X  v/ j  X  V^f  X  ^4  =»4. 


■xaaozsa  144 
a.    V2^,  \/S5i. 


Multiply : 
1.    2V3,  3^8. 

8.     Vx+2,  v'*-3,  V'x-2.  v^x+s. 


3.     Vi,  -v/^y. 
6.     i/^.i^^. 


III 


tUHhH  AS  I,  HLHh  HQLATIUSH  „, 

10.    fa- 1,  f a-a,  la+X 

M.    (Vi8+V^l2+v^«)i. 
multiple,  to  produc-c  r.tbn.i  pro<i«,i-r     What  i.  the  IZZ  t 

13.    SN/l         14.    2VH.         la.  V32.  ,«.  V04. 

IT.     Vfll2.       W.    ^2.  1..  f    3.  ao  ^48. 

«.    3-v/i     aa.     v/a+ft.     a3.  3V2-2V/3.  84.  aVb-b^a. 
Kationalize  the  dcnomiiMtor  of: 


V6  ' 


28. 


4+2v^2 


so. 


31.      "'*"*r:!L 


I.   ^^^^iL^^ry 


V'a»-f-6«-6 


33.    Find,  to  thrae  decimal  plwe..  the  value  of 

22-f  (3V/2- V7K2V/2+  >/7)  and  of  (6-f- V7)-^(3+ v/7). 

"•    "'"fT^"'^y  =  |r^-fi«i  the  value  of  x.+y.. 

38.    Simplify  (2v/3-v'2)»-(\/3_v/2)». 

38.    Simplify  ^:i:^  +  l±V5       .  6+\/5  ,  5+2 V^S 
3+V5     4-A/6  l  +  v^-^2+W 

37.  Simplify  7-2V/6  _  15+0^6 

4-\/5        2i-v^3   ' 

38.  Show  that  3-  \/7  is  a  root  of  the  equation  »«-&c«-4,+2=o. 


313 


A  Ui  suit  A 


I 


qu«Ir.tic  «unl    .Ml  the  «,«.iion  i.  writti.,,  with  the  -unl 

bi^^rJiir.K      •  '*':  """'  "">   **  "•"•"^«'  »'3'  -qu.ring 
Doth  aidwi  of  the  equation  (art,  |6fl) 

aJ'.!!!;  "11!'*'""  T'*'""  *'•"*  *"""••  ^'^^  °'  »»»"*"'  *hJ«h 
•re  •urd..  the  operation  of  «,uaring  niu.t  I*  performed  twice. 


Squaring, 


VKiiflcNitlon 


KX.  a— Solve 
Squaring, 


V«-l«, 
•- 144. 

M  Vi-l  +  VRi-18. 

v^F+TA-  V  n»-  IS. 

I  '^"L^/.  "T"""  '"  **^  '"""  ^'-^'+«-l  •«««  in  th«  form 
I  -  var  +  ifl-  v*.  .nd  compare  the  three  lolutioiM. 

i-Vi-Vi+2a. 

.-.     -fV*-24. 
.•.       -V«=I2. 
«-  144. 

«m«'?T:iI'"  uv''  "r  .**•'■  ""'"*'""  *'**>  ••'»•  ••     Th"  •"•''•r  «•  the 

tx.  1.  and  we  know  that «-  144  i.  the  cormjt  result. 
Let  ua  now  verify  Ex.  2. 

Veriflcation  :  |  _  v',^  i  _  vTii-  -  1 1. 

\^a^4^26^,  V^T89„13. 

It  i.  Ken  that  our  «tta.„pt  at  veriflcation  .how.  that  x=  144  i.  not 
the  correct  root  of  the  equation  in  Ex.  2. 

be"JtUtS''"BnnK*'"-'*  "^  '^«'  ^»^  *•  -  '2.  the  «,u.tion  would 
be  Mtirfled  But  thi.  M  not  aUowahle.  „  the  svmhnl  ./  "  always 
repreaent.  the  powtive  Kjuan  root  (art.  63).  '  ^ 


HVHItH  AS  It  S(  Hh  HQr.XTIOSH  ||| 

ThU  in«v  bp  vxpUiitMl  •«  UAUm*  -. 

.h..  .„.  v..,„  .„ .  ...K .  w. It::  iut.iv;::.';::' 

.\  .impl.  i.««m,.k.  will  irfww  that  tl.i.  |,  ,»,,  r«„,. 

A.  mmI   ii^ 


ihrMor...  ,..,»  «,u,v.I.„|  to  tlw  giv....  .^.wti„,.. 


Thl«  b  Mimllar  to  'hr  ca-P  I,,  which  both  M|.|oHof  .u,  cc,uation 
a«  mulUpi^  by  •  f.ct«r  conti.i,u„g  the  unknow."    ' 
Let 
Multiply  by  x 


3, 


*-2. 
«<»  -  .1)  -  2(,  -  3), 

*»  -  a*  >  w   0. 


W.    IxtniMOtts  Roots.     R<K,tH  which  art-  introdumi  into 
«»  «,u.t.on  by  Hquaring  or  multiplying  arc  calir.xjl^ii; 

..t«Lr"  '"  *"•  ""^  '""•»"*"   -^  '  -^  '"  ^he   .««„d   .,e 

unknown  «  oi  «n  eq  .  .,on   by   a    f«;tnr  oo..taining  th« 

We  have  already  ««..,  tin.  ,uHo.Mity  of  verifying  the  rem,lt« 

n  the  solution  of  equation..     In  the  cuh-  of  Hunl  equrioL 

here  «  an  added  reason  for  verifying,  for  althot.gh  Sr^  Z 

^no  error  m  the  work,  the  nx,t  which  i.  found  may  not  b^  a 

root  of  the  given  equation.  ^ 
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MXMKOUm  14S 

Solve  .nd  verify  116.     Reject  extraneous  root. : 

2.     v/3F-2=2v'i=:2. 
4.     f'&-7=2. 


1.    Vit-s-a^o. 

3.     3tt^=xi+4. 

5.     2*^3. 

7.     2{z-7)i=(x_14)i. 
9.     Vi+46+\/i=9, 
11.     Va^^4  +  V'z+T3=ll. 

18.     Vx  +  5=   '^  . 
Vx-3 

16.  :^^=:^^+i 

Va:+3      Vx-2' 
17.    (12+a:)*+a;*=6. 

19.     "^^il^  ^  Vx+29 
Vi+4      Vi+u" 

21.     A/iS=.aM="6't-a:-a+6. 
23.     V^Ms+v'i^   ,12^. 
/x-\-ia-  Vx=2Vb+z. 


26. 


27.    6(7ar+29)=U9(14ar-15)-^. 

29.       ^-^^i^Vsi-l 
VSaj+l  2 


e.  2^3ar-25+3=7. 

8.  V'z+V'ar+5=a. 

10.  l+v'i+2=v'i. 

12.  v'C«+3j;-16=2j:+2. 

1A      7v/i+10 

V4ar-2       ** 

16.*  Vi+4-v^:i4=4. 
18.    (x+8)J-(x+3)i=2*f 

20.   «v;frii^2v^i 

3Vx  Va!+6  ' 


22.    Vx+Vx-9=- 


36 


a/*-9 
24.     V'i+3+Vi+8=2v/i. 

2«-    ^i»-6x«+lli=5=x_2 

28.    v'^+e+V.ntt 

Vx+Q~v^r^ 

30.    V^g+«+Vo^ 


SURDS  AND  SURD  EQUATIONS 
M«.    Sum  Eqitttton,  Reduel.,  to  Qu^lraUefc 

Ex.  l.-SoIve  x+Vx+6=7. 

Tr8n.po.ing.      .-.  ViTa  =  7-ar 

■*.     ar«-lSa:+44  =  o, 
•■•   (a:-4K*-ll)  =  o. 

Venflction:   When  ,=4.  :r+ v/JTfl  =  4+ v/9  =  7. 

^'>«"*=".*+A/ari:5=ll+Vr6ll6 
.     the  correct  root  i.  »=  4.  t  v  io_  lo, 

«=  1 1  i.  evidently  a  root  of  a:-  v';?^  =  7. 
Ex.  2.-SoIve     >/8i+I_v^^-^i^^^ 


S16 


Traa.po.ing, 
Squaring, 


4af=2v/3a;«+3i, 

4x»=3x»+33r, 

/.       ar«-3a!=0, 

•*•  *=OorS. 

Here  we  find  on  verifying  that  both  root.  ttti.fv  the  »• 

*  wiwfy  the  given  equation. 

Ex.  8.-SoIve      2V2i+T=3-3A/x-3 

wH3i^LrrS;e'':rS^         *^«  --  -  -4  or  36.  neither  of 
^Of^what  equation  i.  ..4  a  root  ,     Of  what  equation  i.  .=364  a 

Ex.  4.~^Ive    ar'-Sx-ev'iSrajrg^^g 

M  the  .urdi.  removed  to  one  side,  we  get 

«»-3a:+2=6Vi«-3ir3; 
W  we  now  wjuare  both  sidna  t^  -„ 
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-iiniisr  to  the  method  employed  in  art.  i»2. 

«»-3*-y«  +  3, 
8ub.tituting  in  the  original  equation. 

y»  +  3-6y=_2, 

y  =  5orl. 

■     '•-3x-28  =  0,  ..-3,-Lo; 

x=A  or  —1. 
We,  therefore,  have  four  roote  :   7    -44    _i 
Verify  each  of  theae  and  show  that  they  ;il  Utiafv  f  h«  „i 
Here  both  values  of  y  were  positive -if  !^fK^    '!""'"  ®^"•""''• 
n^ative  it  could  at  oncJ  be  disS^J^  •„;::;:[«:!  **"""  "^  ""^ 


Ex.  5. — Solve 


From(l), 
From  (2), 


x+y~Vx+y=2Q, 
xy-2Vxy=\20. 

Va:+y  =  5  or  -4. 
V^=12or  -10. 
Here  the  negative  value,  oTthe  surd,  are  discarded. 
.*.     Va!+y=8,    Vxy=\2. 
x+y=25.     xy=:Ui. 
Solvmg  these.  *=9  or  16.  y=i6  or  9. 

BXBROISa  146 

Solve  and  verify  1-17.    Reject  extraneous  roots: 

3.     V3x-6+v^^_2=3.  4.     V3J=5-VJ=:2=3 

5.    3x+v/6x.+  n+6=0.  «.    3.+5=v/6ii+ll- 


(1) 
(2) 


7.     —  =  5-2Vi. 


8.     3x-2v'7a;+4=16. 


Vx~^  10 


suhds  and  surd  equatwss 


■la         tlm   .1  • 
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=  _.     10. 


18.    <(^'+^+3)i.-=3<ar«+/te-2)» 

V3x«  +  4  +  V2^i^ 
17.    2^/^+3^^=  12, 
3Vi+2A/y=13. 
W.     »+V'^+y=28, 

*-V^+y=i2. 

23.    >^*-3.*-+6--v/iir3i+6=2. 
84. 


18.*  ary-v/j.^\=3Q^ 

*i-y=l3. 
*».  '+y+V^=3o, 
*-y+v'x^=i2. 

22.    x^+xy+yt=^^ 


7. 


227.    Squtr.  Root  of  •  Blnomtol  Surd 

(V'5-V3)-5+3-2Vr5=8-2v/l5. 
(3-V2).=9+2-6V2  =,i_oV2 

The  square  of  Va-i-Vh  .o       j 
«+6.  which  is  the  sum  of  the  q^ntl''  ^'^*'°"'^'  ^"*"«ty 
and  a  surd  quantity  2vd  the  Tt     ""?""  '*'"  "^^  ««n-i 
quantities  under  JroTt^^^'  "*  ^'"«  ^^'^  P'^^ot  of  the 


I- 

I. 

■ 


sit  ALOSBRA 

The  form  of  the  square  of  Va+VS  will  show  us  how  we 
can  Hometitnett  find,  by  inspection,  the  square  root  of  a 
binomial  surd. 

'>/a+b+2Va6=  Va+ V6, 

Ex.  1.— Find  the  square  root  of  7+2Vl2. 

Here  we  want  two  (acton  of  12,  whoae  aum  ia  V  They  are  evidently 
4  and  3.  

7  +  2V'l2  =  4  +  3  +  2v^4.3. 

.-.      ^7  +  2^1^=^4+^3  =  2+ Vs. 


Similarly,  V7-2Vi2=2- V3. 

Verify  by  squaring  2+  VS  and  2—  VS. 

Ex.  2. — Find  the  square  root  of  14—6^5 
To  put  this  into  the  form  a+b—2Vc3>,  first  change  GVs  into  2 V4ff, 
14-6^6=  14-2v'48=9+6-2V'45, 
/.      V'l4-6V8=v'9-V8  =  3-v'8. 

BZBROISB  l«r  (1-7.  Oral) 
Find  the  square  root  and  verify  : 

1.    5+2V'6.  2.    8-2VT2.  3.    4+2V3. 

4.    6-2V8.  «.     10+2\/2i.  6.     15+2a/56. 

7      8+2V7.  8.    7-4V3.  9.    9+W5. 

10.    x-\-y+2Vxy.     11.    x+y-2Vxy. 
13,     IS-iVii.        14.     18-8V5. 
16.     10+ VM.  17.    47  +  \/360. 


12.    2i+2v'x»^. 
16.    20+^300. 
18.    57-18V2. 


19. 


i-2v/o-l.       20.    4x+2V4x*-l.      21.    a-b-2Va-b-l 


SfJRDS  AND  SURD  EQUATIONS 
Ex.  1. — Find  the  wiuarc  root  of  50— 24V'5. 


SW 


60  -  24  V'a  =  66  -  2  v' 720. 
Here  wo  pequiro  two  factors  of  720  who«e  .um  i»  86.     When  the 

bSniuJIIct'on        '''  "  *''"'•  '*  "**^  ^  '*'"'''"'^  '"  ""*••"  ***«  '•*'*°" 

nn!flr  **•/'  '"  *,*'•  "T.T"  "'y  '^■P'*«'nt  the  factor,  by  a  and  6  and 
And  the  values  of  a  and  6  from  the  equations 

a6  =  72(>, 
a  +  h     m. 
obto'n"  *''**^  *<5"*»'"'»  by  the  inotliod  of  art.  194  or  of  art.  198  and 

o=-36or  20. 
6  =  20  or  36. 
The  required  factors  of  720  then  are  36  and  20. 

.-.     66-24^6  =  66-2^71^=36+20-2^.16720 
.-.     V'86-24V8=V'36-.-v/20=  0-2^6. 
Verify  by  squaring. 

Ex.  2.— Find  the  square  i-oot  of  I+a/s. 

?  +  V«  =  ^±i-Y^  =  9  +  2v^20 
4  4  4         * 

:.     the  square  root  is  ^A±^  or  ^  +  1. 

Ex.  8.— Find  the  square  root  of  2V'lO+6V'2. 
First  take  out  the  surd  factor  V2,  and  we  get 

2Vr6+6V2=  V2{e+2V5), 
.".     the  square  root  =i^2(l+  VS). 


■XBBOISa  148 

Find  the  square  root  and  verify : 
1.    94-42V5.  2.     38+12\/rd. 

4.     l(y7-24\/l5.  6.    94+6^245. 

7.    67+7\/72.  8.    28-5v'i2. 


.".    47-12vTlL 
6.     101-28V'T3. 
9.    xy+2y'\/xy^. 
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!».•  Find  the  value  of  \~y/\%~t\/i  to  3  Hcclm»l  place*. 

11.  Find  the  value,  to  thife  tlotiinatj,  of  the  wjUttrf  root  of  *-  ?>!?. 

7+4\  3 

12.  By  fint  removing  a  simple  nurd  factor,  find  the  aquara  root*  of : 

7v/2+4v'e,  I0+6>/3,  7vl-12,  59 \/ 2 ^60. 

13.  .Show that  Vl7  +  12V^2+ \/l7- 12>/2=6,  (I)   by   Uking   the 
Rquare  root*,  (2)  by  aquaring. 

14.  Simplify  V  3+V12+ V494-8VS. 

4—2^3 
18.    By  changing  2-  y/i  inui  — j-  .  find  the  square  root  of  2-  \/3, 

alao  of  3  + V2  and  of  V  +  .i|V7. 

16.  From  the  result  of  Ex.  I,  show  that  94-42^5  is  a  positive 
quantity  less  than  unity. 

17.  If  x«(14-6v'5)=21-8V8,  find  x  to  three  decimals. 

18.  The  sides  of  a  right-angled  triangle  are   Vs  and  3+2^2. 
Find  the  hypotenuse 


228.  Inugiiury  Surds.  When  we  solve  the  equation  a;«=9, 
we  obtain  x=  ±  3,  and  we  know  that  this  is  the  correct  result,' 
for  the  square  of  either  +  3  or  —  3  is  9. 

If  we  solve  x»=6,  we  say  that  the  value  of  ar  isi  y/l,  and 
we  can  approximate  to  the  values  of  the  i-oots  as  closely  as 
we  wish  by  finding  the  square  root  of  5  by  the  formal  method. 

If  we  are  asked  to  solve  x«=-9,  we  might  say  that 
the  solution  is  impossible,  as  there  is  no  number  whose 
square  is  -9.  This  statement  is  correct,  but  we  find  it 
convenient  to  say 

i*  a:«=-9. 


iil: 
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Such  a  quantity  mV-9  in  qalJed  an  iinaciiu»  auantltir 
and  muHt  be  di.tingui.hod  from  .«ch  quan3^I  T-l 
JV7,  etc..  which  are  called  raal  qoaatitlM. 
i.  ZlTZ  **''^"''  fu  ""*8'"»'y  nuantity  a.  one  whoao  «,uare 

appear  in  the  «,lution  of  quadratic  equations  (art.   IW)) 
wh^K  '^•''  '^"'"^  that  the  fundamental  law.  of  algebra 

Thu^  V^=>/9xv'-i=.3V-l. 

V-6=Vgxv^::n. 

.i?'^i^®'"""P'®'/**°''   *•'**  *"   imaginary  quantity  can 
alway.  be  expre«ed  a.  the  pnxluct  of  a  L^uantity  and  the 

m     Powm  of  th«  inuftaanr  Unit    Any  even  power  of 
V-l  ifl  real,  and  any  odd  power  is  imaginary. 

^"^  ( V- !)•=  - 1.  by  definition 

•••    (V3i).=  _v:rT. 

280.    MultipllMtion  tad  Division  of  InuffinariM. 

Ex.  1.    V~2xV^=V2.V~ixV3.xrri, 

=  V2.  V3x{V3T)«=_-v/g^ 
Note  that  the  product  here  is  -  Vb,  not  Vg. 


«  I 


^ 


M  ALUHBHA 

Ex.  a.    3\/3ixflv^„B.8v'-lxl»v^3T. 
-WCv'  -!)•-- 90. 

-j(»-y»f  2j»v'  -1. 
Ex.  6.     (flf6v^"nKa-6\/^)-o«-6«(\/^)»=.o«-f-»  . 

Ex,  fl.     Rationalixe  th«  denominator  of — . 

Multiply  both  ternu  by  1  +  y/'^  md  we  get 


■ZBllOM*.     140  (1-9,  OnU) 

1.  Expreu  as  a  multiple  of  V~i :  v/IhT,  V^^IB,  v/Zgi.  v/ZJl 

2.  What  i<i  the  value  of  ( V~\ )»,  ( \/~a)\  ( V~I\ )*,  ( y/-\)*  t 
Find  the  sum  of : 

8.     \/~i,V-A,V^9.  4.     V^25.  V^OO,  v/^iS; 

6.  4+V=9,2-v/3l8.  «.    a+V-h*,a-hV^. 
What  ia  the  product  of : 

7.  \/-l,  v/~4.      8.     v/^26,  V=l06.      9.     v^-'i*.  y/'-Z^. 
Simplify : 

10.*  3\/-3+2v/-^75-4v/  -r2+5v/-:48. 

11.  (3+6\/:^)(3-5A/~l)  +  (6-3v/^lK5+3v/:rr). 

12.  (4-3v/^)«  f(2+6v/~I)«. 

13.  2^(1-^-1).  14.    (-l  +  V=3)-^(-l_-v/Z:5). 
1ft.    (a+6V-l)«+(a-6v/^)«. 

1«.     .Show  that  }{ - 1  i  v'   1)«^ i( - 1  -  v' ^). 


SVKUH  ANO  avm,  KQVATIOSS  _ 

!•*  '—the  number  ^      u        ■ 

-  "  ite  reciprocal, 

•  2»«-3ar+2-0, 

Change  IJ  into  2J  and  «,lve  the  problem. 

Jl'Jr^FL^.  '  *"*"  ^'"^  ^  ^-^^  «'  c'oth  at  $(lO-x) 

The  total  ooet  in  doUar.     =:t(10-x)  =  ao. 
.-.     a;»-10a.+3o=,o. 

2 

What  conclusion  do  you  draw  ?    w«..i^  •.  u    • 
we  wbrtitute  926  T  |20  r  "  '^  "mpoMible  if  for  $30 

Y2 


IM 
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8oIt«  «nd  determim  if  th«M  probknia  ura  poMible : 
1.    A  line  which  ia  10  inobai  long  ia  divided  into  two  jMit*  in>  that 
the  are*  of  the  reoUngle  contained  by  the  (wrta  ia  40  aquani  inchea. 
Find  the  lengtha  of  the  parte. 

a.  The  length  of  a  wotangle  ia  twioe  iu  width.  If  the  length  be 
inoteaaed  10  feet  and  the  width  deoreaaed  I  foot,  the  area  U  doubled. 
Find  the  dlmenaiona.    Solve  alao  when  the  width  ia  increaaed  I  foot. 

«.  A  man  haa  20  milee  to  walk.  If  be  walks  at  x  miles  per  hour 
it  will  take  him  8 -x  houn.    At  what  rate  does  he  walk  T 

4.  If  it  ia  poaaible  that  a<IJ-x)-3«-»-o,  and  •  ia  not  negaUve. 
what  muat  the  value  of  a  be  T 


■xamoim  in  ounaw  of  oh»pt«v  zzxv> 

!.•  Multiply  1  +  Vi-  V2  by  v^9-  Vl. 
a.    Multiply  V3+v^i  by -i:  +  -4- 

vs    vi 

B.    Find  the  aquare  rooU  of  j    U+vTi5,  26-4^51,  224-V4fO. 
n-VT2, 12- •VS. 


4.    Find  to  two  decimal  places  the  values  of  i 
1 


«_^5      V5+2V6.    ,^3:^-^'      ^g^^g   • 


Solve  and  verify  : 

6.  ae+v'x^-U. 

7.  y/x  +  -^x^i  - 


y/x-4 


6.     V44s+'7+V4i+3-6. 

8.     Vte+T-Va+i-VSVi+T. 


».     Vx+B  +  V*^^  . 
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*+iff-«\/*,y   by  »^y.-tVM^^. 
r  V  a,  y  .;,_  V3,  And  the  vaIim  of 

U.    Solve  p+,-  x/apj+p^y 
W.     find  th«  oonti,.u«l  product  of 


CtMOk   tiM 


17.  Simplify     'y^_      iy/i_        V6 

18.  Wh.„,-a+V^«iri.fl„dth,^^^^^^ 


1».    ExpnH  in  the  .implct  form , 

«.    Simplify  yj^^3^,yg,^^^,^„ 

ai.     "*--l+2v'-T.flndthevUueof,.-  12,. 

».     *••"«»  the  .quareroou  of  7+ 1/13  «d2a+v^45iri 

23.  Solve  2,.  f  6,-6- v^,.+3^3.„ 

24.  Simplify  (v/5+V3^^2).  +  (v/8+v^3-v/2> 

M.    Solve   3,i-9x+ll=.4v^,.-3^«       ..  ^' 

d«!i«nia  plMe,.  ^         *v,  -3a:  +  «.   g,v,„g   ^^e   root,   to  two 

ae.   Simplify  ^?5J±:^^*_  Va+i-Vd^ 


AUiMBHA 


tt,     8Kow  that     -,— J — ,.       4.       _    I  m 


a».    Www  that  VmTVh  cMinot  b«  »x|»i 
81.     rind  the  vsltM  of  ••-|.««+,+  l  whw  ••V>^|. 


iu  Um  form  Va-f  v^y 
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THEORY  or  QUAOHATICI 
«••    •-»•«<  PM-I  Of  ui,  p,,^ 
«'>lve  ihMt.  «, nation.  ; 

(3)  I/Vrif-JMlrf  8-0.        '.'       "  "  J'  ~^- 

In  (I)  the  ,um  of  the  moti,  -     i,'      J.     '*  "^ 

In  (2)  "•  P"^»<'*  -   10. 

.        ' I.       „      ■.       I 

In  (8) »•        "       --J. 

The  roof  ^  -*+ V^*'3«  ^  -6- V^^-i^oc 
'^-bre.ltyrepr^^nethe.eroot.by^.nl. 

2a  q' 


•od 


4a*  4a*     a' 


328 


ALOBBRA 


if 

i-ji' 

i 


Comparing  those  results  with  the  coefficients  o.  h,  c  in  th« 
«!  nation,  wo  sec  that : 

Th€sum  of  the  roots  of  any  quadratic  equation,  in  the  standard 
form  ts  equal  to  the  coefficient  of  x  with  its  sign  changed,  divided 
by  the  coefficient  of  x«.  and  the  product  of  the  roots  is  equal  to  thi 
absolute  term,  divided  by  the  coefficient  of  x«. 

Sura  of  the  roots       =  -  °°*fflq«"t»^»  . 

coefficient  of  x* 

Product  of  the  roots  =       •'^'"»«  »•"« . 

coefficient  of  x* 

See  if  these  two  statements  apply  to  the  roots  and  co- 
efficients of  the  three  eq^ation8  preceding. 

The  formulas  for  the  sum  and  product  of  the  rooU  furnish  a 
convenient  means  of  verifying  the  roots. 

•  aT!r*  f  ^"'*  ?*  T^  °'  3x«+«-2  =  0  to  be  I.  - 1.  but  the  .um  of 
^^uct  given    by   the  formula,.     Therefore,    the«e  are   the  correct 
Are  the  roots  of  14x«-19«-60  =  0,  y,  -}  ? 

288.    RMlproMl  Roots.    If  the  roots  of  ax*+bx+e=0  are 
reciprocals  (Uke  J  and  3).  their  product  is  unity,  and  therefore 

-  =  1  or  c=a. 
a 

So  that  any  quadratic  equation,  in  which  the  coefficient  of 
X  ts  equal  to  the  abscdute  term,  will  have  reciprocal  roots. 

Thu8  the  root,  of  <te._  l3*+6.0  are  reciprocals,  since  their  product 
IS  J  or  I.     Verify  this  by  finding  the  roots. 

284.    Roots  04ual  In  Mafnitude  but  opposlto  In  Slfn.    If  the 

roots  of  ax^+bx+c=0  are  equal  in  magnitude  but  opposite 
in  sign  (like  3  and  -3).  their  sum  will  be  zero,  therefore 

=  0  or  6=0. 

a 

So  that  any  quadratic  equation  in  which  the  second  term  m 
mtssing  wiU  have  roots  eqval  in  magnitude  but  opposite  in  sign. 

Thus,  2x«-9=0andaa;»-c=0  have  such  roots. 
Verify  by  finding  the  roots. 
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■XIROISa  188  (Oral) 

SUto  the  Hum  and  product  of  the  rooU  of : 

4  •         _ 


1.    x*~ljci^\2=Q. 
8.    x«+ar+I=a 
a.    ar»-12i-7=0. 
7.    ax*^bx-c=0. 
••    |>x»— 9=0. 
11.    3j:«-4x=d. 


4.  2Jr»-iarfO=0. 

6.  Ax*—njc\.\^n, 

8.  aj:«-(ft+c)j--|-n^o. 

10.  oj:>4-a=0. 

la.  (04       «_x+a«-ti=.o. 


14.  Are4and6theroot«ofz«-9x+20=0? 

15.  Are3+V2.3-V2themot.ofx.-fc+7=0? 
In  which  of  the  foUowing  .«  the  correct  rooin  given  • 


«4ar-28=0;  7.-4. 


16.    *«-7j:+ 10=0;  5,2.  17 

"•    '•-»^+3«=0;4.9.  is!    x«-,2:.+27=0-4  8.' 

«.    In  solving  a-t_o-_i/iBQ_«  „„         ,.    .  " 

muBt  the  other  be  r  "^-<>' <>««  ™ot  w  found  to  be  41.     What 

r^t^JtZ.ll^lZ^tV''''  ^'^  '"^  2'««  -  the  co^ct 
^^24.    If  the  rxH,t.  of  a..-ia.+„.o  are  recap^cals.  what  is  the  value 
2*.    If  the  roots  of  »ur»— /m«_Q\- .     t    /» 

and  the  Drodnof  ,r  +^J+9-0,  the  sum  of  the  roots  is  _« 
«  ~x  (sam  of  rooto)+(pnHluct  of  rooti)=0. 


3.10 

ALOEBIiA 

.l„"„"""  ""'"  ""  """'■  "'"  -^"""o"  »■>  ••  onoo  be  „Ti,^,„ 

The  equation  whose  roots  are  2  |-  v/j    '>     y/S  is 

P-Ub^^r^rthrar"^^^  '^  ^^^'y'  but  the  fi^t  is 

with  any  number  of  given  ^te.  ""  *"  ^"**'°" 

Thus,  the  equation  whose  roots  are  2.  3.  -S  j, 

(*-2)(r  -3)(a.  f5)  =  o.  or  X*     I9x  f  30=0. 

■ZBROISB  168  (1  18.  Oral) 
State  without  si.p,ifvi„,.  ^he  equations  who«e  ^ot.  a«. 

i3.    3.4.6.        ,4.     2  3       ,       "'       '  "*    '""• 

Reduce  to  the  .implest'fo^th  "' **  "         *'•    "' *' ^• 

"*"'"P"«^'o™  the  equations  whose  rt)ot«  are: 

»'•     'i.  -2J.  21.     _2.  -4.  6.  22      i  1  i 

2».    Show  that  1.25  and  4-64  are  the  eor^t  r^otl'J'  ^' 
10(te«-689a!+580=0. 


4 
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^^l^Jouu  the  equation  wW  „k.U  a.  „  ...,  ,  ,,,„  ^^^^^^ 

ae.    Form  the  equations  whose  koXh  a«, 
o+A     0-6 
a~b'    ^ftJ    i(4±-\/7). 

U;  {*-2)»=5ar-3.  /«.  , 

««.    «o.ve..-2ll,J'^''^"^*^^'+*'-^'-^«)'- 

ao.    If  one  root  of  .*    Zl^T  T "  *'"*  -«  "»*  ^  «• 
and  the  value  of  a.  '^+"=0  "  double  the  other,  find  the  root- 

80.    If  one  root  of  x*+t>x4-XH-i\  .•   .l 
the  values  of  p  ?  +^+«-0  «  three  times  the  other,  what  are 

288-    Funetlona  of  the  RAAt>     un. 

of  «:«+6x+c=0.  ""*^    ^*"  ♦»  and  n  are  the  roots 

i-tT'do'^f  c'^nS'  '^  *etL""  **"'  ^''^  P^-^-*  «'  the 
roots  do.  '  '""*  expressions,  v.hile  the  separate 

ean"d:r?^riXTa;!  *'^  ^"^-  °'  *^«  -*«.  we 

a  a 

^  6*  _  2c  _6i-2oc 

the  same  result.  ""^^  "^^^  *"«i  see  if  you  get 


=(-i)'-3.^ 
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Ex.  l._When  m  and  n  «ro  the  rootn  of  «x«+Ax+c=0. 
find  the  values  of  '+*»??.»»    ^,  .    , 


&  _^  0  6 

a  ■  o  "  ~o* 

«      w         mn  ^;^ — — .  .— **. 

5  « 

o 


or  ,».+„.  .  («  + «K«...-«.n  +  «.,  =  (m  +  „,{(.+„)._3l„,  .  eta 
•»+n)«-4m 


a 
The  wme  iwo  valuea  of  thm  i.^  - 
by  .imple  -ubtraotion    .Je  XTeiS^""  "Jght  h.ve  b«,„  found 
root,  were  taken.  *    «»epending  on  the  order  in  which  'he 

Here  m+n-_p  and  mn=.y. 

The  .um  of  the  roof  of  the  requir^l  equation  i. 

The  product  of  the  roots=m«n«-g» 

••.   the  required  equation  ia  x*-x(p*..2q)+gt^Q, 

2  than  !h7^'u  oY(S11r-l°^  ~°^  ^  ^^  ^^^  ^y 

Solve  the  given  equation  and  the  root.  .«,  |    _  i 

V   *;•  "^^  °'  »»••  "^"^"d  equation  are  V.  l. 
..   the  required  equation  i« 

*'-(V  +  |)x+V  .  1  =  0.  or  to.-87.+42.0 

of  ^:7ven  tlTo^  "*"  ^~"'«"  '^*^-*  ^--^n^  the  «*„^  root. 
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Xh©n 

Pi-9^V  and  P7  ^-j 

•••  *''—'»»'•-«.  of  th.^.,^^^;.^^ 

•ndth.  product     ''^*  +  *-^*"''+»+4-V  +  4  =  v. 

••    the  required  equation  j.  i-^Y+4-7. 

then  n 

"  +  »«  -?and«=i. 

Th.  roof  of  the  requi«d  equation  .re  '  .„d  1 

I"nd  the  .um  and  product  of  '  and  i  i„  w         , 
complete  the  «,lution  ''  «  ""  "'  »*' n  mad  k  and 

Subrtitute    «-=«-«    in    «i. 
equation  i.  "      '^    *"•"    «^'-«<>".    "d    the    «qui^ 

or  .   .      '*'*-*>'-«(y-5)  +  7=0, 

*»*-*lllf+ I32m0. 


SM  AUJKUHA 

Kx.  2. — Find  the  equation  whuMO  rootn  are  the  Hqiuree  of 
the  rootB  of  -^jr^-f^x-f c=0. 

Let  y  be  the  unknown  in  the  required  equation. 

Then  y  =  x*  ot  X''±Vy, 

.'.    the  roquirod  equation  ia  a{±Vif)*  +  h{±y/y)  l-O'-O, 

or  ay^e=  ^f>\/y, 

or  a*y*  hiaey+e*^b*y, 

or  o«i/»  fv<2ac-6«)  l-c«  =  0. 

Solve  Ex. 'a  2,  3,  4  preoeding,  by  thJa  method. 


waatLOimm  im 

1.*  If  m  and  n  are  the  roota  of  x*— &c+3=0,  find  the  raluea  of 

I    .    I    fn      n      ,  , 

~ -f -t      +  -,  m'+mn+H*. 

M      n  A      fa  ^ 

-    9.    Find  the  aura  of  the  squares  of  the  roota  of 

x*-7x-\-l=0  and  of  3x*-4x+S=0. 

> ,    8.    If  p  and  q  are  the  roota  of  3x*+2x—6=*0,  find  the  raluaa  of 

f  +  l'i  +  aV- !>•-«+«•• 
q      p  jr      q' 

4.  Find  the  sum  of  the  cubes  of  the  roota  of 

2x»-ar+4=0  and  of  x»-a;+o=0. 

5.  Find    the   equation   whose    roota   are   double    the    roota   of 
x»-9x+20=0,  (1)  by  solving.  (2)  without  solving. 

0.    Find  the  equations  whose  roota  are  each  leas  by  3  than  the 
roota  of  (1)  z«-llx+28=0,  (2)  a:«-x-l=0. 

7.  Find  the  equations  whose  roots  are  the  reciprocala  of  the  roota 
of  (1)  2j;»+*-«=0,  (2)  x*-px+q=0. 

8.  If  m  and  n  are  the  roota  of  3x*— 2z+5=30,  find  the  equationa 
whoae  roots  are : 

(l)iandl,   (2)  -and".   (3)««andii». 
m         n  n         m 
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roou  or::'.!t:s"" '''""  •""  "^  •^"  »"'*'*"  •'^  * »»-"  »"« 

18.     If  m  and  n  arc  the  rooU  of  j'-arfo-O    Hhnw   il,.*       ■ 
andm»an,thepooUof^«-^p+,)+„=J^^''"'  •'''°*  ''"'*  "«  ^^ 

14.    Form  th«  equation  who«,  rooU  are  m  and  n.  where 

«»»+«»==  20,  m+»=-6. 
Irt.    If  m  and  »  are  the  root*  of  x*+px+a-Q  .hnw  ♦!..♦       ,  .. 
«ind  2m  +  ,  are  the  root*  of  z-+3p*  +  2p«rgir  ^ 

1«.     If  p  and  7  are  the  PootB  of  ox'+fcx+e-O    ««,!  »k„       i        . 
P*+P^«+,«  in  terms  of  a.  6  and  c.         ^*'+*=-<^'  ""^^  "»o  value  of 

888.    ChaiMtoroftbeHootiof.QuiMlniUeBquaUoii. 
Solve  the  equations  ; 

(1)  a-«-&p+  9=0.  the  roots  are  3,  3 

(2)  ftr«+  a;- 15^0,     „ 

(3)  6t«+7x-  2=0 


■i »      .1  ■ 


(4)  2x«-ar+  2=0, 


-7±\/89 
16 

4 


In  (1).  the  roots  are  equal.  We  might  say  that  there  is 
which  m  this  case  happen  to  be  equal. 

In  (3).  the  roots  are  irrational,  hut  we  can  approximate 
to  their  values  by  taking  the  square  r<K)t  of  89.       P^"'^""*^ 

In  (4).  the  roots  are  also  irrational,  but  we  can  not  even 
appK.ximate  to  their  values.  Here  the  roots  are  ima^naT 
while  m  each  of  the  others  the  roots  arc  real.  '"*«'"*'^' 


IK 


It 


X 


X 


V 

V 


S: 
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ThaM  lUtenienta  might  be  written  thiaa: 
In  (I).  /Ac  ro(it$  art  tqual,  real  and  rational. 
In  (2),  the  roots  are  unequal,  real  and  rational. 
In  (3),  the  roote  are  irrational  and  real. 
In  (4),  the  roots  are  irrational  and  imaginarjf. 
If  we  eiamine  the  rootn  of  the  general  quadratic  equation 

r!^^  jfT        "'**°"  "^^y'  ""'*''■■  l^rticular  condition*,  thera 
i»  this  difference  in  the  character  of  the  rooU. 

The  rootd  of  ax*+bx+e='0  are 

2a  *""  2a 

From  these  roots  we  may  conclude  : 

(1)  If  the  parUcular  values  of  0,6,  care  such  that  6«-4ac=0, 
then  th**  roots  are  equal,  for  each  is  evidently  equal  to  -  ~  • 

Inequation  (1).  a»l,  ft» -6,  e»9. 

.•.     fr*-4ae^36-3«=ic0. 

(2)  If  6«-4ac  is  a  perfect  square,  then  its  square  root  can 
be  found  exactly  and  the  roots  are  ntional. 

In  equation  (2).  a->6.  6»  1.  e»  - 18. 

.-.     ft*-4ae-l+380»3«l«19t. 

(3)  If  i«-4ac  is  not  a  perfect  square,  but  is  positive,  the 
roots  are  real  but  irrational. 

Find  the  value  of  6»-  Aae  in  equation  (3). 

(4)  If  6«-4ac  is  negative,  the  roots  are  imaginary. 
Find  the  value  of  6*-4ae  in  equation  (4). 

Hence,  the  roots  of  ax«+bx+o=0  are  real  and  equal  if 
W=^.=-0,  real  and  unequal  if  b«-4ao  is  posUive,  imaginam 
1/  b»-4ao  %s  negative,  real  and  rational  if  b«-4ao  is  a  perfeel 
square. 
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without  •otuaJly  fimllnL  thT  .JT?^  °/..'  '>»~*"»t*«    •q'»tion 
find  th.  value  of  A.-^      "****     ^"  *•* '««"'«'  »«  do  I.  to 

(3)    X.-  .^  3«0.       (4,    2,.-,fl,^32^0. 
Th.  valM  or  th«  dWrimlnm,!  (6t-4«) 

Ex.  i—For  what  value,  of  *  wiU  4*t    i^j^a    /.  u 
equal  roota?  ^  «"-*arf4a.O  have 

The  roou  will  be  aqud  if  *t-4«,-o 

r*r  *^;—  '-  *  -  -If  I'-oU  «,  ^^ 
EX.  ^^Bhpw'that  the  nx,t.a«  rational  of 
Hm  *^*-*(2"»+3a)+2a=0. 

Sine  6i-.4«;  b  ,  „,^      "*"*•  -  '^'"''  ^»"«-(a-.-S«)t. 


1      WI,.  ""Ott*  IM  (1-*  Oral) 

oh««JS*th.^^,'''""'^"*  °'  '•f4,+4,OT    What  i.  th. 

*.    What  kW  of  „«».  h.^  ,.-a.+7=.0.  ..-*,+«.ot 

•    "*^'*^*'*-^»*'  «»'-»«- 1.  *b.cl«»ct.r  erf  th.^, 

S 


:( 


Mi  AUJKBHA 

DitonniiM  tU  cbarMtor  of  Mm  root*  ol  i 

•.    4r«+7jr|  18-0.  f.    9ir*-||;r+4-a 

tt.    Hhow  that  r<+<u+A-^0  has  iwl  rooto  for  dl  mntirs  Tduw 
ol».  ^^ 

II.     If  te*+  lftr+A-0  hM  eqiMl  roots,  flad  it. 

14.  If  «r*-  Idtr+satO  hu  «qiMi  rooto,  And  a. 

15.  Hhow  that  tiM  rooto  of  »*—x{\^k)-^k^o  wn  ntiuiuil  for  all 
valiwa  of  k. 

1«.    If'*+Sx(l+a)+a*-OhM«qu*lrooto.flnda. 

17.     By  ■olving  the  equatioo  x*-4r+a.4r.  akow  that  if  «  k  ival, 
I:  cannot  be  leaa  than  1. 

II.    Show   that   the   rooto  of  -  +  -1—  4.  -L.  « 0  an  nal  if 

...  *      *+•       *+4 

o«-aA  f&»  is  positive. 

1*.    Eliminate  y  from  the  equations  y^nur+e  and  it*—i»**  t»nd  flad 
the  value  of  e  if  the  resulting  equation  in  *  has  equal  rooto. 

90.    If  liwr*+(5fii+2)ar+(«M+l)-0  has  equal  roots,  find  the  TaluM 
ol  m  and  verify. 

S40.    riMton  •!  •  Qiudntt*  IipiMilott. 

When  m  and  n  «re  the  root*  of  ax*-\-bi-\-e=0, 

h  e 

m  +  ffai ,    fnn—  ^, 

a  a 

.'.    ax«-|-6x+(j=o(x«  +  ^x  +  ^) 

»a{x«—  (m+n)ar+iiMi| 
"(((x— m)(x— n). 

So  that,  if  m  and  n  are  the  roots  of  ax*+6x+e>«0,  the 
factors  of  the  quadratic  ezpresston 

ax«-i  63;+c  are  ^x-m){x—n). 


I 
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Ex.  l.—F»otor  ftr»-f.x-40 
Wvin.  by  fomiul..  w.  fl«|  »h.',ooU  of 

.     £.•:'-*«-«•'«  t.  -I. 

«.  1.— Ptctor  I2*«-47x+40 
Th.  root,  ot,^^  ,,^^  ^^^^^^  ^ 

«-  wmovd.  "  '  P*"***  "J'""  when  th.  numeric^  factor  3 

equation  h«  rational  rTf  '^"'""  *»»• '^"^ponding 

^^•— 12  h«  ration.,  r^eor..     F.„<,  en.  f.cto«. 
trinonU.j^l'J:^,::^^'^;^-™^  -  -y  that  a 

expne^  a.  the  p^..et  of  ;;;or;tt:r"  ^'^^  '^  '^-"  ^ 

i-^orfecXar'  *'"  ^*"  •'^•^'  »-  ^'o-  when  6.-4ac 
ced^r^ilSl^rfl";,^^^  -  -y  u.  the  p,. 


Ex.-Pind  two  surd  factors  of  ;c»-ftr+4 


B8 


MO 


AWMBMA 


FMlor.  by  trid  If  y<M  om.  otiMrwiM  by  wIviM  Um  aorwumUtM 

I.  a«*~l7«fia  t.    i0lr«-f3yr-.|(». 

i.  ««-tr-l7a8.  4.     I«li.«~a«-|. 

».  »ft*«fiar-».  «.    ff|ji-4M«fttUi. 

T.  Miow  th«t  Ii^*-|fljrf4  hM  no  ntioiul  factor*. 

■••  »«-»-4»-a  hM  no  ntkMMl  Ucion.    riad  two  aiml  fMlon 
of  It. 

t.    If  «*otir+A  k  •  pwfvet  iqiMf*.  Hod  ik. 

II.    EipNM  «i-ar- 1 1  M  th»  praduot  of  two  Mud  faeton. 

•qi»l  to  WTO.  And  four  vduM  of  tho  «tk>  of  *  to  y.  ^^ 

.  i!!i  nL'r^Ull'^,"'  l»r'-If7,«-«.+M.  ind  lb.  ».!«•  of 
•  MM  flnd  the  otlMT  two  faeton. 

14.     By  finding  th«  ■qu.re  root  of  ax«+&r+e.  flnd  th«  raUUoa  whioh 
muttooon«t«.6«Klewh«itbi.e«pw«k»l..p«fbct«|aM» 

mHi     w^"***   *'l!'*^  •'^^  to*,  mwt  thMi  tw 

RoeH.     We  have  Neen  that  the  equation  ax*+bx^e^O  haa 
two  room,  and  «nw  this  equation  reiirewntii  every  quadratic 
it  foUowH  that  every  (|uailmtlc  equation  bait  two  root* 

It  oannut  have  more  than  two  roota. 

Let  m  and  n  be  the  rootn  of  oj-«  \bxi-e^O. 

Then  '^*+bxi.e^u{x-m)(x-n)  (mn.HiO) 

:.    a(x~m){x-n)wmO. 

Since  thia  product  i«  «,ro.  one  factor  mu«t  be  zero.  But 
a  I.  not  Mrc,.  for  the  equation  would  not  then  be  a  qtwdmtio. 
Tlierefufe,  eiLhar  i— »*»m«. 

x-m=0  or  x-ii— 0. 


THtrmy  ot^  VtAtHtATHH  ^, 

But  no  tmlnm  of  ,  olh«  tk.«  «      ^ 
th-  quwtiti-  equ^r^       •"  -nd  ,.  will  ^a.  .lih* .,, 

•  •     "*  •^  "  •«•  *»"=  only  mot. 
"w»^  inm  the  quadrtHir  rxunMim*  ..i^I  '**'''    *'"» 


«.     rind  the  ««|u«tion  whn^  ,^  1 1«-».  I  -  0. 

of  »4--M,+  15.7        •h*-  root.  «,  »»!««  -  g«.t  -  th.  roof 


11. 


''*^"«*"-^*-»*ndMl,.-g._,„. 


74 


•*•     »^«»mi  the  equation  whnmm  .~j 
•ndm+n.4.       ^  "^  "^  •«•    «»<i  -  whe«  «.+„.,„ 

1».    ««P«^*»+fcf7„th.  product  ortwo,u^r««o«. 
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le.    Conatruot  th«  equation  whoM  roota  mn  «Mh  graster  by  7  thu 
(he  rooU  of  2«*+ll«-21-0. 

17.  Find  (he  eque(ion  whv-«e  rooto  ere  eMsh  (hree  (imea  (he  rooU 
ofox'  +  to+eoO. 

18.  If  tM  end  n  ere  (he  roote  of  ac>+6»+e-0.  find  (he  equMion 

whooe  rooto  are  ^  and  ** . 
n         m 

^  ?•     ?!ir    *•"•*    <''  +  *  +  «)'*-2*(«  +  6)+o+6-e-0    haa    ra(ional 
rooto.     Wha(  are  they  T 

^o  f'-     "  *"»•  ^^^  ♦»'  *»-|«+»-o  w  double  of  the  other,  .how  (ha( 

21.  If  m  and  n  are  the  rooto  of  **  +  px+q  =  0,  show  (ha(  p  and  o 
are  (he  rooto  of  *»+«(m  +  n-m«)-m»(m  +  n)  =  0. 

aa.  Show  that  the  equation  {mx  +  °)*-4««  haa  equal  rooto  for 
•U  values  of  m. 

28.     Find  the  value*  of  k  for  which  the  equation 
haa  equal  roots.  /^^    t 

24.  Since  x«  -8x-20-(,-10)(«+2),  for  what  values  of  x  ia  (be 
exprewon  *  -  to  -  20  equal  (o  «ro  T  For  wha(  values  is  i(  nega(ive  T 
JTor  wha(  values  is  it  positive  T 

25      Show  that  i(  is  impossible  to  divide  a  line  «  inches  in  length 

Z°.^  '""''  *•*•*  **•*  "^  "'  »»»•  wo(«igle  oon(ained  by  (hem 
may  be  10  square  inches.  ' 

y^^yyZ':^^:'''^  °'  *  "  4«-^*+8)+*+5  a  p«fec(«,u«er 

27.  Find  (he  sum  of  (he  cubes  of  the  rooto  of  «•+ m« + n  =.  0. 

28.  Find  (he  sum  of  (he  squares  of  (he  rooto  of 

«»-«(l+o)+Kl+a+o«)  =  0. 
28.     Find  (he  sum  and  (he  produo(  of  (he  rooto  of 

a      .    _h_  e 

'  —  It  ~«-c' 


*  —  a      X 


fin?;  aid*!;:.^  °'  "^  "~**  °'  '"•-"'+ 12--0  equal,  their  product. 
FIn'J'thi  oS,:;"^**  *"'  '""  "  °~  "~'  °'  (*-cM.-6).(a-.Ka-»). 


THEOBY  or  QVAbRATICa 


««»•     V«ify  by  finding  thTrJu:'"^**"*  ''"'  *«^«  *  ^"-on 

m^HnS'.-.tlSL.^rs!"  r.r^J'r  *"•  "•-  -'^-^^-O  i. 
•o  b.  3  .nd  e.     Wh.»  w.«  th.\S,u  CVrrr'"  """•  *'••  ""»• 


-  +.  •«  tho  root,  of  OMi+&^o+c)f  M  = 


0. 


'-«oin,i»toui:fo,S^rH\«xj:^'r   •  "r^"*'"  «J"«tio...     Aftr 

*?'-^  only  In  th.  ooSSoiit  o^" '".'^  ' '1 ''     "T"'  "^her  h.. 
•^  -ir     Wl»t  w.„  the  oo^t Ic^uT  »'••'«'»•  to  bo  -, 

«.    '^'''«- "^^^e-th.  product  of  two  lin..,,^^^^,. 


il' 


I 


CHAPTER  XXVI 
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Additional  Examples  in  Factorino 
•H.    Froiutt  0f  two  TrtwinlU^    If  we  multiply 
a~2b-3c  by  2o-6+c 
the  product  may  be  written 

2a«-5a6+26«-6oc+6c-3c«. 
Ex.  l.-Factor  2a>-liab+2b*-5ae+bc-3e* 

a  -26  _3c 

aa  «xpraMion  of  this  type.  ^  """  "*•  '•otort  of 

Ex.  a.— Factor  4a«+36«-12c«-8oA-8«r. 
Arrango  the  «xpreMion  thiu  : 

4a«-8a6  +  36»-8cic-|&« 

2a  _  6  +   & 

2o  -3&  _   «„ 

Show  by  multipLoation  that  the«,  f«toni  .«  oor««t. 

S44 


''^''^'^^'^ii^TAHr  tUA^KH 


Write,  n^uu^.th^p^^^^^ 


4.     ar-t-  v-4 

7.    2b-36_8c 
2b+36 


8m-3ii-f.4 


a*+3a-2 


Factor  and  rerify : 

10.    a«-4ai+4^a_„^jj^_j^ 

la.    2a«+66._3e.+7A,_5^_,^ 

14.    *»*f«i6-I26»-a«+316-2o. 
1».    x«-„-fc._2:^^g^ 

".•  Divide  the  product  of  6a«-5aH6Hlla-4A^.      . 
".    K«iuce  to  lowest  terntt 

whatare  the  value.  ^,.,^^,  "^     *"*  ' 

^«    Solvej:*   -5a_pi.^i,- 
t»«gw«ral  formuia.  +^'- '7-  + 12-^0.  (i,  by  f^^^^   ^^^  ^^ 


an 
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:  '   t 
i       I 


I  M 


at.    Eipnw,  in  the  factor  form.  th«  L.C.M.  of 

846.    Sum  tad  DiflartnM  of  Cubw.    We  hAve  seen  that 
o»+6»-(o  +  6)(a* -«*  +  ''*)•       a*-b*  =  {'i-h){a*+ab  +  b*), 
(o  +  6)«  =  o»  f-3a»6  f-3o*»  f  fc»,    (a  -6)»-o»-3aHH-3o*«-6». 
SlmlUrly.    (a  f-6)»-|-e»=.(a  ffc  |-c)|(a+6)»-c(o  +  6)  +  e«;. 
Mid  (o-6)»-c»-(o-6-c);(a-6)'  f  c(o-6)+c«!. 

Ex.  1.— Factor  o»+6»+c»-3o6c. 

Add  to  a*  +  b*  aulticient  to  make  th«  Hum  tho  cube  of  a+fr>  that  is 
•dd3<iH>  +  3a6*. 

Then  o»+6«  f  c»     3oAc 

„  a* -i- 6*  +  3a*t)  +  3aA* + c' -  3a*6  -  3aA*  -  3a6e, 

•"  (a  +  6)»  +  «•  -  3oA(a  +  6  +  c), 

-(a-(-64-c)!(a4-6)»~c(a  +  6)  +  e»-3o6;, 

-.(a  +  6  +  e)(o»4-6'  +  c*-o6-6c-«i). 

The  factors  of  this  expression  are  important,  and  the  pupil 
should  endeavour  to  retain  them  in  memory. 

Tht  expression  is  the  sum  of  the  cubes  of  thru  qmntities 
diminished  by  three  times  their  product. 

One  factor  is  the  sum  of  the  three  quantities,  and  the  other  is 
the  sum  of  their  squares  dlmlnlslMd  by  the  sum  of  their  products 
taken  two  at  a  time. 

We  should  recognise  expressions  which  are  of  the  same 
form  as  this  type  expression. 

Thtia,  a*-\-b*—e*  +  3abe  may  be  written  in  tha  form 
o»  +  &»4-(-c)*-3o6(~c), 
and  it  is  now  aeen  to  be  the  aum  of  the  cubes  of  a,  b  and  —  c,  diminished 
by  three  times  their  product. 

The  factors  of  a*46*-e*f  3«i6e  may  at  once  be  written  down  from 
the  factors  of  the  type  form  by  merely  substituting  —  e  for  e. 

.-,     a»+6»-c»  +  3a6c=(a-f-6-c)(o»+6«+c»-o6  +  6c+oo). 
ai_6i_c»-3o6c=o»+(-6)«  +  (-c)»-3o(-6)(-c). 
=  (o-6-cKo»  +  fc*+c*  +  a6-6c+oo). 

ar»  +  27y»-«»+18«»»  =  (2x)»4-(3»)»  +  (-«)»-3(2x)(3y )(-«). 

=  (2i  +  3y-«)(4a(»  +  9y«+«*-»*y+8»J!  +  2«»). 


=  r*it-r.a^.TLirr'%-f."- 
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Ex.  I.— Factor  a*+6»+l-3a6, 

-(a+6+  IKa'  f  6»+  |  -a*-o-fc). 
Ex.  8.— Find  one  factor  of 

(*+y)H(y+z)»4-(«+ar)»-3(x+y)(y4-«)(zfx). 
^  JThk^i. of  th.  «me  form  M ««4-6»+c»-3aAc.  whe« «  =  ,  +  y.  fc,y  ^.,, 

One  factor  ia  «+|f  +  »^  ,  +  ,-|.,  or  2(*  +  y  i.,). 

The  other  factor  i.  lengthy,  but  k  eMily  writt      down. 

Ex.  4.— If  a+5-|-c=0.  show  that  o»-{-A»+c»=3a6c. 

Thi.  i.  equivalent  to  .howing  that  «»  +  &«+e»-8oAc«o 
But  aVfc  X  ^•'i"^,"^*'"  be  equal  to  «,«..  if  one  of  iu  faeto«  i.  ««,, 
Bura  +  6  +  o  i.  aire^ly  ««„  to  be  a  factor.  «,d  «noe  it  i.  given  ^ 

.'.     «*+6«+c«-3o6c  =  0.  oro»  +  *»  +  c»  =  3o6c. 
We  have  thu.  shown  that  ./  the  sum  of  three  quantUies  is 
zero,  the  awn  of  ihetr  cube*  ts  equal  to  three  times  their  product. 
Prove  thia  aiao  by  aubatituting  -6-c  for  o. 

Ex.  6.— Show  that 

(a-6)«+(6_c)»+(c-o)«=3(a-6)(6-c)(c-a). 

rea^rfolIoLT   "  T*'   t""'   " "   ''  «'"'•  *"**   therefore   the 
o.  '  ..'.*"  •*  •""»  'ro™  »he  preceding  theorem. 

8unUarly.(o  +  26-3c)»+(6  +  2c-3a)t  +  (c  +  2a-3fc)i 

•"  3(o -f.  26  -  3c)(6  +  2c  -  3oHe  +  2o  -  36), 
•inoe  the  aum  of  a  +  26-3c.  6+2c-3o.  c  +  2o-36  i.  >ero. 


Factor: 

1.    (o+26)»-c». 
8.    (o+6)»+8c». 

6.  (ar-y)»-(o-6)». 

7.  (3a-6)»-(a-36)». 
•.    a»-6«-|-e*-|-3oAc. 


■xaBouB  las 


2.  o*-(6-c)». 

4.  (o+6)»+(c+«/)». 

6.  (2i-y)»-|.fx-2y)». 

«.  8(3o-6)*-27(2o-3*)>. 

10.  ar»+y«+«» -6ayt 


■■  ALOKBRA 

What  ia  the  product  of : 

1«.    a-b-c  Mid  a*^-b*^e*-^ahJrmr—he. 

17.     l-a-6»nd  l+«»4^»if-«^4_o4, 

li.    2"-36-4  and  4««+eii6+a6i-iJ6^8B^jg^ 

What  in  the  quotient  of : 

1».     l-«»+6H3a4by  I-II+4. 

ao.     27iH»-  »»- 1  -»ma    .y  »m-ii- 1. 

ai.    «»+I«i6»-IM8«    bya«4-2»«+I-6a6+a+aA. 

What  ia  one  factor  of 

22.     (4o-f3*)»-(a  +  26)v 

28.    (ar«_3(r-|-7)«+8 

24.    (o»-3a  f  2)»-(a«-fi 

aa.    (o4-6)»+(c+«/)«-l-,  . 


7)«. 


•0. 


26.  Prove  that    ibe  dilferrnoe  cf  the    oabes   of   4>i4.aJ.i    — ^ 
aa.-2a+3  i.  divi«ble  by  the  p^duct  of  2a- nLd  a+1 

27.  Show  that  o»+6»+c»-3o6c  ii  equal  to 

J(«-|-ft-j-c)l(o-6)«+(6-c)«4.(e-a)«;. 
2«      Write  down  a  quantity  of  the  type  «»+&»+c«-3afc.  of  which 
ar-2y+*  u  a  factor.     What  ia  the  other  factor  ? 

29.     If  a+6-e=0,  ahow  that  a'+ft'+Safc-c*. 
SO.     If  j;=y+z,  ahow  that  x»=y»+i»-j-acy, 

81.  If  a+6+c=0,  ahow  that 

(a+26)»+(6+ac)»+(c+to)»=3(a+26KA+2eKc+2a). 

82.  Show  that 

('-.V)*+(y-»)»4-(»-ar)»-3(x-yKy-,Xa-z)»0. 
88.    Show  that  («+86-4c)H(6+3c-4o)»+(e+3a-46)» 

-a(«+3*-icK6+3c -4oXc  f  3«-4*). 


M. 
U. 
M. 


atPPLSMMNTAnr  chapter  S40 

If  *-«-6,  If-.  4  4.  »»aB.  Mlunr  that  x»  f^  ,^  ar^«,» 
Ftod  the  v.l,,.o|.._4.^,.^a^  wh«.=  .32.  6=  4«.  c-  14. 
R«liioe  to  lowwt  terma: 


i>*-faS+36i:i:«^=sr*  •^ 


W.    «nd  two  f«clo«  of  th«  fl»t  d«pw  of 
».    When  jr-6+c,y=c+o,j=o+6.  prove  th»t 

*••    *»•'*  <'-«)*+(6-*)»+(o-6)»»0. 

m    OroupiBf  Ttmu.     We    have    already  men  (art    01) 
that  we  can  frequently  obUin  a  tm^tr.^  «#  ' 

.uitable  arran^„.ent  of  the  L™!^'  ''  '"  "P"^"  ''^  * 

thr^Lthii"*^  *"•"*""  ""^  «*^''  '"^^'^  "'-*~tionH  of 

Ex.  l.-Factor  a«(6-c)+6i(c^o)+c«(o-6). 
Ar«ng.  in  defending  power,  of  a.  .ml  th.  expre«o„ 

-(6-cKo»-oA-ae  +  fcc). 
''(*-c);a(a     6)-c(o    6)J. 
^(6-eKa    6)(o  ~e). 
When  the  f«rtor.  .k  written  in  cyclic  order  (art.  140) 

fo;ST-"'^6T6-" ,Ta  '^M6'i"  'T"^  -^  ''"**"«  '»  '"  "•"  -.»'v.,ent 
JiCbX"™!*^'  *-"  -  -n  to  be  f«,ton..     Con^^,  ,,, 

r^ol':^"Tj,.'^t;Z*^^^^^^^^^  -*«•''  only  in  .i.„ 

Al«,.         a6(-6)+6e(6-c)+ea(c-a)=_(a,6K6-cMc-.K 


\i  \ 


■•  ALUEBRA 

Kx.  l.-F«ctor  a*{b-e)+h*{e~a)-^e*{a-b). 
ThaciprMMon     «•■(*    e) -a(6«-v.««) +*«(*•-«•), 

-  (6  -  eKo*  ~  oA*  -  •««  .  ae*  +  A%  +  Ae*). 
Now  wruif*  tiMMoond  fMtor  in  powm  of  ».  Md  praeowl  m  ImIom 

Ex.  8.— Factor  o«(6+c)+6«(c+a)+c«(a+6)4-ao6e. 

Amng*  in  dMowiding  powvn  of  n.  Md  Iho  raprvHion 

-.a«(6+c)+«(&«+«6c  +  ei)+6e(6  f  e). 
"(fc+eMo'+flfc+oe-f  4e). 

Ex.  4.— Factor  (o«-6«)*«-;-(a«+6«)ar-|-a6. 

E«pr«.ion«  of  thh  kin.J.  when  written  in  .l««*ndlnt  P«»ww,  of  . 
•««  ^..y  factored  by  cm.  multiplication  in  the  u.u.1  wL^!^         ' 
(«*-**)*»  +  (o«  +  6«)«4.o6 

(o   -6)*  ^4 

Thu  facto™  •»  (n  ffcjji  +  rt  „„i  („_fcj,^^ 

»X»BOM«  MO 

Factor  ami  verify  18: 

I.    «far»  f  z(orf  I  Ar)+W. 

a.    n^px*\xy{qm~jm)-nqyt. 

6.  *«(o+*)f«(«  +  »+c)+6+r. 

•.    *^««-ii)+a<lB»-3a-»-»)+a»-3ei. 

7.  ««(6+e)+a(ft«+3fe+c«)-»-M*fc). 
«.    «4(«+6)+4e(6+c)  f  cB(e+a)^^J 


'^^ 


IS^^^SS^' 
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It.    f(*-Jf)4»i(»-.)-f-«(,-,). 

11.     *<Jf«-««)  +  |((««-,l)+,(,l_y|y_ 

1».    •^»«-e<)+6*(c«-««)+c^««-A«). 
14.    Divkfe 

Mvv  Mid  ▼erify  t 

1».    «*x«-ai<«rf+4c)+«rf-0. 

1«.    (a»-6iXri_4irt«..i_4i 

IT.    »^«-6)+«*(6-x)+6^*-o)«a 

I*.    (o«-aA)af»+(«t+6»)*=-«6H-»«. 
*>.    Find  •  common  factor  of 

»»7.  Th«  Ptelor  TkMna.  Wo  have  «ln»dv  m^  .k.* 
wnen  we  lubatitute  a  for  j-  (wt.  101)  •»««»<» 

Any  exprewion  whow  value  depend-  on  the  value  of  x  I. 
called  a  function  of  x  (art.  1 U).  oi  x  te 

.vmlU^i'r?**^  *^  '  ""y  •*  conveniently  r^pr^nM  by  the 
■yrabol/(x),  which  bread  "function  X'  it«i  oy  me 

The  factor  theorem  might  be  aUted  thu*  : 

Ajt)  Is  MfWMe  |y  «-»  If  /\h)^q. 

Thu^  if  /[*)»«•_  7»t+ 1  iM-  2. 

/[2).  :g-28+22_2=.0 
.-.     »«-  7*t  ^  1 1,-  f  i,  divMJM.  by  ,~  2. 

.-.     ••-*««"  +  aM«+10o»l.dlvi«btoby*+a. 


"^ftl^^ 


^  AUIKBHA 

m.    fkMtn  •l4r>t<i".    We  have  alvMdy  Mm  Uwl 
••  -••-(• -•K«  +  «). 

Hiw  wn  Mw  tlwil  jr  ~«  ia  •  faetor  ol  Moh. 
U  jt    a  A  fantur  of  «*     a*  r 
WiMn  w»  MttMtiluM  a  for  *. 

.'.     •-«  ia*  fM>tor  of  ••-«•. 

(I)  !•«  -or  •  factor  of  «»-•«  T 
Whra  wa  aubatituta  a  for  «. 

'.  •"-o-bdivUblabytf-a. 
(S)  ia  «  f-a  a  factor  of  a-  -a«  T 
Whaii  wf  aubatitula  -a  for  «, 

Now  (-«)--«.  will  ba  aqual  to  »w  only  whan  (-•)•-.«-.  and  thia 
ia  tnm  only  wIumi  n  m  avan, 

..     *--«-ladivWUaby.+awhan»laaraii. 
Thua,  .•-o«.  »•-«..  g*  ^a*.  at«..  ara  diviaibU  by  »+«,  but  »•-•• 
••  -a».  at«..  ara  not  diviaibia  by  »-f«.  x«.  ou.  »-    •  . 

(3)  Ia«4-aa  faetor  of  a"-f  o*  f 

n  ta  !Sdd'"*  **'*'*  "•'"***•  »'"""""•'  •«»  •»»«»»  *»  *•  •  factor  only  wlian 

(4)  Ia>-aafae«orora"-)-a"  t 

We  thua  ronchide  that,  when  it  k .«  positive  integer. 

(1)  x'-»»  M  alwa^  divUnhU  by  x-». 

(2)  X"  -a"  M  divinble  by  %  -f-a  wKen  n  m  fv«n. 
M)  X-  fa'  M  rfitfMtM#  6y  x+a  toAm  n  m  cnU. 
(4)  x'4-a"  M  never  divUibU  by  x-a. 


(1) 


QoetlMit  OB  «viilBc  x"±a"  kr  ir±a, 

*— a 

•—a 


■-••+a«+o*. 


»— I 


«*4-s*a+x*<ji-^aa*4-a*. 


tiVPI^LMMItSrAHY  VHAHTMH 


_,--•""'+«•*«♦-*-  v+ 


(«) 


•-• 


-*  -«. 


(J.-    t-f*.-!. 


«*    jr^ifMt-a* 


WHI.  down  tiM  viUu.  of  fl-*'  ,^  „|  »•-    «•- 

•■*■•  *  +  « 


Write  down  Mw.vdu.  of  •'+"*  .ml  of  ^'-+ 


-*•  ~«^  f4r^*-Mt^a«. 


•♦I 


1«1 

WK.t        ..^.         /")•/<«). /W. /(4). /(4). 
Wl»«t  M«  the  faoton  of  *•-«,»+  |ft,_  ||  , 

What  we  tb«  f^rtor.  of /(,)  In  thk  cm,  » 
Write  down  the  quotient,  in  the  following  division.  • 


11. 


*+3  ■ 


ar-l 


tt. 


ri« 


jr«-a 


13     («H6J«-1 
(»+6)t-r 
A  A 


IMAGE  EVALUATION 
TEST  TARGET  (MT-3) 


|_L0 
I  I.! 
1.25 


bil2£ 


lit 


M33 
134 

140 


2.5 
2.2 

2.0 


U     il.6 


0^ 


^J^ 

■» 


'/ 


150mm 


/flPPLIED^  IIVMBE .  Inc 

^as  1653  East  Main  Sti3et 
^^^  Rochester.  NY  14609  USA 
^ag-JS  Phone:  716/482-0300 
.i^S'.SS  Fax:  716/288-5989 

e  1993.  AppliM  Image.  Inc  .  All  Rights  Rncnnd 


A 


^ 


i\ 


^^^^^  ^A  '^\ 


^^Vi^ 


k 


.^- 


354 
14. 


ALOEBHA 


State  one  fat^tor  of : 


I 


j-»-ft\  a»  +  6',  x»-M,  mH  -,.  (x+y)»-l. 

tn* 

What  18  the  product  of : 

10.    a»+a'-f-a-t-l  and  a— I. 

IB.    m*— m»+TO*-m4-l  and  m+l. 

17.  o*+o«6«+a«6«+6«  and  a«-&«. 

18.  Prove  that  x*+3x«+4j;«  f  224  iu  divisible  by  jr»+7. 

19.  Show  that  x^-if,  x*+y\  x'+i/^  j;«+i^«,  x*  \  y*  and  j;"+/^" 
are  factors  of  x**—!/**. 

20.  If  ii— a  is  a  factor  of  x'+px+q,  find  the  relation  between  a,  p 
and  q. 

21.  If  f(x)=tnx*+nx+r,  find  /(o)  and  show  that  J(x)-J(a)  is 
divisible  by  r—a. 

22.  If  x-1  is  a  factor  of  a!»-/t»x»+I0ib;-10,  find  the  values  of 
k  and  verify. 

23.  Write  down  the  quotient  when 

(1)  x—a  is  divided  by  a;*— a'. 

(2)  x-\-a  is  divided  by  x^-\-a*. 

(3)  x—a  is  divided  by  ar  •  — o^. 

(4)  ar+o  is  divided  by  x'+o\ 

260.  Symmetrieal  Expressions.  An  expression  is  said  to  be 
symmetrical  with  respect  to  any  two  letters  if  it  is  unaltered 
when  those  two  letters  are  interchanged. 

Thus,  x  +  y  and  x*-\-y*  are  symmetrical  with  respect  to  x  and  y, 
but  x'  +  «j/  is  not  symmetrical. 

Similarly,  a-\-b+c  and  ab-'r-bc-\-ca  are  symmetrical  with  respect 
to  a  and  6,  6  and  c,  c  and  a,  for  ir  any  two  be  interchanged  the 
expressions  remain  unaltered. 

251.  Cyelle  Symmetry.  An  expression  is  said  to  be 
symmetrical  with  respect  to  the  letters  o,  h  and  c,  if  it  is 
unaltered  when  a  is  changed  to  6,  6  to  c  and  c  to  o,  that  is, 
when  the  letters  are  taken  in  cyelie  order. 
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3fia 
wJuch  i.  equal  to  the  given  exprewion. 

«.r«;-r;r:tV:e:;:ett::t.:v/nr""  -^  --^  - 

l^a+r+^  '  *  '"^  "  ''  "+*+"  "^  ""'"^  '""'«P'e  of  it  a« 

There  are  two  expressionH  of  the  hccoiuI  degree,  a»+6»+c» 

and  aA+6c  f  ca.  and  the  Hum  of  any  multiplen  ^C^^Ltl 

*(a»4-6»+c«)+/(aA4-6c+co). 
which  are  symmetrical  with  respect  to  o,  6,  c. 

262     Symmetry  AppUed  to  Fwtoring.    The  factor  theorem 

Ex.  1.— Factor  a(6''-ca)+6(c2-a«)+c(o»-6a). 
If  we  put  a =6,  the  exprewion  equals  zero, 

a— 6  is  a  factor. 

Since  the  oxprewion  is  symmetrical  and  a-6  is  Bho»,n»,,i^    <    . 
.t  follows  that  6-c  a,>a  c-«  must  be  factors  '^  '  '~*°'' 

We  have  thus  found  three  factors  each  of  the  first  decree      But  *h- 
given  expression  is  of  the  third  degree,  and    thereforTT' 
be  another  hteral  factor.     There  maT^'aTl:;;*^'^^;,*''^-  --o' 

Suppose  i;  18  a  numerical  factor, 

•■•     *'<'''-«'')  +  *(«''-«*)+«(«*-6»)  =  *(«-6)(6-c)(c-«). 
Since  this  relation  is  true  for  all  values  of  a,  h,  c, 

'**  o=1.6=2,c=0. 

then  l(4-0)  +  2(0-l)  +  0=t(l-2)(2-0)(0-l). 

.-.     2=2*,  ort=l, 
.-.     o(6»-c»)+6(c«-o«)+c(a»-6»)=(a-6)(6-c)(c-o). 

thi^n"*?  *'^t  ?•"!  °'  *'  ""y  '^•^"-  °'  «'  *.  c  may  be  used  provided 
they  do  not  make  both  sides  of  the  identity  v«»ish  on  «,bStioT 

A  A  2 


386 


AWE  BRA 


Ex.  a.— Factor 

(a4-6+c)>+(o-i  -c)»+(6-r-a)»-f-(r--o-6)». 
If  we  put  0  =  0.  the  exprpwion  viiiiiiih«). 
.•.    a  must  be  a  factor,  and,  therefore,  6  and  c. 
^^mplete  the  wiution  as  before,  and  show  that  the  expro«ion  equal 

Ex.  3.— Factor  a»(6-c)+fe'(c_a)+c»{«-&). 

An  in  E.V.  1,  Hhow  thnt  n     h,  h-e,  c     n  uro  factors 
Since  the  exprewion  in  of  the  fourth  degree  it  n.ust  have  anothe 
factor  of  the  finit  tiegree. 
The  remaining  factor  must  be  of  the  form  k(a  +  b  f  c). 

.'.     a*(*-c)+6»(c-a)+c»(a-6)  =  A(a-6)(6-c){c-o)(a  +  6+c). 
Substitute  numerical  vahics  for  a,  b  and  c  and  show  that  the  factors  ar. 

-  (o  -  6)(6  -  c)(c  -  o)(a  +  6  +  c). 
Ex.  4.— Simplify 

(a-6-2c)»+(6-c-2o)2+(c-a-26)«+(a+6+c)». 

This  expression  is  symmetrical  with  respect  to  a.  b  and  c  and  ii 
of  the  second  degree. 

In  the  simplified  result  there  can  be  only  two  kinds  of  terms,  square, 
like  a*  and  products  like  ab.  »M"»rw 

The  coefficient  of  a*  in  the  result  is  1  -)-  4-f  1 4- 1  or  7 
.*.     one  part  of  the  result  is  7(a*  4-6*  fc*). 
The  coefficient  of  06  is  — 2— 4  +  4-f-2  =  0 
/.     the  complete  result  is   7(a«  +  6*+c«). 
Check  by  letting  a  =  6=c=l. 

Ex.  6. — Simplify 

(o+6)(a+6-2c)4-(6+c)(6+c-2a)+(c-fo)(c+a-26). 

The  coefficient  of  a*  in  the  result  is  1  + 1  or  2, 

.*.     one  part  of  the  result  is  2(a»  +  6«  |  c«). 

The  coefficient  of  06  is  2  — 2  — 2  or  —2, 

.*.     the  other  part  of  the  result  is  -  2(a6  +  6c+ca), 

/.     the  complete  result  is  2(a»  +  **f  c«  -ah    he-ea). 
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RXBROISB  102  (1  la,  oml) 
With  r«.,..,..  ,,.  „.,,«.  lettern  arB  .ho«.  Hvn.n.efri.al  : 

;•  ":"■ 

*'   ""«+«'•  ft.   ««f6»ic»-:v,fe. 

».    What  expression  similar  to  a*4-b*-i~tnh  i.  . .  •    .      .  . 

respect  to  a.  6  and  c  T  """^  «»  o  +0  +da6  u  symmetncal  with 

10.    Simplify 

(a  f-6)H(6+c)«+(r4-a)»    and    («-A)«+(6-c).+(c-a)«. 

toa'ft  «d"c^ttt  o!fh'"7'  ''"^  ''>'P«'««ion.  symmetrical  with  respect 
ro  o,  o  ana  c,  what  other  factors  must  it  have  ? 

of'«3  i^^V:ttT^'^JV't''^\"  TP^^'^'   the  coefficient 
form  be?  *"**  °*  "*"  "  <^-     ^hat  must  the  simplified 

Simplify : 

13.*  (a-b+c)»+{b-c+a)*+(,-a  +  b)*. 

14.    («+6)(«+6-c)+(6+c)(6+c-a)+(c+aKc+o-6). 

18.    (a-6)»+(6_c)3+(c_a)3. 
Factor  : 

17.  ar»(y-2)+y«(3_a.,^j^^_y^_ 

18.  ay(x-y)+ys(y_2)+jj^2-a-). 

1».    «*(6+c)+6»(c+«)+c«(a+6)+2a6c. 

20.  («+&+c)3-(o+6-c)3-(6+c-a)3-(c+a-6y 

21.  {a--y)3+{y_2)3+(j_^j3. 

22.  a(6+c)H6(c+a)«+c(a-6)«-4aAc. 

23.  a6(a«-6«)+6c(6»-c«)+ca(c«-a»). 

24.  a*(6«-c«)+63(c«-a«)+c»(o«-6«). 


3tt 

Nimplify  t 
2i. 


A  LOB  BRA 


ae. 


27. 


2t. 


M. 


30. 


(x-yXJ-x)      (»-sKx-y)  +  (,-x)(y-») 

X"  yi  jl 

(x-yKx-»)  +  (y-iXy-x)  +  (»-xX»-y)' 


ab 


be 


(c-aXc  -»)  "^  (a-6Xa-e)  "♦"  (T::rX6-o)  * 
6e(o-6Xe-o)  "^  ca<ft-cXo-6)  +  a6(e-aX6-e)' 


6»-ac 


c*-ba 


a*—d> 


(a-6X6-c)  "•"  (6_cXc-a)  "^  (c-aHo:^ 


6c(6+c)  wi(c+a)  aA(o+6) 

o-6Xa-c)  +  (i-cXA-o)  ■*"  (c-aX«-6) ' 


«. 


32. 


T+ 


(a;-yK«-x)'*"(y-zXar-y)'^(»-xXy-») 

(a-fc)»+(6-c)»+(c-a)« 
a(6»-c«)-f  6(c»-o«)+c(a»-6«) ' 


88.  SimpUfy  (a+6+c)»-(6+c)»-(c+o)»-(o+6)«+o»+6«+e» 
being  given  that  a  ia  a  factor  of  it. 

84.    Show  that  a— A  ia  a  factor  of 

o''(6-c)+6"(c-o)+c-(o-6). 
What  may  be  inferred  regarding  other  factors  T 

35.  An  expression  is  symmetrical  in  x,  y  and  «  and  each  term  is  of 
two  dimensions.  When  x=y=z=  l.  the  expression  equals  1.5.  and  when 
x=l,  y=2,  2=3,  it  equals  64.     Find  the  exprauion. 

36.  Point  out  wherein  it  is  obviously  impossible  for  the  foUowina 
statements  to  be  true : 

(1)  (a*+6»+c»Xa-f-6+c)=a»+6»+a«(6+c)+ft«(c+o). 

(2)  a»+6»+c»-3a6c=(o+6+cXo«+A»+c»-3a6). 

(3)  (o-6XA-cXc-o)=o6«+6«c+ca«-ac»-6c«-6o». 
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8M.  Id«atiUM.  We  have  already  had  many  examplcH  of 
algebraic  oxpreHnioiw  which  arc  MtatlMlly  «|im1.  that  «. 
which  are  c<|ual  for  all  value*  of  the  Icttcrn  involve*!. 

(»+»+«)•  =  *»  \-y*  \-z*  \.'ixy  \-ixz  f2.y». 
(o+6)»«.a«  +  3a«6  +  3<iA»  f  6». 

Any  of  these  may  be  shown  to  be  identities  by  performina 
the  operations  necessary  to  remove  the  brackets  on  one  side, 
wlien  the  result  is  the  same  as  the  other  side. 

Ex.— Show  that  (o+6+c)« 

=o»+6»+c»-3aAc+3(o4-6+c)(fl6+Ac+«i). 
oth?r  m^;<S:'"  °'  "'■*'■''  ""^  *"  """''  ''^  multiphction  or  by  .„, 
colS^.'*"'**'  •"*   *''•"   """°^'**   '™'"   »'••  "Sht  and   the  term, 
i.  i^  W^t ity."  ""  "'"'  *''•  '^'"*''  **'"'^  "'°'"  **••»  *»»•  K*^'"  '»•»••"«»» 

(o»+6*+e»-3aftc)  +  3(a+ft+c)(aft+&c+co), 

-(a+6+c)(a»  +  6.+c«-o6-6c-ca)+3(a+ft+c)(aA+ftc+«,). 
-  (a + & + c)(o» + 6» + c»  +  2aA  +  2oc  +  26c), 
-.(o+6+c)».  which  proves  the  propoeition. 

2M.  When  two  expressions  are  to  be  shown  equal  the 
result  may  frequently  be  obtained  by  showing  that  their 
oinerence  is  zero. 

The  difference  may  be  zero, 

(1)  ftecotMe  aU  of  the  terms  cancel,  or 

(2)  because  it  has  a  factor  which  is  equal  to  zero,  identicattv 
or  which  \s  given  equal  to  zero. 


^"^  AUlKtiliA 

Kx.  1.- Prove 

(a-A)»  f-(A-f)»f  {r-rt)»  -3(«-A)(^,  -r)(r-a). 
Herw  we  nuiy  provi«  lliHt 

(I)  by  removlMK  th.,  ».r«cl...t«  wl.«...  «||  tJ„,  torr...  vmxv,\ 
•xpwMion  and  th«  factor  m  id«itic«Uy  equiU  to  >ero  («rt.  245). 

Ex.  2.-  If  o+A=rf.  (thow  that  a«4-Ac=6«+ca. 

Hew,  M  i,,  the  preceding,  we  m*y  .how  that  a«4-6c-6«-M-0 

Ex.  8.-1!  o+6+c=0,  show  that 

(a+6)(6-fc)(c-f.a)+aAc=0. 

.        f«»^*K*  +  c)(o+o)+«iftc-(-c)(-o)(-6  +o6c-0. 
Ex.  4.— If  2«=a+6+c,  prove  that 

»*-\-{»-a)*-\.{a-b)*^(a-c)*=a*^h*+cy 
When  the  flnt  aide  is  aimplified  it 

=  4«»-2#(o  +  6  f  c)+o»+6»+c«. 
-=4««-2«(2«)+o«  +  6»+c», 
-=o«+6»+c»,  which  WM  required. 

•  a?!,^"*!**^"  """.I*'  '"''^'  *^"  P™^*"  '•y  .ub.tituting  the  value  of 
.  8t  once.     It ..  usually  eaaier.  however,  to  .ubrtitute  in  the  laat  Tt^. 

rnxMSMiam  los 

Ptove  the  following  identittea : 
1.    «(6+c)»+i(c+a)«+c(a+6)«-4«,4c=(a+6K6+cKc+a). 

8.    (o+6)«+(o-6)«+6o(o+6Mo-6)=8o». 


ftrpplSMKSTARY  r/fAPTER 


"«•+*  +  «•    ".nhow  that: 

■.  («+*K*+c)+(6+cKe+a)4-(e+«K«+6)-oA+Ar+«,. 
»0.  (3«-6,.  f  (36-r)«+(3r-a).=.3<'3«-6K3A-.X3c-.) 
12.    If  o+6=.  I,  prove  that  (a»-A«)i=a»  f  *»-«*. 


IMI 


la.    If  x+y=2z,  prove  that    -     f. 


■  2. 


14.    Ifa=.»Zi,6  =  *-'  -„*-//    u        . 

a-   •  y'""    J   •  "how  that  o+6+c+aAc-O. 


I 


X 

1 


le.    If  *  +  --y.  .how  that  x*+  '  -I/1-2-  »»  4.  •       ^      , 

If  2*=o+6+c.  show  that : 

17.    t(»~a)+(«-b)(»~e)^be. 

1«.    «<--«)+A(-6)+c(,-c)+2,»=2(o6+fc+«,). 

ao.    (2«+icK26*+«.K2«+a6)=(a+6,.(6+e)Vc+a)« 
»  »  »        '  afc 


21 


,  +  :i.-' 


*-a     ,-6     ,-c     «"«(.-a)(,-6x7-c)" 
28.    I'*  +  l=l.c  +  l  =  ,.p„vea  +  >  =  ,«d^,_, 


iWK/IRA  . 


M.*  If  «  f  '  -  3,  Hwi  tiM)  viilur  irf  '!>  t    '. 
•  »i' 

a*.     If  It  -4*  I  < ).  A  -i^i-  I  rt),  c  „j(rtj  /,).  "how  that 

jrif  \-jfi  f-»4-2xy3-l. 

M.    If  jt  f  y  ^a  MiU  fy»6*.  And  tb*  valuea  of  f*  f  y*  and  j^+y* 
in  temia  of  a  and  b. 

97.    Eliminate   x   and    y   from    tb«   equatiom   jr-t-y—a,   xy-m^, 

**+!/* '-e*. 

M.    EUminata  x  and  y  from  xf  y«a.  x'4-y(-6<.  x'^yf.e*. 
M.    If  x»a-f  6-e.  y-64-e-a,  t-e+a— A.  •how  that 


■zamoiui  iM  (it«Ti«w  or  oiwptw  zzvi) 

1.    Show  that  «• + y*  4-  <*  -  Sxyt  ia  divisible  by  «  4-  y + <.  and  h«tnea 
•'.'w  that  (6-«)»  +  (o-o)»H-(o-6)»-3(o-feM'>~eKo-o). 
t.     Prove  that 

(..,»...)('.in^)-C.j)(^:)(M)-.. 

8.     If  a+6-f  e+<f-0.  prove  that 

(a+6Ma+cKo  +  <')°(*  +  «)(*+rfM*+«»). 

4.     Prove  that  {a-by  +  (b-e)'  +  {e-a)-'  is  divinihle  by 
(a-b)(b-e)(r-a). 
when  n  ia  an  odd  integer. 

A.     If  n  ia  a  positive  integer  prove  that  12"-1  is  divisible  by  11, 
23»-*^«+  1  by  24,  7»--  I  by  48. 

6.*  Write  down  a  qtiantity  of  the  same  type  as  «*4-y*+s*  — 3cyt 
of  which  lx+iy-|x  is  a  factor. 

7.  Show  tliat  a,a  —  x  and  o-  2*  are  fartora  of 
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17.  l-a»-6»-3a6.  ig.  8a»-276»-64-72a6. 
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